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AN  APPLICATION  OF  KINETIC  THEORY  TO  THE  PROBLEMS 
OF  EVAPORATION  AND  SUBLIMATION  OF  MONATOMIC 

GASF^ 

Bt  PmsscoTT  D.  Cbout 

1.  Introduction.  In  the  nimple  case  of  a  monatomic  gas  in  equi¬ 
librium  with  its  liquid  in  a  closed  vessel,  the  pressure  exerted  upon  the 
surface  of  the  liquid  and  upon  that  of  the  container  is  po,  the  saturation 
vapor  pressure  of  the  liquid  at  the  temperature  considered.  From  the 
standpoint  of  the  kinetic  theory,  molecules  are  continually  being  emitted 
from  the  surface  of  the  liquid  into  the  gas,  and  are  continually  returning 
from  the  gas  to  the  liquid;  furthermore  since  the  gas  is  homogeneous  and 
isotropic,  it  follows  that  the  speed  distribution  of  the  emitted  molecules 
is  the  same  as  that  of  the  incident  molecules  returning  from  the  gas — 
the  velocity  distributions  differ  only  in  direction.  It  is  thus  evident 
that  in  unit  time  the  momentum  of  the  emitted  molecules  differs  only 
in  sign  from  that  of  the  incident  molecules,  from  which  we  see  at  once 
that  the  total  pressure  po  is  made  up  of  two  eqtud  parts;  the  recoil 
pressure  of  the  emitted  molecules,  and  the  impact  pressure  of  the  incident 
molecules. 

Let  us  next  suppose  that  the  liquid  surface  is  held  at  the  same  tem¬ 
perature  as  before,  but  that  each  molecule  is  removed  as  soon  as  emitted. 
In  this  case  we  see  that  there  are  no  molecules  to  return ;  hence  the  pres¬ 
sure  acting  on  the  liquid  surface  is  merely  the  recoil  pressure  of  the 
emitted  molecules.  If,  now,  we  suppose  that  the  velocity  distribution 
of  the  emitted  molecules  is  not  affected  by  that  of  the  incident  molecules, 
which  is  equivalent  to  supposing  the  mechanism  of  evaporation  to  be 
such  that  secondary  emission  is  a  negligible  factor,  it  follows  that  this 

recoil  pressure  is  the  same  as  before,  namely  ^ .  We  thus  see  that  if 

the  molecules  are  removed  as  soon  as  they  are  emitted,  the  surface 

pressure'  is  ^ .  This  case  can  be  approached  ph3r8ically  by  having  a 

A 

cold  condensing  surface  very  close  to  the  emitting  surface;  however  we 
shall  see  later  that  it  can  not  be  approached  by  having  a  liquid  evaporate 
in  an  evacuated  vessel. 

■  Slepian,  “Conduction  of  Electricity  in  Gases’’,  p.  19. 
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We  have  now  considered  the  extreme  cases  of  aero  and  maximum  rate 
of  evaporation,  and  have  seen  that  the  surface  pressure  drops  from 

to  ^  over  this  range;  however  these  are  but  two  points  of  the  complete 

curve  of  surface  pressure  against  rate  of  evaporation.  The  problem  of 
obtaining  this  complete  relationship  is  one  of  the  problems  treated  in 
this  paper. 

It  may  be  noted  that  in  the  case  where  the  rate  of  evaporation  is  not 
sero,  there  is  no  reason  to  suppose  that  the  gas  is  isotropic  in  the  imme¬ 
diate  vicinity  of  the  liquid  surface;  hence  in  this  vicinity  the  words 
‘‘presBura”  and  “temperature”  lose  their  ordinary  signibcance.  Further 
out  from  the.  liquid  when  the  molecules  have  had  sufficient  time  to 
collide  with  each  other  and  again  effect  an  equipartition  of  energy  so 
that  the  gas  is  again  isotropic,  we  may  again  speak  of  the  “pressure” 
and  of  the  “temperature”  of  the  gas;  however,  this  pressure  is  neither 
the  saturation  vapor  pressure  of  the  liquid,  nor  is  it  the  liquid  surface 
pressure.  Obviously  it  is  a  function  of  the  liquid  temperature  (or 
saturation  vapor  pressure)  and  the  rate  of  evaporation,  as  are  likewise 
the  gas  temperature  and  density.  In  the  sections  which  follow,  these 
functions  are  derived  and  tabulated;  also  it  is  shown  that  the  rate  of 
evaporation  cannot  exceed  that  rate  which  corresponds  to  a  drift  velocity 
equal  to  the  velocity  of  sound  in  the  gas. 

If,  now,  we  consider  a  system  comprising  an  evaporating  liquid  dis¬ 
charging  through  a  system  of  tubes  and  orifices  into  a  known  pressure, 
it  is  clear  that  such  a  system  can  be  solved  by  means  of  the  above  men¬ 
tioned  functions.  Examples  of  the  solution  of  such  problems  are  given 
in  Section  10. 

To  illustrate  the  difficulties  encountered  by  neglecting  the  deviation 
of  the  pressure  and  temperature  of  a  gas  just  evaporated,  from  the  satura¬ 
tion  values  for  the  liquid  let  us  consider  the  one  dimensional  problem 
involved  in  the  case  of  mercury  evaporating  from  a  hot  liquid  surface, 
and  condensing  on  a  parallel  cooler  surface.  Such  a  condition  could  be 
closely  realised  in  the  case  of  a  cylindrical  tube  if  the  ratio  of  diameter 
to  length  were  sufficient  to  render  the  influence  of  the  side  walls  negligi¬ 
ble.  Placing  an  x  axis  perpendicular  to  the  mercury  surface,  the  origin 
being  at  the  hot  surface,  and  placing 

u  »  gas  velocity  parallel  to  x  axis, 

p  gas  density. 


p  *  gas  pressure. 
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we  see  that  v,  p,  and  p  are  functions  of  x.  But  since  force  is  the  rate  of 
change  of  momentum,  we  have  the  mechanical  condition 

dp  du 

also  for  the  conservation  of  matter  we  have  the  continuity  equation 

l(,u).,^  +  u|.0;  (2) 

and  finally  we  have  the  adiabatic  equation  of  state  of  the  gas 

P-/(p),  (3) 

which  differentiated  gives 

g-/'W|.  (4) 

We  see  that  the  functions  u,  p,  and  p  must  satisfy  (1),  (2),  and  (4) 
identically.  Eliminating  ^  from  (1)  and  (4),  we  have 

^dp  du 

/W_. 

which  divided  by  the  expression 


which  is  (2),  gives 


Differentiating,  we  have 


rip). 


dx  2‘ 


which  substituted  in  (1)  gives 


dx~  2^  dx' 


whence  dividing  by  (4)  we  have 

JTW 

rip) 
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But  thia  ia  a  condition  upon  the  given  equation  of  atate  of  the  gaa;  hence  it  is 
impofwible  to  Hatiufy  it  by  suitably  determining  u,  p,  and  p  ai*  functionH 
of  X.  Integrating  (5)  we  have 

log  f'(p)  -  -  2  log  p  -f  r, 

/'(p)  -  c^-», 

where  Ci  and  ct  are  coni^tanta.  Integrating  again,  it  foUowa  that 


p  -  /(p)  -  -  -b  r4  (0) 

P 

ia  the  form  of  the  adiabatic  equation  of  atate  of  the  gaa  required  by  (5) ; 
hence  we  aee  that  (5)  ia  not  aatiahed.  In  fact,  in  the  caae  of  a  perfect 
gaa  the  given  equation  of  atate  ia 

P  -  /(p)  “ 


where  c  ia  a  conatant  and  y  ia  the  ratio  of  the  apecific  heata.  Since  y 
ia  poaitive,  thia  equation  ia  evidently  not  of  the  form  (6). 

Since  the  mercury  doea  evaporate,  and  aince  equationa  (1),  (2),  and  (4) 
muat  be  aatiafied,  our  only  alternative  ia  the  aolution 


du 

dr 


-  0, 


(7) 


whence 


u  «  conatant, 

p  »»  conatant,  (8) 

p  =  conatant. 

i 

From  thia  we  aee  that  in  the  steady  atate  the  pressure  drop  across  the  gas 
column  is  zero',  hence  aince  the  aaturation  vapor  preaaure  of  the  hot  liquid 
ia  conaiderably  greater  than  that  of  the  cold  liquid,  we  aee  that  the 
aaaumption  that  the  preaaure  of  the  gaa  in  the  vicinity  of  the  liquid  ia 
the  aaturation  vapor  preaaure  of  the  liquid  leada  to  an  immediate  con¬ 
tradiction.  It  thua  followa  that  the  gaa  cannot  be  Isotropic  in  the 
immediate  vicinity  of  the  liquid  aurface. 

From  the  standpoint  of  kinetic  theory  the  temperature  of  a  gaa  ia  a 
measure  of  the  random  motion  of  the  molecules,  the  gaa  being  isotropic. 
We  have  seen  that  a  gaa  evaporating  from  the  aurface  of  a  liquid  ia  not 
isotropic  in  the  vicinity  of  the  liquid;  thua  the  concept  of  a  .single  ga.s 
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temperature  becomes  meaningletw;  furthermore,  any  attempt  to  treat 
the  problem  of  evaporation  and  retain  this  concept  leach*  to  a  contradic- ' 
tion.  If,  however,  we  assign  two  tempercUures  to  the  gas,  a  “longitudinal 
temperature”  in  the  direction  of  evaporation,  and  a  “tranaverHe  tem¬ 
perature”  at  right  anglen  to  this  direction;  then  the  dependence  of  the 
random  molecular  motion  upon  direction  is  taken  into  account;  and 
the  problem  of  evaporation  can  be  solved.  In  the  sections  which  follow, 
this  concept  of  two  temperatures  is  applied  to  the  problem  of  evaporation 
of  monatomic  gases;  and  the  results  are  placed  in  the  form  of  tables  and 
curves  suitable  for  practical  use.  Examples  are  given  in  Section  10 
which  illustrate  the  use  of  this  data. 

It  is  to  be  emphasised  that  the  analysis  which  follows  applies  directly 
and  without  modification  to  the  process  of  sublimation ;  thus  if  throngh- 
oiU  this  paper  we  replace  the  word  evaporation"  by  "svblimation" ,  and 
the  word  "liquid"  by  "solid",  all  methods  and  results  apply  in  fuU  to  the 
sublimation  of  monatomic  gases. 

Throughout  this  paper  all  units  are  C.  G.  S.,  and  all  temperatures  an* 
in  degrees  absolute,  or  Kelvin,  except  where  it  is  expressly  stated 
otherwise. 

2.  Method  of  Attack.*  Fundamental  Assumptions.  The  funda¬ 
mental  assumption  which  is  made  concerning  the  mechanism  of  evapora¬ 
tion  is  that  secondary  emission  is  a  negligible  factor.  It  is  thus  assumed 
that  the  velocity  distribution  of  the  emitted  molecules  is  not  affected  by 
that  of  the  incident,  or  returning  molecules.  Thus  in  particular  the 
velocity  distribution  of  the  emitted  molecules  is  the  same  as  in  the  case 
when  the  liquid  is  in  equilibrium  with  its  saturated  vapor,  in  which  case 
the  gas  is  isotropic  and  homogeneous.  The  velocity  distribution  of  the 
emitted  molecules  must  thus  be  the  same  as  that  of  the  molecules  crossing 
from  one  side  of  any  plane  in  the  .saturated  vapor  to  the  other  side.  It 
thus  must  be 

dN  -  so  (^y  ^  u  ^  0 ,  (9) 

as  Is  .shown  in  Section  3.  Here  u,  v,  w  are  the  velocity  components 
parallel  to  the  x,  y,  and  z  axes,  respectively,  of  a  set  of  Cartesian  co¬ 
ordinates  placed  with  the  origin  at  the  liquid  surface  and  the  positive  x 
direction  normal  to  the  .surface  outward.  dN  is  the  number  of  molecules 
emitted  per  second  per  .square  centimeter  having  «,  v,  and  w  components 
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of  velocity  l3ring  between  u  and  u  -f-  du,  v  and  v  dv,  and  tr  and  w  dw, 
’  respectively;  furthermore 

ro  »  molecular  density  of  saturated  vapor, 

m  »  mass  of  molecule,  (10) 

ho  »  temperature  coefficient  in  Maxwellian  velocity  dis- 
tribution  of  saturated  vapor,  (ho  *  3.65 'lO.**  + 
absolute  temperature). 

It  is  evident  that  the  relation  (9)  completely  specifies  the  mechanical 
behavior  of  the  liquid. 

We  shall  next  obtain  certain  equilibrium  conditions  which  must  be 
satisfied  in  the  steady  state  by  any  gas  regardless  of  whether  or  not  it 
is  isotropic  and  homogeneous.  To  this  end  let  us  consider  that  portion 
of  a  gas  in  the  steady  state  which  lies  in  any  arbitrary  but  fixed  closed 
surface,  this  surface  being  stationary.  Because  of  steady  state  conditions 
it  is  clear  that  the  total  energy  enclosed  by  this  surface  is  constant,  this 
energy  being  merely  the  translatory  energy  of  the  enclosed  molecules, 
since  the  gas  is  monatomic.  Since  the  total  energy  of  two  molecules  is 
not  affected  by  a  collision  of  these  molecules,  we  see  that  the  molecular 
collisions  which  occur  within  the  surface  have  no  effect  upon  the  total 
energy  enclosed ;  hence  the  rate  of  increase  of  the  total  energy  enclosed 
by  the  surface  is  the  rate  at  which  molecular  energy  enters  the  surface.* 
Since  the  total  energy  is  constant,  we  thus  see  that  the  total  molecular 
energy  entering  the  surface  per  unit  time  is  sero;  thus  the  total  energy 
of  the  molecules  entering  the  surface  per  second  is  the  same  as  the  total 
energy  of  the  molecules  leaving  the  surface  per  second.  The  above 
argument  applies  directly  to  the  mass  and  to  the  three  components  of 
linear  momentum,  as  well  as  to  the  energy;  thus  we  have  the  following 

"V 

*  It  is  evident  that  we  might  arbitrarily  form  the  sum  ^  f(ui,  p<,  »<)  taken  over 

•  “  I 

all  of  the  molecules  enclosed  by  the  surface,  where  /  is  any  arbitrary  function  of 
the  velocity  components;  then  this  sum  must  be  constant  because  of  steady  state 
conditions.  However,  in  the  case  of  a  collision  of  two  molecules  the  sum  of  the 
corresponding  two  terms  is  in  general  altered  abruptly;  thus  the  total  sum  is 
affected  by  the  molecular  collisions  within  the  surface;  and  it  no  longer  follows 

that  the  sum  ^  /(u<,  r<,  w,)  taken  over  all  molecules  entering  the  surface  per  sec- 
1-1 

ond  is  sero. 
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five  equilibrium  conditions  which  must  be  satisfied  in  the  steady  state 
for  any  fixed  closed  surface: 

a)  The  total  number  of  molecules  entering  the  surface 
per  second  is  sero. 

b)  The  total  x  component  of  momentum  entering  the 

surface  per  second  is  zero.  . 

c) ,  d)  Same  as  b)  except  for  y  and  z  components  of  ^  ^ 

momentum,  respectively. 

e)  The  total  molecular  energy  entering  the  surface  per 
second  is  sero. 

Obviously  these  are  necessary  conditions. 

We  now  consider  the  one  dimensional*  problem  of  a  monatomic  gas 
evaporating  from  a  liquid;  thus  placing  a  coordinate  system  as  with  (9), 
we  apply  the  conditions  (11)  to  the  closed  disc-shaped  surface  formed  by 
the  liquid  surface,  a  parallel  plane  surface  in  the  gas  spaced  a  distance  Ax 
from  the  liquid,  and  that  portion  of  a  right  circular  cylinder  normal  to 
these  surfaces  which  is  intercepted  by  them,  the  cross  section  of  the 
cylinder  being  one  square  centimeter.  We  now  introduce  the  following 
notation  concerning  gas  flow  across  a  unit  plane  area  placed  parallel 
to  the  liquid  surface  at  a  distance  x  from  it: 

M*  a-  total  mass  of  molecules  crossing  this  area  per 
second  in  the  positive  x  direction, 

M~  ^  total  mass  of  molecules  crossing  this  area  per 
second  in  the  negative  x  direction, 

M'*'  total  X  component  of  momentum  of  molecules 
crossing  this  area  per  second  in  the  positive  x 
direction,  (12) 

n~  a>  total  X  component  of  momentum  of  molecules 
crossing  this  area  per  second  in  the  negative  x 
direction, 

«  total  energy  of  molecules  crossing  this  area  per 
second  in  the  positive  x  direction, 

E~  »  total  energy  of  molecules  crossing  this  area  per 
second  in  the  negative  x  direction. 

*  By  “one  dimensionar’  we  merely  mean  that  the  state  of  the  gas  varies  only  in 
the  direction  normal  to  the  liquid  surface.  We  do  not  infer  that  there  are  no 
components  of  molecular  velocities  parallel  to  this  surface;  in  fact  such  parallel 
components  are  included  in  (9). 
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ObviouHly  them  quantities  are  all  functions  of  z,  since  the  state  of  the 
^as  depends  upon  x.  For  the  liquid  surface  we  also  place 

Ml  ^  total  mass  of  molecules  emitted  per  second  per 
square  centimeter, 

n't  >>  total  X  component  of  momentum  of  molecules  (13) 
emitted  per  second  per  square  centimeter, 

Et  total  energy  of  molecules  emitted  per  second  per 
square  centimeter. 

Obviously  the  quantities  (13)  are  determined  by  (9). 

Applying  condition  a)  of  (11)  to  the  disc-shaped  surface,  noting  that 
the  edges  of  the  disc  may  be  neglected  since  the  problem  is  one  dimen¬ 
sional,  we  have 

Mt  -  (A/-)..,  -  (Af^),-4.  +  -  0.  (14) 


But  using  the  first  law  of  the  mean  we  see  that 


-  (Af").-„  -I- 

-  (Af-),..  + 


(15) 


where  x\  and  Xt  lie  somewhere  in  the  interval  0  <  x  <  Ax;  hence  sub¬ 
stituting  (15)  in  (14),  we  have 


Mt  -  (Af^).-, 


dx 


u 


Ax . 


(16) 


Finally  we  let  Ax  —*  0,  and  thus  obtain  the  relation 


at;  -  (Af^).-o  (17) 

subject  only  to  the  condition  that  the  coefficient  of  Ax  in  (16)  does  not 
become  infinite  in  the  vicinity  of  the  liquid  surface.  In  a  precisely 
similar  manner  we  may  apply  conditions  6)  and  e)  to  the  disc-shaped 
surface;  thus  with  (17)  we  have  the  equilibrium  conditions 


Mt  -  (AT).., 

Mo  “  (m^)«-o  (18) 

K  -  (£r").-o , 


which  must  he  satisfied  by  the  gas  at  the  liquid  surface.  These  equa¬ 
tions  are  subject  only  tb  the  condition  that  quantities  corresponding  to 
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the  coefficient  of  Ajt  in  (16)  remain  finite  in  the  vicinity  of  the  liquid 
surface,  which  condition  is  obviously  satisfied  if  the  quantities 

dAf  dAf-  dn*  dir  dE^  dE-  .  . 
dx  '  dx  •  dx'  dx*  dx  *  dx 

remain  finite  in  this  vicinity.  From  the  physical  nature  of  the  problem 
we  see  that  the  state  of  the  gas  cannot  vary  abruptly  with  x,  and  that 
the  quantities  Af*,  AI~,  •  •  •  ,  E~  are  nowhere  infinite;  hence  the  quanti¬ 
ties  (19)  must  remain  finite,  and  the  above  requirement  is  satisfied. 
The  relations  (18)  are  thus  established.  It  may  be  noted  that  no  use 
could  be  made  of  conditions  c)  and  d)  of  (11)  because  of  the  one  dimen¬ 
sional  nature  of  the  problem. 

We  do  not  know  the  velocity  distribution  of  the  molecules  of  the  ga.s 
just  outside  of  the  liquid  surface;  however  we  do  know  that  it  must 
satisfy  the  equations  (18);  furthermore  since  all  directions  parallel- to 
the  liquid  surface  are  equivalent,  we  see  that  the  distribution  function 
must  be  an  even  function  of  v  and  of  to,  so  that  the  corresponding  distri¬ 
bution  curves  are  symmetrical  about  the  origin.  Our  next  step  is  to 
assume  a  reasonable  form  of  distribution  function  containing  a  sufficient 
number  of  constants,  or  parameters,  to  render  possible  a  good  approxi¬ 
mation  to  actual  conditions.  These  constants  are  then  determined  .so 
as  to  satisfy  (18),  and  also  the  condition  that  the  rate  of  evaporation 
take  a  specified  value;  thus  making  four  conditions  in  all.  The  assume<l 
form  of  distribution  function  must  therefore  contain  four  constants. 

It  is  now  at  once  evident  that  we  cannot  assume  the  distribution 
function  corresponding  to  an  isotropic  gas  having  a  drift  velocity  Uo 
normal  to  the  liquid  surface;  for  although  such  a  function  is  even  in  v 
and  in  to,  it  contains  but  three  constants  instead  of  four:  drift  velocity, 
temperature,  and  density.  These  three  constants  may  be  determined 
so  that  (18)  is  satisfied;  but  then  we  have  no  choice  as  to  the  rate  of 
evaporation.  In  fact  we  see  at  once  that  the  solution  in  this  case  i.s 
Uo  0,  temperature  «■  liquid  temperature,  density  »  density  of 
stationary  saturated  vapor;  hence  it  follows  that  the  rate  of  evaporation 
is  lero.  The  assumption  of  an  isotropic  gas  moving  with  drift  velocity 
Uo  thus  leads  merely  to  the  trivial  case  of  a  stationary  saturated  vapor 
in  equilibrium  with  its  liquid. 

Throughout  the  remainder  of  this  paper  we  shall  assume  a  distribu¬ 
tion  function  of  the  form 


(20) 
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where  A,  fh,  Uo  are  constants.  Since  the  molecular  density  r  is  given 
by  the  expression 

-ax  flu  dv  dvo 

it  follows  by  direct  integration  that 


whence  (20)  becomes 

^  ^  (21) 

This  expression  multiplied  by  dudvdw  gives  the  number  of  molecules 
per  cubic  centimeter  of  the  gas  at  the  liquid  surface  which  have  velocity 
components  lying  between  u  and  u  -f-  du,  p  and  v  +  dv,  tv  and  w  -|-  dtp, 
respectively.  The  expression  (21)  differs  from  a  Maxwellian  distribu¬ 
tion^  in  that  the  u  velocity  component  has  a  temperature  coefficient,  h^, 
which  differs  from  that  of  the  other  two  components.  The  four  con¬ 
stants  which  fix  the  nature  of  the  gas  are 

p  -=  molecular  density, 


»  longitudinal  temperature  coefficient, 
hr  —  tran-sverse  temperature  coefficient, 


(22) 


Uo  »  drift  velocity. 

As  in  the  case  of  an  ordinary  isotropic  gas  we  define 
1  • 

Tl  «  —  longitudinal  temperature, 

Anik 

’^T  “  “  transverse  temperature, 

ihrk 

k  »  Bolt xman’s  constant  *=  1.371 -lO."”. 

The  constants  (22)  are  determined  by  (18)  and  the  condition  that  the 
rate  of  evaporation  take  a  specified  value;  thus  the  nature  of  the  gas  at 

*  Jeana,  “Dynamical  Theory  of  Gaaea’’,  p.  33. 

Loeb,  "Kinetic  Theory  of  Gaaea’*,  p.  59. 

Schaefer,  "EinfUhrung  in  die  theoretiache  Phyaik",  vol.  2,  p.  339. 
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the  liquid  surface  is  completely  determined  subject  to  the  assumption 

(20). 

As  the  gas  moves  away  from  the  surface,  the  molecules  collide  with 
each  other,  and  in  the  course  of  several  mean  free  paths  again  effect  an 
equipartition  of  energy;  so  that  the  gas  in  its  hnal  state  is  again  isotropic, 
and  thus  has  the  Maxwellian  distribution  function 

r,  ^24) 

which  is  determined  by  the  three  constants 

ri  «  molecular  density, 

hi  »  tempterature  coefficient,  (25) 

Ui  —  drift  velocity. 

Here  again  we  have  by  definition 

Ti  »  «  temperature.  (26) 

The  constants  (25)  are  determined  by  applying  conditions  a),  b),  and  e), 
of  (11)  to  the  closed  surface. bounded  by  a  cylinder  of  unit  cross  section 
normal  to  the  liquid  surface  and  by  two  planes  parallel  to  this  surface: 
one  in  the  gas  just  outside,  and  the  other  spaced  far  enough  away  so 
that  it  lies  in  gas  which  has  reached  its  final  isotropic  state.  Thus  the 
final  state  of  the  gas  for  a  given  rate  of  evaporation  is  determined. 


3.  Transfer  of  Mass,  Momentum,  and  Energy  Across  Unit  Area 
Normal  to  the  Drift  Velocity.  We  now  proceed  with  the  calculation 
of  the  quantities  (12)  for  the  distribution  function  (21).  Since  we 
are  concerned  only  with  transfer  across  unit  area  of  a  plane  perpendicu¬ 
lar  to  the  X  axis,  it  will  be  convenient  to  have  the  distribution  function 
for  the  u  component  of  velocity  alone;  thus  integrating  (21)  with  respect 
to  V  and  w,  we  obtain  the  function 


m'  /:/;• 


fjif,  fjiyj 


(27) 


This  expression  multiplied  by  du  gives  the  molecular  density  of  mole¬ 
cules  having  a  u  component  of  velocity  lying  between  u  and  u 
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In  the  derivations  which  are  to  come,  the  following  integration  formu¬ 
las  are  useful 

fm 

I  dx  * _ ^  _ 

J-u,  2km  ^  2(hmy»’ 

('  xh-'-dx .  +  -L  +  -i-  h'^.-'dx 

2*m  ^  2{hm)l  ], 


(28) 


'Phene  are  readily  obtained  by  successive  integration  by  parts. 

Trantfer  of  Mom.  We  shall  first  determine  (A/+),_,,  the  subscript 
merely  referring  to  a  gas  in  the  state  (21);  thus  multiplying  the  velocity 
u  by  the  molecular  density  (27)  and  integrating,  a-e  have 

(A/^)..o  -  "“’(v)*  /  dM •  (29) 


IMacing  j  *  u  —  u#,  (29)  becomes* 

(.W^).-,  -  me  J"  (x  +  u.)  dx  ; 

whence  noting  (28)  we  have  finally 


Similarly,  for  (3/~),-o  we  have 


(i»/").-o  -  -  /*  du ; 

whence  placing  u  »  —{we  obtain  an  expression  identical  with  (29) 
except  that  the  sign  of  Uo  in  the  exponent  is  plus  instead  of  minus.  We 


*  X  is  used  here  merely  as  an  auxiliary  integration  variable,  and  does  not  refer 
to  tlA  coordinate  system  of  Section  2. 
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may  thus  obtain  by  reversing  the  sign  of  Uo  in  (30);  thus  we 

have  finally 


(31) 


From  (30)  and  (31)  we  see  that 

(A/'^),»e  -  (M"),-o  -  mrue, 


as  was  to  be  expected. 

Tranter  of  Momentum.  We  shall  next  determine  (m'‘’)*-oi  the  sub¬ 
script  referring  to  a  gas  in  the  state  (21);  thus  proceeding  as  with  (29), 
we  have 


(m'*^),-o  -  mp 


Placing X  u  —Uo,  (32)  becomes* 


-  ms 


-I-  2u^  -I-  uj)  dx  ; 


(32) 


(33) 


whence,  noting  (28),  we  have  finally 

Similarly,  for  (m*),-.8  we  have 

.  -  >"-(^)‘  jf’ .'’rfu; 

whence  placing  u  *  —  {,  we  obtain  an  expression  which  differs  from  (32) 
only  in  the  sign  of  Uo,  and  in  the  initial  minus  sign.  By  reversing  the 
sign  of  Uo  in  (33)  and  prefixing  a  minus  .sign,  w'e  thus  have  finally 


.  me  /uo*  i  i  ,  1  \ 


(34) 


Transfer  of  Energy.  We  now  proceed  to  determine  (!?■♦■), _o,  the 
subscript  referring  to  a  gas  in  the  .state  (21).  Multiplying  the  molecular 
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density  (21)  by  u,  we  obtain  the  number  of  molecules  having  velocity 
components  lying  between  u  and  u  -|-  du,  v  and  v  +  dv,w  and  tp  +  dw, 
respectively,  which  cross  unit  area  of  a  plane  perpendicular  to  the  x 
axis  per  second  in  the  positive  direction ;  thus  multiplying  by  |m(u*  -f  r* 
-|-  tr*),  the  energy  per  molecule,  and  integrating,  we  have 


c- 


2  \  w  /  JO  J-mJ- 


«(u»  +  »*  +  tc*) 


(35) 


my 

T 


(36) 


C-^T  r  (/! 

X  (^j  dw^  -I-  e"*^’  J  dv^ 

Noting  (28)  we  evaluate  the  v  and  w  integrals;  thus  we  have 

Placing  X  *  u  —  Uo,  (36)  becomes* 

-  ?  (^y  /_■  [->  +  3«-  +  (3u!  +  X 

+  (“•  +  ^)] 

an  integral  which  can  be  evaluated  by  means  of  (28);  thus  we  have 
finally  ' 

t  .  1  ,  1  \ 

(E+),«,  -  -TT  U  “o  +  r—  +  r--  I 


my  \(  , 


(37) 


hi.m  htm/  2y/ whum 

Proceeding  as  with  (35)  we  obtain  the  following  expression  for  : 

(B-),..  -  -  y  »(“’ +»■+»■) 
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Placing  u  ~  —  (i  we  obtain  an  expression  that  differs  from  (35)  only  in 
that  the  sign  of  Uo  is  plus  instead  of  minus.  We  may  thus  obtain 
by  reversing  the  sign  of  uo  in  (37);  thus  we  have  finally 


(^).- 


mr 

T 


{(“! 


Atm  Arm/  2y/ irhLtn 


,  3uo 

2hLm  hrtnj 


(38) 


Simplification  and  Summary  of  Tranter  Equations.  The  use  of  the 
above  equations  of  transfer  is  greatly  simplified  if  we  place 

p  «  V Atm , 


9  ■> 


Ar’ 


(39) 


Pip) 


Probability  Integral; 


thus  from  (30),  (31),  (33),  (34),  (37),  (38),  we  have 


(A/-),-. 


2v^Atm  IVx 
my 


+  ‘P  (1  +  ^(p)l  ( 


2Atm  l-v/ir 


r  i" 


“H  P(p)] 


2^  K-['’  + 2-)* 

"  4^  {Ip*  +»  +  «l  ^  +  ->[»■+  I  +  «]ll  + 


4(A 

^  +  2-  +  •]*  - 


P(p)l}. 


The  simplification  lies  in  the  reduction  of  the  number  of  variables  con¬ 
tained  in  the  braces. 

We  still  have  the  problem  of  determining  the  quantities  (13),  which 
problem  is  that  of  determining  the  transfer  equations  for  the  liquid; 
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however,  comparing  (9)  and  (21),  we  8ee  that  the  quantitien  (13)  can 
be  written  down  immediately  by  placing  p  »  0,  a  »  1,  »  Ao,  and  e  »  yg 

in  (40).  We  thun  have  finally 

l»4.  tnv9 

•  “  2Vrfi^m 


+ 

Me 


mi'o 

4A«m 


(41) 


mvn 


2y/r(htm)* 


4.  Equilibrium  Conditions — Liquid  to  Anisotropic  Gas.  Now  that 
we  have  the  tranHfer  equations  (40)  and  (41)  for  the  anisotropic  gas  and 
the  liquid,  respectively,  we  can  apply  the  equilibrium  conditions  (18); 
thus  sul)stituting,  we  have 


/■ 


TOfo  my  f  r  ,  ,  1  If 

4Aom  2hi,m  \  2_f 


[1  +  Pip)] 


(42) 


mvt  mv 

2V'ir(Aom)*  4(A 
W’e  now  plan* 


— ^(p*  -{=  1  +  <^1  +  p  ^(p))|* 


-  a" 

1  *  f 

ho 


♦i(p)  *  —p^  +  p  [1  +  ^(p)l » 

VT 

^(p)  *  T-  ^P*  +  2^^^  "r  ^*(p)l» 


(43) 


^(p»  O')  “  [p*  -j-  1  +  ff) 


^  ^  +  Pip)]’f 


whence  sulxstituting,  (42)  becomes 
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vT 


We  now  solve  the  equations  (44)  to  obtain  c,  h[,  and  v'  in  terms  of  p; 
thus  dividing  the  last  two  equations  of  (44)  by  the  first,  we  eliminate 
!>';  whence 

-  > 

rhl  \^i/ 

(45) 

-('-'l-i- 

2A|,  \^i/ 

Dividing  the  second  equation  of  (45)  by  the  first  squared,  we  eliminate 
At ;  thus  we  have 


•  s'U;/  ■ 

Solving  (46)  for  a,  noting  (43),  it  follows  that 

_  [p*  ^  1)  1_  _  pfpJ  ^  |1[1  p(p)] 

01 1x01  V  X  L  2J 

an  expression  giving  a  explicitly  in  terms  of  p. 

From  the  first  equation  of  (45)  we  have  at  once 


From  (23)  and  (39)  we  also  have 


<r 
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From  (48)  and  the  find  equation  of  (44)  we  now  have 

The  rate  of  evaporation  per  unit  area  of  liquid  is  obviously 


(50) 


M  -  (A/+).^  -  (Af-). 


mvu^ 


y/hj 


whence  it  follows  from  (41),  (48),  and  (50)  that 

K  ^ 

A/:  “  ■ 


(51) 


We  finally  obtain  the  pressure  p,  acting  on  the  liquid  surface;  thus 
from  the  second  equation  of  (18)  we  have  at  once 

P»  *  Mo  “  (m  )«w0  *  (m  “  (m  )^o  f 


whence  substituting  from  (40)  it  follows  that 

20- 

The  saturation  vapor  pressure  may  be  obtained  from  (52)  by  placing 
e  *  i»»,  At  *  A«,  p  *  0;  thus 


Po  - 


eo 

2A.‘ 


(53) 


Dividing  (52)  by  (53)  noting  the  second  equation  of  (44),  we  have  finally 


El 

Po 


(54) 


If  desired,  the  drift  velocity  may  be  obtained  from  (39).  We  see  that 
equations  (47),  (48),  (49),  (50),  (51),  and  (54)  give  the  various  constants 
of  the  anisotropic  gas  in  terms  of  those  of  the  saturated  vapor,  and  the 
single  parameter  p. 


5.  Calculations,  Tables,  and  Curves  for  the  Anisotropic  Gas.  We 
have  seen  that  in  Section  4  all  quantities  are  finally  expressed  in 
terms  of  the  parameter  p,  the  value  p  —  0  corresponding  to  the  station¬ 
ary  saturated  vapor;  however  we  have  no  a  priori  means  of  knowing 
what  set  of  values  of  p  to  consider.  Because  of  this  uncertainty  a  set  of 
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preliminary  calculations  was  carried  through  in  which  p  was  arbitrarily 
given  the  values  0,  .2,  .4,  .6,  •  •  •  ,  2.0;  then  on  the  basis  of  these  calcula¬ 
tions,  and  because,  as  we  shall  see  later,  we  are  primarily  interested  in 
values  of  p  smaller  than  .51,  the  set  of  values  of  p  given  in  Table  I  was 

The  calculations  were  carried 


chosen  as  a  basis  for  final  calculations.  Values  of 


and 


2«-»' 

—j=  were  taken  from  a  paper  by  Burgess.* 

V » 

out  on  a  Marchant  computing  machine  capable  of  handling  nine  place 
factors.  All  machine  calculations  were  carried  through  three  times,  for 
each  of  which  the  recorded  value  was  checked  three  times.  The  calcu¬ 
lations  themselves  consisted  merely  in  carrying  out  the  operations  indi¬ 
cated  in  Section  4.  The  results  are  given  in  Table  I,  and  in  Figs.  1,  2, 

D  r 

3, 4,  5,  and  6.  The  curves  Figs.  5  and  6  are  obtained  by  plotting  — , 

Po  U 

Tr  M 

and  respectively,  against  for  the  same  values  of  p,  thus  eliminat- 
i  0  ^0 

ing  p.  All  figures  tabulated  are  significant.^ 

From  the  curves  we  see  clearly  how  as  the  rate  of  evaporation  and 
hence  p  are  increased  from  lero,  the  state  of  the  gas  at  the  liquid  surface 
leaves  that  of  the  stationary  saturated  vapor,  the  transverse  temperature 
becoming  somewhat  higher,  the  longitudinal  temperature  becoming 
considerably  lower  than  the  liquid  temperature.  We  also  see  how  the 
pressure  on  the  liquid  surface  falls  off  as  the  rate  of  evaporation  is 
increased. 


6.  Partition  of  Energy  in  the  Anisotropic  Gas.  Significance  of 
Two  Temperatures.  For  an  ordinary  isotropic  gas  we  know  that  the 
temperature  is  a  measure  of  the  mean  kinetic  energy  per  molecule. 
The  temperatures  and  of  an  anisotropic  gas  were  defined  by  (23) 
in  terms  of  the  constants  and  hr,  which  occur  in  the  distribution  func¬ 
tion  (21);  thus  they  have  as  yet  no  significance  in  terms  of  mean  molec- 

2  ft 

*  BurgcM,  "On  the  De6nite  Integral  — =  /  dt,  with  Extended  Tables  of 

Values",  Traiuaeliont  of  the  Royal  Society  of  Edinburgh,  vol.  39,  p.  357. 

*  By  this  statement  we  mean  that  the  difference  between  a  value  tabulated  and 
the  true  value  amounts  to  less  than  one  unit  in  the  last  decimal  place.  That  such 
a  statement  can  be  made  follows  from  the  fact  that  a  set  of  calculations  involving 
differences  was  made  paralleling  the  machine  calculations  here  described,  by 
means  of  which  bounds  upon  the  error  were  obtained  at  each  step. 
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ular  energy.  To  determine  any  Huch  significance  let  us  compute  the 
mean  kinetic  energy  per  molecule  of  the  anisotropic  gas;  thus  noting 
(21),  we  see  that  this  is  given  by  the  expression 

m  j  j  j  ^  pj  ^ 

X  dudvdw.  (55) 


The  integral  (55)  can  be  evaluated  by  the  aid  of  (28)  in  essentially  the 
same  manner  as  (35) ;  thus  the  average  energy  per  molecule  of  a  gas  in 
the  state  (21)  is  found  to  be 


1 

2 


muj  + 


AHl 


or 


^  mul  +  ^  kTt  +  kTr  .  (56) 

From  (56)  we  see  that  the  mean  molecular  energy  may  be  considered  as 
made  up  of  the  drift  energy  |  mu*,  the  thermal  energy  \  kTt  for  the  x 
coordinate,  or  degree  of  freedom,  and  the  thermal  energies  §  kTr  each 
for  the  y  and  z  coordinates.  We  thus  see  that  the  transverse  and  longi¬ 
tudinal  temperatures  are  a  direct  measure  of  the  mean  molecular  energy  for 
the  corresponding  coordinates,  or  degrees  of  freedom,  respectively;  hence 
these  temperatures  have  the  same  significance  as  has  the  single  tem¬ 
perature  of  an  isotropic  gas.  We  see  from  (56)  that  we  obtain  an 
equipartition  of  energy  only  in  the  particular  case  where  Tt  *  Tr  =  T,  in 
which  case  the  gas  is  isotropic. 

Referring  to  Fig.  6^  we  see  that  for  a  given  rate  of  evaporation  the 
percentage  deviation  of  Tt  from  Tt  is  small,  and  furthermore  is  much 
smaller  than  is  that  of  Tt;  hence  noting  (56)  we  infer  that  the  three 
degrees  of  freedom  tend  to  remain  isolated  from  each  other  during  the 
process  of  evaporation.  Thus  in  a  sense  drift  energy  is  obtained  at  the 
expense  of  the  thermal  energy  of  the  x  coordinate.* 

*  As  the  xss  moves  sway  from  the  liquid  surface  its  state  changes  continuously, 
and  approaches  the  isotropic;  however  it  may  at  any  point  be  specified  by  the 
four  constants  Tt,  Tr,  »,  «•,  which  must  thus  be  looked  upon  as  functions  of  z. 
('ondition  e)  of  (II)  applied  to  the  closed  surface  made  up  of  the  liquid  surface,  a 
plane  parallel  to  this  surface  at  a  distance  x  from  it,  and  a  right  circular  cylinder 
of  unit  cross  section  normal  to  it  requires  that  the  quantity  remain 
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7.  Equilibrium  Conditions— Aniaotropic  to  Isotropic  Gss.  Having 
determined  the  state  of  the  gas  at  the  liquid  surface,  we  now  proceed 
to  determine  its  state  at  a  distance  of  several  mean  free  paths  from  the 
surface,  where  the  gas  is  again  isotropic.  We  shall  thus  proceed  to 
determine  the  constants  (25)  of  the  distribution  (24)  in  the  manner 
described  in  Section  2.  Let  us  denote  by  ij  the  abscissa  of  the  right 
hand  boundary  of  the  closed  surface,  which  boundary  is  the  plane  lying 
in  the  isotropic  gas;  then  noting  (12)  we  see  that  conditions  a,  b,  and  e, 
of  (11)  may  be  written 

(3/+)._,  -  -  (3/+),-«  -  (M-)^ 

(57) 

(£+).^.  -  -  (E^),.o  -  (£:-),_ . 

The  right  hand  sides  of  these  equations  follow  at  once  from  (40);  thus 

(M+)^o  -  (M-)_«  - 

y/httn 

-  (p-).-'.  -  ^  (o’  +  i) 

(£*)_.  -  (o’  +  1  +  •)  • 


constant  for  all  values  of  x,  this  quantity  being  the  energy  transfer  per  unit  area. 
Referring  to  (37)  and  (38)  a'e  see  that 


1^  -  E-\ 


r*  » 3 


hence  since  riu  is  independent  of  x,  being  the  net  number  of  molecules  crossing 


unit  area  per  second,  it  follows  that  the  quantity 


Ah,. 


must  re¬ 


main  constant.  Denoting  the  mean  molecular  energy  by  e,  and  noting  (23)  and 
(56),  we  see  that  the  quantity  (e  kTu]  remains  constant  for  all  values  of  x;  also 
we  see  that  the  quantity  e  is  not  constant,  but  depends  upon  x. 

Throughout  this  paper  with  the  one  exception  of  this  footnote  the  symbols 
Tl,  Tt,  e,  u«,  Hl,  hr  refer  to  the  anisotropic  gas  at  the  li,iuid  aurface,  and  not  to 
the  gas  at  a  distance  x  from  this  surface. 
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Comparing  (24)  with  (21)  we  see  that  the  left  hand  members  of  the 
equations  (57)  may  be  obtained  by  placing  x  >  Xi,  i*  *  i^i,  ht  h\, 
and  a  1  in  (58) ;  and  by  writing 

Pi  Ml  y/him  (59) 

in  place  of  p.  It  thus  follows  that 


(3/+)^,.  -  (J»f-). 


nii'ipi 


•^hitn 

-  (£-)„,  -  (p!  +  §)  . 


(60) 


2(A,m)*'* 

Substituting  (58)  and  (60)  in  (57),  we  have 


mvipi 


mvp 


v/ Aim  \/ htm 


m»\ 

him 


mripi 

2(A,m)*'* 
whence  placing 


(61) 


(62) 


we  finally  obtain  the  equilibrium  conditions 


^(p:  +  |)-p(p’  +  ^  +  »). 
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We  next  proceed  to  solve  the  equations  (63)  to  obtain  the  various 
constants  of  the  isotropic  gas  in  terms  of  p;  thus  dividing  the  last  two 
equations  by  the  first,  we  have 


Dividing  the  second  equation  of  (64)  by  the  first  squared,  we  have 


(65) 


Noting  (43)  and  (47)  we  see  that  the  right  hand  side  of  (65)  involves 
only  p;  thus  placing 


a 


(66) 


and  substituting,  (65)  becomes 


(1 


-  a)  pj  + 


(67) 


This  expression  is  a  biquadratic,  the  solution  of  which  is 


Pi 


2(1  -  a) 


(68) 


an  expression  which  gives  pi  explicitly  in  terms  of  p. 
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From  the  second  equation  of  (64)  we  obtain  h[ ;  thus 

h\ 


f>*i  +  I 


(60) 


p‘-b-2  +  - 


A. 


which  expretwion  together  with  (48)  and  (t>8)  gives  us  ^  in  terms  of 
P.  for 


s  ■ 

Next  we  obtain  — ;  thus  dividing  the  relations 

P* 


(70) 


Pi  -  vikTi 
Po  “  yJcTt , 


noting  (23)  and  (26),  we  have 


Pi  riAo  . 


(71) 


P#  »^i  hlh[  ' 
whence  from  (48),  (50),  and  the  second  equation  of  ((i3)  it  follows  that 


(72) 


The  relation  (71)  may  be  written 


(73) 


an  expression  giving  -  in  terms  of  p  by  means  of  (70)  and  (72). 
The  temperature  ratio 


7\  fh 

To  Ai 


(74) 


may  at  once  be  obtained  from  (70).  The  drift  velocity  Ui  may,  if 
desired,  be  obtained  from  (59),  (68),  and  (70).  We  have  now  obtained 
the  various  constants  of  the  isotropic  gas  in  terms  of  p. 
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8.  Physical  Significance  of  p  and  p\.  Limiting  Value  of  Drift 
Velocity.  The  quantities  p  and  pi,  defined  by  (39)  and  (59),  respec¬ 
tively,  were  introduced  merely  to  simplify  the  transfer  equations  (40) 
and  (60),  and  were  given  no  physical  significance;  however,  we  may 
write 


Noting  (56)  we  thus  see  that  p*  is  one  half  the  ratio  of  the  drift  energy 
per  molecule  to  the  mean  longitudinal  thermal  energy  per  molecule  of 
the  anisotropic  gas  in  the  state  (21).  Similarly  we  see  that  p\  is  three 
halves  the  ratio  of  the  drift  energy  per  molecule  to  the  mean  thermal 
energy  per  molecule  of  the  isotropic  gas  in  the  state  (24). 

An  additional  significance  may  be  given  to  pi  by  noting  that  the 
velocity  of  sound  in  the  isotropic  gas  is 


since  the  ratio  of  the  specific  heats  of  a  monatomic  gas  is  5/3;  thus  noting 
(59)  we  have 


Pi  - 


(77) 


We  thus  see  that  p\  is  times  the  ratio  of  the  drift  velocity  to  the 

velocity  of  sound  in  the  isotropic  gas. 

Referring  to  (68)  we  see  that  for  there  to  be  a  real  solution  the  expres¬ 
sion  under  the  radical  must  be  positive;  thus 


a 


(78) 


We  thus  see  that  values  of  p  are  restricted  to  those  corresponding  to 
values  of  a  which  satisfy  (78) ;  thus  referring  to  Table  I  we  see  that 


0  ^  p  ^  .508047  •  • .  . 


(79) 
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When  a  takes  its  greatest  allowable  value,  ^ ,  (68)  becomes 

16 


which  in  (77)  gives 

Ui  »  u,.  (81) 

We  thus  see  that  if  an  evaporating  gas  moves  through  a  di^nce  sufficient 
to  allow  the  gas  to  become  isotropic^  then  p  is  restricted  to  the  range  (79), 
the  lower  bound  corresponding  to  the  stationary  saturated  vapor;  the  upper 
bound  corresponding  to  a  drift  velocity  of  the  isotropic  gas  equal  to  the 
velocity  of  sound  in  that  gas.  Referring  to  Table  I  we  see  that  the  rate 
of  evaporation  increases  with  p;  whence  it  follows  that  the  maximum  rate 
of  evaporation  occurs  when  the  isotropic  gas  is  moving  with  its  sound  velocity. 

Of  the  four  values  of  pt  defined  by  (68)  for  a  given  value  of  p,  or  a, 
we  are  obviously  interested  only  in  real  positive  values.  These  values 
are  shown  plotted  against  a  in  Fig  7.  It  may  be  noted  that  for  the 
plus  sign  in  (68)  both  the  numerator  and  denominator  vanish  for  a  >=  1 ; 
however,  applying  L’Hospital’s  rule  for  indeterminate  forms,  we  find 

that  Pi  — ►  as  a  — » 1.  We  see  that  this  curve  has  a  vertical  tangent 

25 

for  the  critical  value  a  »  The  rate  of  evaporation  is  an  increasing 
lb 

function  of  p;  also  we  shall  see  (Table  II)  that  the  pressure  pi  is  a  de¬ 
creasing  function  of  p  and  of  pt.  It  thus  follows  that  the  portion  of  the 
curve  lying  above  the  critical  point  corresponds  to  a  state  of  affairs  such 
that  a  decrease  in  pressure  causes  a  decrease  in  the  rate  of  evaporation, 
which  is  impossible^.  This  portion  of  the  curve  has  no  physical  signifi¬ 
cance'* — if  the  discharge  pressure  is  reduced  to  a  value  below  that 
corresponding  to  the  critical  point,  the  rate  of  evaporation  retains  its 
critical  value.  We  thus  see  that  pi  takes  its  greatest  possible  value  at 

*  Aa  an  example  of  a  case  where  this  condition  is  not  satisSed,  we  could  consider 
a  condensing  surface  spaced  a  distance  of  less  than  several  mean  free  paths  from 
the  evaporating  liquid. 

>*  This  behavior  is  closely  analogous  to  that  encountered  in  the  case  of  a  gas 
discharging  through  an  ori6ce  from  a  region  of  high  pressure  to  one  of  lower  pres¬ 
sure. 

Goodenough,  "Principles  of  Thermodynamics",  p.  146. 

"Handbuch  der  Kxperimentalphysik",  vol.  4,  part  1,  p.  387. 
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the  critical  point;  whence  it  follows  from  (77)  and  (81)  that  the  drift 
vdocity  of  the  ieoiropic  gae  can  never  exceed  its  sound  velocity. 

These  results  involving  the  velocity  of  sound  may  be  shown  to  be 
independent  of  the  form  of  the  velocity  distribution  function  assumed 
for  the  gas  at  the  liquid  surface  (in  this  paper  the  function  (21)),  and 
may  be  shown  to  depend  only  upon  (24),  which  is  known  to  be  exact, 
since  the  gas  is  isotropic  at  the  point  x  »  xi.  Thus  let  us  assume  in 
place  of  (21)  an  arbitrary  distribution 

f(u,  V,  tv,  fix,  /5i,  •  •  •  ,  /»,),  (82) 

where  fix,  /3i,  •  •  •  ,  /J,  are  constants  which  fix  the  state  of  the  gas.  Carry¬ 
ing  through  the  discussion  as  before,  w’e  have  in  place  of  (63) 

^(pI  +  i)  -  UM)  (83) 

‘''i) "  *'^**^' 

where  M  is  the  rate  of  evaporation,  and  ^i,  follow  from  the  transfer 
equations  for  (82) ;  whence  again  proceeding  as  above,  we  have 


in  place  of  (65).  We  thus  finally  obtain  an  expression  identical  with 
(68)  except  that  we  have  ^  in  place  of  a;  and  in  place  of  (78)  we  have 

an  expression  limiting  the  range  of  M.  The  curve  Fig.  7  now  follows, 
where  a  is  replaced  by  ^(Af);  and  we  have  a  vertical  tangent  at  the 
critical  point,  at  which  the  isotropic  gas  is  moving  with  its  sound 
velocity.  If,  now,  we  assume  from  (77)  and  the  physical  nature  of 
the  problem  that  pi  must  be  a  one  valued  function  of  M',  then  it  follows 
that  one  of  the  two  portions  of  the  curve  meeting  at  the  critical  point 
cannot  exist  physically.  Since  the  value  pi  »  0,  corresponding  to  the 
stationary  saturated  vapor,  is  possible,  it  follows  that  the  upper  portion 
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of  the  curve  u  not;  hence  we  again  obtain  the  portion  of  the  cur\'e  lying 
between  the  origin  and  the  critical  point.  We  have  thus  obtained  the 
above  results  with  the  arbitrary  distribution  (82)  instead  of  the  assumed 
distribution  (21).  We  thus  see  that  the  fact  that  we  have  obtained 
exact  results  by  the  use  of  the  cusumed  distribution  (21)  cannot  be  taken 
as  an  indication  that  (21)  is  exact. 


9.  Calculations,  Tables,  and  Curves  for  the  Gas  in  its  Final  Isotropic 
State.  Using  the  tables  of  Section  5  we  now  apply  the  results  of 
Section  7;  and  thus  obtain  tables  of  values  of  the  various  constants 
of  the  Isotropic  gas  in  terms  of  p.  The  comments  made  in  Section  5 
concerning  the  computations  also  apply  here.  The  results  are  given  in 
Table  II  and  in  Figs.  8  and  9.  The  curves  Fig.  9  are  obtained  by  plot- 


T  D  ¥  M 

ting  — ,  and  -  against  —r  for  the  same  values  of  p,  thus  eliminating 

Tt  pt  rt  MX 

p.  All  figures  tabulated  are  significant.^ 

In  Section  8  we  saw  that  these  gas  constants  are  two  valued  functions 
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of  p  in  the  region  corresponding  to  1  <  o  <  — ;  however,  referring  to 


16’ 


Table  I  we  see  that  the  only  tabulated  values  of  p  included  in  this  region 
are  .40,  .45,  and  .50.  In  Table  II  values  corresponding  to  the  region  on 
the  stable  side  of  the  critical  point  are  tabulated  above  the  double 
horiiontal  line,  whereas  the  three  sets  of  values  corresponding  to  the 
unstable  region  beyond  the  critical  point  are  tabulated  below  this  double 
line.  It  is  evident  that  only  the  stable  region  can  be  obtained  physi¬ 
cally;  hence  to  avoid  confusion  the  curves  Figs.  8  and  9  include  only  the 
stable  region,  and  thus  stop"  at  the  critical  point,  at  which  point  they 
have  vertical  tangents. 

The  value  of  p  at  the  critical  point  is  .508047  •  •  •  ,  and  the  data 
corresponding  to  tHis  point  are  printed  in  heavy  type  in  Table  I  and 
Table  II.  In  carrying  out  the  computation  of  this  critical  data  the 

2  f  *  2 

required  values  of  I  «“•*  dx  and  — ttt  were  obtained  from  the 

V  T  y*  V  T 

tables  of  Burgess*  by  means  of  Lagrangean  interpolation,**  the  expression 


"  In  the  case  of  a  liquid  evaporating  through  a  straight  tube  and  discharging 
into  a  region  of  pressure  P,  the  pressures  P  and  p,  coincide  up  to  the  critical  point, 
beyond  which  p,  and  the  rate  of  discharge  remain  constant  as  P  is  lowered. 

"  Rutledge  and  ('rout,  “Tables  and  Methods  of  Extending  Tables  for  Interpo¬ 
lation  Without  Differences”,  Journal  of  Matkematici  and  Phytict,  vol.  9,  p.  166. 

Values  of  the  derivatives  required  in  the  expression  limiting  the  error  a-ere 
taken  from  Csuber,  “Wahrscheinlichkeitsrechnung”,  vol.  1,  p.  462. 

The  critical  value  of  p  was  found  to  lie  between  .5(180476  and  .5080479. 
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for  the  error  being  used  to  hold  the  error  below  speci&ed  limits.  Here 
again  all  figures  tabulated  are  significant.^ 

Comparing  Figs.  1  and  8,  we  see  that  the  temperature  of  the  isotropic 
gas  lies  between  the  two  temperatures  of  the  anisotropic  gas;  also  we 
see  from  Figs.  4  and  8,  or  from  Figs.  5  and  9,  that  the  pressure  of  the 
isotropic  gas  is  smaller  than  the  pressure  on  the  liquid  surface. 

If  we  consider  the  pressure-discharge  curve  of  —  against  includ- 

ing  the  unstable  region,  it  is  evident  that  in  the  joining  of  the  stable 
and  unstable  branches  of  the  curve  at  a  critical  point  having  a  vertical 
tangent,  at  which  point  the  gas  is  moving  with  its  sound  velocity,  w'e 
have  a  close  analogy  to  the  case  of  a  gas  discharging  through  an  orifice 
from  a  region  of  high  pressure  to  one  of  lower  pressure.** 

If  desired,  the  molecular  energy  flowing  out  per  unit  area  of  liquid 
surface  may  readily  be  obtained,  this  being  given  by  the  third  equation 

of  (60).  Since  mnUi  *  ^  “  kTi,  and  pi  »  P\kTi,  this  may  be 

written 


or 


-  ET 


E*  -  E- 


It 

kTi,  and 

-1- 

M 

/AT  . 

msi 

\2mt'i 

I  **’•)' 


(85) 


no  subscript  being  required  since  the  energy  flow  is  independent*  of  z. 
The  heat  which  must  be  supplied  to  the  liquid  to  maintain  the  evapora¬ 
tion  is  obtained  by  adding  to  (85)  the  energy  required  to  get  the  mole¬ 
cules  through  the  liquid  surface. 

It  is  to  be  emphasiied  that  the  above  analysis  applies  directly  and 
without  modification  to  the  process  of  sublimation;  thus  if  throughout 
this  paper  we  replace  the  word  “evaporation”  by  “sublimation”,  and  the 
word  “liquid”  by  “solid”,  all  methods  and  results  apply  in  full  to  the 
sublimation  of  monatomic  gases. 

In  the  tables  and  curves  which  follow,  the  denominators  of  the  tabu¬ 
lated  ratios  are  the  constants  of  the  stationary  .saturated  vapor.  Since 
the  various  physical  tables  usually  give  only  the  saturation  vapor 
pressure  as  a  function  of  temperature,  it  will  be  convenient  if  we  give 
the  various  constants  in  terms  of  pressure  and  abaolute  temperature. 
Thus  from  (10),  (41),  the  gas  equation 


Po  »  ytkTt, 


(86) 
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and  the  relationH 


Am  ^  ifi,  (87) 

Ak  -  R, 

where  M  is  the  molecular  weight,  A  is  Avogadro’s  number,  and  R  is  the 
gas  constant  8.314*  10.'’  ergs/degree  per  mole;  it  follows  that 


Density 


mso 


RT, 


Rate  of  emission  ■■  Af  • 


Po 


m 

2irRT, ' 


(88) 


We  have  seen  that  the  distance  through  which  the  gas  must  travel 
from  the  liquid  surface  before  it  becomes  isotropic  is  of  the  order  of 
several  mean  free  paths.  Since  the  state  of  the  gas  is  changing  con¬ 
tinuously  in  this  region,  the  mean  free  i)ath  is  also;  however  we  are 
interested  primarily  in  the  order  of  magnitude  involved.  Since  the 
mean  free  path  of  an  isotropic  gas  varies  inversely  with  the  density,  we 
have 


I 

ro 


hence  since  .325  <  -  ^  1,  we  see  that  Xi  and  X«  are  of  the  same  order  of 

So 

magnitude.  Similarly  we  should  expect  that  X,  the  mean  free  path  of 
the  anisotropic  gas,  should  approximately  vary  inversely  as  the  density; 
thus  we  assume 


X«  —  y 

'  .  X  so’ 

hence  since  in  the  stable  region  0  S  P  ^  .508047  •  •  •  we  have  .597  < 

-  ^  1,  from  which  we  see  that  X  and  Xt  are  of  the  same  order  of  magni- 
So 

tude.  Since  .325  <  —  ^  1,  it  follows  that  X*  ^  X  ^  Xi  <  3.08  Xo, 

So  So 

from  which  we  see  that  a  distance  equal  to  several,  say  five  or  ten,  times 
Xi  or  times  3  Xo  should  be  sufficient  to  allow  the  gas  to  become  isotropic. 
Conversely,  if  the  apparatus  is  such  that  there  are  barriers,  walls,  or 
condensing  surfaces  within  such  a  distance  of  the  liquid  surface;  then  it 
is  necessary  to  use  caution  in  applying  the  above  results,  making  sure 
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that  the  conditions  under  which  they  were  derived  are  met.  It  is 
evident  that  the  mean  free  path  as  used  here  gives  the  same  type  of  re¬ 
striction  upon  the  apparatus  dimensions  that  is  obtained  in  the  case  of 
formulas  for  viscosity,  diffusion,  and  heat  conduction  in  gases.*  For 
convenience  we  give  the  following  expression  for  X»: 

^  wy,S*y/2  tp.S*V2’  ^  ^ 

where  S  is  the  diameter  of  the  molecule. 

It  is  evident  that  if  many  problems  arise  involving  a  particular  gas, 
it  will  be  convenient  to  plot  curves  of  p*,  mso,  and  Xa  once  and  for 
all.** 

10.  Examples  and  Illustrations.  In  order  to  indicate  the  types 
of  problems  which  can  be  handled  by  means  of  the  above  tables  and 
curves,  and  in  order  to  illustrate  the  methods  involved,  let  us  consider 
several  problems  involving  the  evaporation  of  mercury.  For  con¬ 
venience,  data  on  the  liquid  and  on  the  stationary  saturated  vapor  are 
given  in  Table  III,  in  which  the  first  and  fourth  columns  are  taken  from 
physical  tables  (International  Critical  Tables),  and  the  remaining 
columns  are  computed,  using  (88)  and  (89)  where  necessary.  In  this 
computation  a  slide  rule  was  used  wherever  convenient.  p»  is  the 

vapor  pressure  in  dynes/cm.*  Plots  of  p*,  mi»o,  and  Af  o  against  ^  are 

shown  in  Fig.  10,  the  values  plotted  being  those  of  Table  III. 

In  the  problems  which  follow,  our  primary  concern  is  with  the  methods 
used,  great  accuracy  being  unimportant.  For  this  reason  graphical 
methods  are  used  when  convenient,  and  a  slide  rule  is  used  wherever 
possible;  also  for  the  same  reason  no  attempt  is  made  to  investigate  the 
number  of  significant  figures  of  the  final  answers.  If  greater  accuracy 
is  required,  it  may  obviously  be  obtained  by  using  tables  having  smaller 
subdivisions  than  Table  III,**  by  using  large  scale  graphs,  computing 
machines,  fine  interpolation  methods,  and  so  on;  furthermore  if  such 
is  desired,  there  is  no  difficulty  involved  in  determining  the  accuracy  of 
the  results. 

>*  If  such  plots  be  made  on  aemilog  paper  with  l/T*  as  abscissas,  the  resulting 
curves  will  at  least  in  some  cases  (Hg  for  example)  be  very  close  to  straight  lines, 
Fig.  10. 

Tables  are  available  which  give  the  vapor  pressure  of  mercury  for  every 
degree  from  — 39.*C.  to  +400.*C. 

“International  ('ritical  Tables”,  vol.  3,  p.  206. 
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The  Hct  of  curves  used  to  make  the  cuts  of  Figs.  1-10  were  not  used 
in  making  the  following  calculations,  another  set  of  the  same  curves 
being  used  instead ;  hence  there  may  be  slight  discrepancies  between  the 
values  so  obtained  and  those  obtained  by  the  direct  use  of  Figs.  1-10. 

Problem  1.  Mercury  having  a  surface  temperature  of  180.*C.  evapo¬ 
rates  and  discharges  through  a  short  straight  tube  into  a  vacuum. 
What  is  the  state  of  the  gas  in  the  tube;  also  what  is  the  pressure  acting 
on  the  surface  of  the  mercury,  and  the  rate  of  evaporation  per  unit  area? 

From  Table  III  we  have 


r,  -  453.*K.,  p. 


11740.  d)me8/cm.*,  ms#  *  6.24- 10.~‘  gm./cm.*, 
«  .342  gm./sec.  cm.*; 


also  since  the  discharge  is  into  a  vacuum,  we  know  that  operation  is  at 
the  critical  point;  hence 


.508, 


Tl 

T, 


.633 ,  — 

mso 

E. 


.326 ,  ^ 

p# 


.838 


.206 ,  ^ 
Po 


.550  , 


The  state  of  the  gas  in  the  straight  tube  is  thus 

Pressure  *  pi  ■*  .206.11740.  —  2420.  dynes/cm.* , 

Density  *  msi  *  ,326.6.24.10.“*  *  2.03. 10.“*  gm./cm.* , 
Tem|ierature  —  Ti  —  .633.453.  “  287.*K.  ; 
also  we  have 

Pressure  on  Hg  surface  «  p,  *  .550.11740.  »  6460.  dynes/cm.*, 

Rate  of  evaporation  «  Af  «  .8.38.. .342  ««  .287  gm./sec.  cm.* 

Problem  S.  Same  as  Problem  1  except  that  discharge  is  into  a  region 
having  a  pressure  of  5.  mm.,  or  6670.  d3rne8/cm.*,  instead  of  into  a 
vacuum. 

We  have 

Pi  _  5. 

pe  “  8.796 

hence  p  «  .257,  from  which  it  follows  that 


.568  ; 


.870 ,  — 

me# 


Po 


Zj 

T, 


.656, 


.657, 


.596. 
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We  thu8  have  finally  for  the  ga-s  in  the  straight  tube 
Pressure  “  pi  »  6670.  dynes/cni.* , 

Density  *  mi*!  *  .656- 6.24  •  10.“*  *  4.09‘ 10.“*  gm./cm.* , 
Temperature  =  Ti  *  .870*453.  —  304. “K.  ; 
also  we  have 

Pressure  on  Hg  surface  *  p.  »  .657*11740.  *  7720.  dynes/cm.* , 


Rate  of  evaporation  =  M  =  .596 *.342  “  .204  gm./sec.  cm.* 


Problem  3.  Mercury  evaporates  at  the  rate  of  2.30  gm./sec.,  discharg¬ 
ing  through  a  .short  cylindrical  tube  of  2.  cm.  diameter  into  a  space  main¬ 
tained  at  a  pressure  of  3.  mm.,  or  4010.  dynes/cm.*  What  is  the  state 
of  the  gas  in  the  tube,  the  temperature  of  the  mercury  surface,  and  the 
pres.sure  on  this  surface? 

Let  us  temporarily  assume  that  the  rate  of  evaporation  is  so  great  for 
the  given  discharge  pressure  that  operation  is  at  the  critical  point,  in 
which  case 

p  -  .508  ,  -  .633  ,  —  -  ..326  ,  -  .206  ,  -  .550  , 

*0  WlVo  Po  po 


But 


hence 


MX 


.838. 


2  .“to 

M  »  ■■  .733  gm./sec.  cm.* ; 

f? 

MX  -  «  .875  gm./sec.  cm.* 


Referring  to  Fig.  10,  we  see  that  ^  *  .002073;  whence 

1  0 

To  =  483.‘*K.,  Po  *  31100.  dynes/cm.* ,  mso  =  1.570*  10.“*  gm. /cm.* , 
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The  Htate  of  the  gas  within  the  tube  ia  thus 

PresHure  *  pi  *  .206 -31 100,  »  6410.  dynes/cm.* , 

Density  »  mvi  »  .32ti.  1.670 •  10.~^  »  5.12- 10.~‘ gm./cm.* , 
Temperature  »  Ti  »»  ,6.33  •48,3.  »  30t>.*K.  ; 
also  we  have 

Pressure  on  liquid  surfaei*  *  p,  <■  .550«31100.  —  17110.  dynes/cm.* , 
Temperature  of  liquid  surfae<*  «  T#  *  48;1.®K  . 

Since  pi  >  4010.  dynes/em.*,  we  see  that  the  assumption  that  operation 
is  at  the  critical  point  is  justified. 

Problem  4-  Same  as  Problem  3  except  that  the  gas  discharges  into 
a  space  having  a  pressun*  of  10.  mm.,  or  13.350.  dynes/cm.*,  instead  of 
3.  mm. 

In  this  case  the  assumption  that  operation  is  at  the  critical  point  leads 
to  a  contradiction,  for  such  an  assumption  gives  the  results  of  Problem 
3,  in  which  case  the  pressure  of  the  gas  in  the  tube  would  be  smaller 
than  the  discharge  pressure,  which  is  impossible.  It  thus  follows  that 
Pi  »  13350.  dynes/cm.*;  also  since  M  »  .733  gm./sec,  cm.*,  we  may  for 

assumed  values  of  T»  determine  values  of  —  and  which  we  may  plot. 

Po  M  0 

The  intersection  of  the  curve  so  obtained  with  the  cur\’e  Fig.  9  relating 

and  gives  the  r<*quired  values  of  these  two  quantities;  thus  we 
P»  A/o 

have  —  =*  .392,  =■  .767,  from  which  it  follows  immediately  that 

Po  A/o 

A/J  «  «  .955  gm./sec.  cm.* ,  po  «=  -  34000.  dynes/cm.* , 

p  -  .406,  -  .00206 1/*K.  ,  T#  -  485.*K., 

i  0 

mso  -  1.68. 10.-«  gm./cm.*  ,  ~  -  .78(» ,  —  «  .499  , 

7o  mi>o 

^  -  .581  . 

Po 
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The  state  of  the  gas  in  the  tube  is  thus 

Pressure  «  pi  *  13350.  dynes/cm.* , 

Density  »  mu  —  .499*  1. 68 •  10.“^  —  8.38-10.“‘ gm./cm.* , 
Temperature  »  Ti  «  .786*485.  «  381.*K.  ; 
also  we  have 

Liquid  surface  temperature  *«  T*  «=  485.*K. , 

Pressure  on  liquid  surface  -  p,  ■»  .581*34000.  **  19800.  dynes/cm.* 

The  above  four  probIem.s  had  to  do  with  evaporation  and  discharge 
through  a  straight  tube;  however  it  is  evident  that  we  are  in  a  position 
to  solve  the  problenvs  which  arise  when  a  gas  after  evaporation  is  forced 
to  go  through  a  system  of  tubes,  orifices,  and  .so  on.  As  illustrations 
we  consider  the  following  two  problems. 

Problem  6.  Mercury  having  a  surface  temperature  of  180.®C.  evapo¬ 
rates  and  discharges  through  a  short  straight  tube  into  a  vacuum.  The 
tube  has  a  restriction  at  the  discharge  end  giving  a  straight  edged  orifice 
of  area  equal  to  one  half  that  of  the  liquid  .surface.  VVhat  is  the  state 
of  the  gas  in  the  tube,  the  pressure  on  the  liquid  surface,  and  the  rate  of 
discharge? 

Since  the  discharge  is  into  a  vacuum,  the  orifice,  which  is  supplied  with 
gas  in  the  state  pi,  ri,  Ti,  is  operating  at  its  critical  point;  hence  the  rate 
of  discharge  per  unit  area  of  orifice,  which  becau.se  of  the  two  to  one 
restriction  in  area  is  twice  that  of  the  liquid  surface,  is  for  mercury'* 


2  Af  -  .001129-^  .  (90) 

VTi 


From  Table  III  we  have 


Tt  —  453.“K. ,  p»  =  11740.  dynes/cm.* ,  ms#  =  6.24  *  10.“*  gm./cm.* , 
AfJ  *  .342  gm./sec.  cm.* 


The  maximum  diaoharge  of  a  monatomic  gas  from  a  region  of  pressure  px 
dynes/cm.*  and  absolute  temperature  Ti  through  a  straight-edged  orifice  with 


rounded  entry  is  .0000796 


grams  per  second  per  square  centimeter  of  orifice 


area.  This  occurs  when  the  jet  is  operating  at  its  critical  point,  which  in  turn 
occurs  when  the  discharge  is  into  a  region  of  pressure  equal  to  or  smaller  than 
.487  pi.  If  the  discharge  is  into  a  region  of  higher  pressure,  the  expression  for  the 
mass  discharge  is  more  complicated,  but  is  well  known,'*  and  may  be  used  in 
connection  with  our  graphical  methods  with  no  particular  difficulty. 
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Dividing  (90)  by  2  MX,  we  have 


(91) 


We  now  aasume  values  of  p,  and  determine  values  of  the  right  side  of 
(91);  and  thus  obtain  a  curve,  the  intersection  of  which  with  that  of 

M 

Fig.  3  gives  the  required  values  of  p  and  — thus  we  have 

Mo 


p  -  .241  ,  ^  -  .574  , 

M  0 

from  which  it  follows  immediately  that 

^  -  .590  ,  -  .673  ,  -  .878  ,  -  .668  . 

Pd  *’0  To  po 

The  state  of  the  gas  in  the  tube  is  thus 

Pressure  *  pi  *  .590- 11740.  *  6930.  dynes/cm.* , 

Density  »  mv\  =*  .673  •  6.24  •  10.“*  *  4.20>  10.~‘ gm./cm.* , 

Temperature  »  Ti  »  .878-453.  =  398.“K.  ; 

also  we  have  • 

Pressure  on  liquid  surface  «=  p.  *  .668-11740.  *  7850.  dynes/cm.*, 

Rate  of  discharge  »  M  .574 -.342  «  .1963  gm./sec.  per  cm.*  of 

liquid  area,  which  is  equivalent  to  .393  gm./sec.  per  cm.*  of  orifice 
area. 


These  results  compared  with  those  of  Problem  1  show  the  effect  of  the 
two  to  one  restriction  in  area.  Since  the  orifice  is  operating  at  its 
critical  point,  it  is  clear  that  the  results  of  this  problem  would  be  un¬ 
changed  if  the  discharge  were  into  a  region  of  any  pressure  smaller  than 
the  critical  pressure  of  the  jet,  which  in  this  case  is  .487  -  6930.  *  3370. 


EVAPORATION  OF  MONATOMIC  GASES 


37 


dynes/cm.*,  instead  of  into  a  vacuum.  For  higher  discharge  pressures 
the  relation  (90)  must  be  modified/*  the  method  of  solution  being  other¬ 
wise  the  same. 

Problem  6.  Mercury  evaporates  and  discharges  through  a  short  cylin¬ 
drical  tube  of  3.  cm.  diameter  into  a  vacuum.  The  discharge  end  of  this 
tube  is  narrowed  to  form  a  straight  sided  circular  orifice  of  2.  cm.  diame¬ 
ter;  and  the  rate  of  discharge  is  2.00  gm./sec.  What  is  the  state  of  the 
gas  in  the  tube,  the  temperature  of  the  liquid  surface,  and  the  pressure 
on  this  surface? 

We  have  at  once 


M 


2.. 4. 
O.T 


.283  gm./sec.  cm.*  ; 


also,  as  with  (90), 


?  Af  -  .001129  , 

4  y/T,' 


or,  since  we  know  Af , 


564. 


Po 

Vt. 


(92) 


If,  now,  we  assume  a  value  of  T*  we  immediately  have  po  and  Af  J ;  whence 
M  o  T 

we  obtain  — -  and  thus  p,  — ,  and  By  assigning  a  set  of  values  to 
Mo  Po  *0 

To  we  are  thus  enabled  to  plot  a  curve  of  the  right  hand  side  of  (92) 
against  To,  the  intersection  of  which  with  the  ordinate  564.  gives  the 
required  value  of  To.  In  this  way  we  obtain  the  result  To  »•  466.2®K., 
from  which  it  follows  that 


^  -  .0021450/‘’K.  ,  Po  -  18400.  dynes/cm.* , 

mvo  *  9.54- 10.“*  gm./cm.* ,  Aft  =  .528  gm./sec.  cm.* ; 
whence 

.  —  -  .536  ,  -  .622  ,  —  -  .701  ,  -  .889  ,  ^  -  .689  . 

Aft  Po  '  myo  *  To  Po 


L 
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The  Ktate  of  the  gan  in  the  tube  is  thus 

Pressure  —  pi  *■  .622-18400.  —  11460.  dynes /cm.* , 

Density  ■  msi  =  .701-9.54-10.”*  “  6.69  - 10.”*  gm./cm.* , 
Temperatun*  *  Ti  *  .889-466.2  »  414.“K.  ; 
also  we  have 

Pressure  on  liquid  surface  *  p,  «=  .♦>89-18400.  »  12680.  dynes/cm.* , 
Temperature  of  liquid  .surface  *  T*  *  466.2®K  . 

Since  the  orifice  is  operating  at  its  critical  point,  it  is  clear  that  the 
results  of  this  problem  would  be  unchanged  if  the  discharge  were  into 
a  region  of  any  pressure  smaller  than  the  critical  pressure  of  the  jet, 
which  in  this  case  is  .487  - 1 1460.  »  5580.  dynes/cm.*,  instead  of  into  a 
vacuum.  For  higher  discharge  pressures  the  relation  (92)  must  be 
modified,'*  the  method  of  solution  being  otherwise  the  same. 

It  may  be  noted  that  in  solving  the  above  problems  it  was  not  neces¬ 
sary  to  determine  the  state  of  the  anisotropic  gas  at  the  liquid  surface. 
If  desired,  however,  this  could  easily  be  done;  thus  in  the  case  of  Problem 
1  we  have 

p  -  .508  ,  -  .tKH) ,  -  1.043  ,  ^  -  .598  . 

i  0  Jo  mvo 

The  state  of  the  anisotropic  gas  at  the  liquid  surface  is  thus 

Density  *  me  »»  .598-6.24-10.”*  *  3.73- 10.”*  gm./cm.* , 
Longitudinal  temperature  »  Tt  »  .606-453.  ■*  275.*K.  , 
Transverse  temperature  *  Tr  ■=  1.043-453.  »  473.*K. 

Similarly  it  was  not  necessary  to  determine  the  drift  velocities  Ut  and 
U|,  though,  if  desired,  these  may  easily  be  obtained ;  thus  for  the  isotropic 
gas  we  have,  noting  (59),  (26),  and  (87) 
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In  a  similar  manner  we  have  for  the  anisotropic  gas  at  the  liquid  surface 


Mo  - 


(94) 


due  to  (39),  (23),  and  (87).  As  an  example  we  have  in  the  case  of 
Problem  1:  pi  .913, 


Ml 


,,,,  , /2. -8.314. 10.* -287. 

y  200.6 


Me 


14100.  cm. /sec., 

..no  ,  /^•8.3T4:  io.*  2”75. 

■^V - ^2006 - 

7680.  cm. /sec. 


It  may  be  noted  that  mvuo  »  mt>iUi  »  M,  as  was  to  be  expected;  in  fact 
this  relation  could  have  been  used  to  determine  u»  and  Ui  from  the  known 
values  of  M,  mv,  and  mi*!. 

We  may  also  determine  the  energy  flowing  out  from  the  liquid  .surface 
in  the  case  of  Problem  1 ;  thus  from  (85)  we  have 

«  1.143*  10.*  ergs/sec.  cm.* 


=■  2.73  calories/sec.  cm.* 


From  physical  tables  (Smithsonian  Physical  Tables)  we  find  that  the 
latent  heat  of  vaporisation  of  Hg  at  358."C.  is  71.  cal./gm.  I  assume 
that  this  figure  refers  to  a  gas  which  after  evaporating  is  essentially  at 
rest  and  at  a  temperature'*  of  368.*C.  To  find  the  heat  required  to  get 


'*  We  can  easily  see  that  for  a  given  liquid  surface  temperature,  and  a  given 
amount  of  energy,  La,  required  per  gram>’  to  get  the  molecules  through  the  liquid 
surface,  stiff  tKe  latent  heat  is  not  apeeified,  for  xoe  muat  add  Ln,  the  kinetic  energy 
required  per  gram  of  gae  evaporated,  which  dependa  upon  p,  or  the  manner  of  evapo¬ 
ration.  Dividing  the  third  equation  of  (60)  by  the  first,  we  find  that  the  kinetic 
energy  per  gram  of  gas  evaporated  is 


Lm  « 


RT 

The  quantity  depends  only  upon  the  kind  of  gas,  and  the  temperature  of  the 
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1  gm.  of  Hg  vapor  through  the  liquid  surface  we  must  subtract  from  the 
71.  cal./gm.  the  energy  which  remains  as  kinetic  energy  of  the  molecules. 
Since  358.*C.  «  631.®K.  we  thus  must  subtract 

^•631.  ^ergs./gm. 

-  S.631..2..39.10.-*  5  cal./gm. 
i  m 

5. .  a31. .  2..39 . 10.-* .  8.314 . 10.’ 

2. -200.6 

«  15.6  cal./gm. 

The  energy  required  to  get  1  gm.  of  Hg  through  the  surface  is  thus  55.4 
cal.”  Since  the  rate  of  evaporation  is  .287  gm./sec.  cm.*  we  thus 
require  .287-55.4  =  15.9  cal. /sec.  cm.*  merely  to  get  the  molecules 
through  the  liquid  surface.  This  is  almost  six  times  the  energy  which 
must  be  .supplied  as  kinetic  energy  of  the  molecules,  which  we  saw  was 
2.73  cal./sec.cm.*.  The  total  energy  which  must  be  supplied  to  the 
liquid  to  maintain  the  evaporation  is  thus  2.73  -|-  15.9  *  18.6  cal. /sec. 
cm.*. 

In  solving  the  above  problems  no  use  was  made  of  the  mean  free  path. 
We  have  seen  that  several  mean  free  paths  are  required  for  the  gas  to 
reach  its  isotropic  state;  thus  this  quantity  is  of  use  here  only  to  indicate 
when  the  dimensions  of  the  tubes  or  other  apparatus  are  so  small  that 
the  evaporating  gas  is  interferred  with  before  it  has  a  chance  to  become 
isotropic.  Thus  in  the  case  of  Problem  1  we  see  that 

X*  «  .001371  cm. ,  X,  -  -  .00421  cm. , 

from  which  we  assume  that  a  distance  of  the  order  of  .01  cm.  is  required 
for  the  gas  to  become  isotropic. 


liquid  surface;  however,  as  p  varies  from  0  to  the  critical  value  .506047  -  --  ,  the 
quantity  ^  -t-  varies  from  2.500  to  2.109. 


It  is  assumed  that  this  quantity  is  essentially  constant,  hence  independent 
of  temperature.  The  purpose  of  mentioning  the  energy  required  to  overcome  the 
surface  attraction  is  not  to  become  involved  with  the  mechanism  of  emission,  but 
to  show  to  how  great  an  extent  this  energy  constitutes  the  total  energy  required 
to  maintain  the  evaporation. 
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.  List  of  Symbols 

The  following  partial  list  of  symbols  applies  to  all  parts  of  this  paper 
except  Section  1. 

Tt  ~  absolute  temperature  of  liquid  surface,  or  of  stationary  saturated 
vapor,  in  degrees  Kelvin. 

po  *  pressure  of  stationary  saturated  vapor  in  dynes/cm.* 

Pt  **  molecular  density  of  stationary  saturated  vapor  in  molecules/cm.* 
X«  ~  mean  free  path  of  stationary  saturated  vapor  in  cm. 
p,  «  pressure  on  liquid  surface  in  dynes/cm.* 

Mq  »  rate  of  emission  of  molecules  from  liquid  surface  in  gm./sec.cm.* 
M  -«  rate  of  evaporation  in  gm./sec.cm.* 

—  longitudinal  temperature  of  anisotropic  gas  at  liquid  surface  in 
degrees  absolute,  or  Kelvin. 

Tr  ■>  transverse  temperature  of  anisotropic  gas  at  liquid  surface  in 
degrees  absolute,  or  Kelvin. 

p  »  molecular  density  of  anisotropic  gas  at  liquid  surface  in  mole¬ 
cules/cm.* 

U(  »  drift  velocity  of  anisotropic  gas  at  liquid  surface  in  cm./sec. 

Ti  »■  temperature  of  gas  in  its  final  isotropic  state  in  degrees  absolute, 
or  Kelvin. 

Pi  «  molecular  density  of  gas  in  its  final  isotropic  state  in  molecules/ 
cm.* 

Pi  »  pressure  of  gas  in  its  final  isotropic  state  in  dynes/cm.* 
ui  »  drift  velocity  of  gas  in  its  final  isotropic  state  in  cm./sec. 

Xi  m*  mean  free  path  of  gas  in  its  final  isotropic  state  in  cm. 
p  is  used  merely  as  a  parameter  in  the  adjoining  tables  and  curves. 

See  Section  8.  p  has  no  dimensions. 

Pi  is  discussed  in  Section  8.  pi  has  no  dimensions. 

u,  »  velocity  of  sound  in  gas  in  its  final  isotropic  state  in  cm./sec. 

m  «  mass  of  molecule  in  gm. 

ffi  ~  molecular  weight. 

k  ■>  Boltxman’s  constant  —  1.371  *10."“  ergs/degree. 

R  «  gas  constant  *■  8.314*10.*  ergs/degree  per  mole. 

A  *  Avogadro’s  number  —  6.064  •  10.**  molecules  per  mole, 
c  »  base  of  natural  system  of  logarithms  «■  2.71828  •  •  •  . 

r  —  ratio  of  circumference  to  diameter  of  circle  —  3.14159  •  •  •  . 

Throughout  this  paper  all  units  are  C.  G.  S.,  and  all  temperatures  are 
in  degrees  absolute,  or  Kelvin,  except  where  it  is  expressly  stated 
otherwise. 


42 


PRESCOTT  D.  CROUT 


TABLE  I 


p 

Tt/T. 

Tt/T, 

p/p* 

mu: 

pt/p% 

»!./*• 

# 

a 

0 

1.00000 

1.00000 

1.00000 

0 

1.00000 

1.00000 

1.00000 

0 

.03 

.97182 

1.00248 

.96261 

.10069 

.03668 

1.02953 

1.0321m 

.00009 

.06 

.9088 

1.00497 

.92789 

.19163 

.88137 

1.06002 

1.06529 

.03647 

.10 

.90727 

1.00S32 

.8B4» 

.90889 

.81834 

1.10221 

1.11138 

.10078 

.15 

.86391 

1.01253 

.88513 

.41275 

.753S4 

1.15753 

1.17204 

.22207 

.20 

.82248 

1.01678 

.79087 

.50851 

.70251 

1.21684 

1.23624 

.38083 

.25 

.78291 

1.02105 

.71016 

.80087 

.66143 

1.27728 

1.30417 

.56626 

.30 

.74516 

1.02634 

.71491 

.68680 

.62861 

1.24200 

1.37^ 

.76685 

.35 

.70915 

1.0^64 

.68280 

.71288 

.60240 

1.41013 

1.45193 

.07100 

.40 

.67484 

1.03^ 

.mn 

.79080 

.58147 

1.48184 

1.53215 

1.17261 

.45 

.64215 

1.0^ 

.68807 

.80019 

.56477 

1.85726 

1.6ieS8 

1 . 36203 

.60 

.61104 

1.04258 

.00194 

.88886 

.55144 

1.63655 

1.70624 

1.53611 

.506047... 

.60618 

1.04328 

.99794 

.88948 

.34915 

1.64060 

1. 72108 

I.S62S0 

.55 

.58144 

1.04^ 

.67982 

.86157 

.54081 

1.71906 

l.K»50 

1.69239 

.60 

.88880 

1.05117 

.889tt 

.88800 

.53235 

1.80734 

1.^1^ 

1.83010 

.70 

.50115 

1.05^ 

.886M 

.99089 

.5^:24 

1.90640 

2.11449 

2.05204 

.80 

.4M15 

1.068M 

.69804 

.94009 

.51259 

2.20101 

2.35177 

2.21201 

.90 

.41186 

1.07828 

.47917 

.96840 

.50778 

2.42799 

2  61315 

2.32373 

l.(N) 

.17887 

1.08424 

.48004 

.97549 

.60478 

2.67471 

2.90004 

2.40002 

1.20 

.20922 

1.09840 

.41821 

.90996 

.50176 

3.23301 

3.55537 

2.48521 

1.40 

.25732 

1.11330 

.89648 

.90080 

.50f«2 

3.88617 

4.32647 

2.52189 

1.60 

.21809 

1 <12579 

.87898 

.90690 

.50021 

4  63630 

1 

5  2195812.53703 

1.80 

.18222 

1.13682 

.88888 

.90002 

.®j0a7 

5,48777 

6.23«^»!2.54301 

2.(M) 

.15623 

1.14644 

.35791 

.98979 

.  6rBl02 

6.44206 

7.3S544|2.54527 

OO 

0 

(-0 

1/v 

1 

1/2 

90 

OD 

8/v 

*  This  row  contains  data  for  the  critical  point,  at  which  the  isotropic  gas  moves 
with  its  sound  velocity.  See  Sections  8  and  9. 


EVAPORATION  OF  MONATOMIC  GASES 


43 


TABLE  II 


0 

Ti/r, 

i 

ei/r. 

Pt/p» 

*1 

*i/t. 

0 

1. 00000 

1.00000 

1.00000 

0 

1.00000 

.03 

.98377 

.95040 

.93497 

.030192 

1.01649 

.06 

.96796 

.90388 

.87490 

.060788 

1.03312 

.10 

.94735 

.84611 

.80157 

.10228 

1.06557 

.16 

.92222 

.77983 

.71917 

.15648 

1.08434 

.20 

.89744 

.71902 

.64627 

.21060 

1.11429 

.26 

.87289 

.66264 

.57813 

.26841 

1.14601 

.30 

.84712 

.60923 

.51609 

.33018 

1.18048 

.36 

.82009 

.56771 

.46737 

.39817 

1.21938 

.40 

.78079 

.60698 

.39962 

.47701 

1.26616 

.46 

.76189 

.44983 

.33822 

.67871 

1.32998 

.60 

.68215 

.36881 

.25168 

.77197 

1.46605 

*.508047... 

.63270 

.32573 

.20009 

.91287 

1.58053 

t.50 

.57048 

.28397 

.16200 

1.09636 

1.76292 

t.46 

.40154 

.21257 

.08635 

1.67583 

2.49041 

t.40 

.21612 

.16884 

.03649 

2.73271 

4.62713 

*  This  row  contains  data  for  the  critical  point,  at  which  the  isotropic  gas  moves 
with  its  sound  velocity.  See  Sections  8  and  9. 

t  The  portion  of  this  table  lying  below  the  double  horisontal  line  corresponds 
to  the  unstable  region  beyond  the  critical  point,  which  cannot  exist  physically. 
See  Sections  8  and  9. 
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TABLE  III 


Data  for  Mercury 


r.iB*c. 

T, 

i/r. 

MID  mm. 
of  Hg 

p» 

Mi 

*• 

140. 

413. 

.002421 

1.845 

2460. 

1.436  X  10.-» 

.0751 

6.06  X 

14fi. 

418. 

.002302 

2.282 

3050. 

1.756 

.0024 

4.88 

150. 

423. 

.002364 

2.807 

3760. 

2.13 

.1120 

4.01 

156. 

428. 

.002336 

3.438 

4580. 

2.58 

.1374 

3.32 

160. 

433. 

.002300 

4.180 

5500. 

3.11 

.1667 

2.75 

165. 

438. 

.002283 

5.080 

6780. 

3.73 

.201 

2.204 

170. 

443. 

.002257 

6.128 

8180. 

4.45 

.241 

1.027 

175. 

448. 

.002232 

7.356 

0820. 

6.27 

.287 

1.622 

180. 

453. 

.002208 

8.706 

11740. 

6.24 

.342 

1.371 

185. 

458. 

.002183 

10.472 

13000. 

7.35 

.404 

1.166 

100. 

463. 

.002160 

12.423 

16500. 

8.63 

.478 

0.02  X 

105. 

468. 

.002137 

14.681 

10500. 

1.008  X  10.-‘ 

.561 

8.40 

200. 

473. 

.002114 

17.287 

23100. 

1.175 

.657 

7.28 

205. 

478. 

.002002 

20.285 

27100. 

1.365 

.767 

6.27 

210. 

483. 

.002070 

23.723 

31700. 

1.580 

.803 

5.42 

216. 

488. 

.002040 

27.654 

36000. 

1.821 

1.037 

4.70 

220. 

403 

.002028 

32.133 

42000. 

2.005 

1.108 

4.08 

225. 

408. 

.002008 

37.222 

40700. 

2.40 

1.380 

3.56 

230. 

503. 

.001088 

42.080 

57400. 

2.75 

1.584 

3.11 

235. 

508. 

.001060 

40.500 

66100. 

3.13 

1.818 

2.73 

240. 

513. 

.001040 

56.855 

75000. 

3.56 

2.074 

2.40 

245. 

518. 

.0010^1 ' 

66.118 

86000. 

4.04 

2.37 

2.12 

260. 

523. 

.001012 

74  876 

00200. 

4.67 

2.60 

1.873 

oiSSSSS 
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SOME  NEW  RESULTS  IN  THE  PROBLEM  OF  PLATEAU 
Bt  Jehsb  Douglas 


1.  During  the  last  academic  year,*  the  author  completed  the  work 
of  extending  his  solution  of  the  problem  of  Plateau  for  one  contour,' 
for  two  contours,*  and  for  minimal  surfaces  of  the  topological  type  of  a 
Mobius  strip,*  to  the  very  general  case  where  the  minimal  surface  has 
any  hnite  genus,  is  either  two-sided  or  one-sided  (orientable  or  non- 
orientable),  and  is  bounded  by  any  finite  number  of  contours  pre¬ 
scribed  in  form  and  position  in  euclidean  space  of  any  number  n  of 
dimensions.*  Each  contour  is  supposed  to  be  a  continuous  closed 
curve,  not  intersecting  itself  or  any  of  the  other  contours,  and  with  a 
given  sense  of  description. 

The  present  communication  describes  the  main  results  of  this  work; 
it  is  expected  that  details  and  proofs  will  be  given  in  an  extensive 
paper  to  be  published  elsewhere  under  the  title;  “Minimal  surfaces  of 
general  topological  structure  with  any  finite  number  of  assigned 
boundaries.” 

2.  We  shall  consider  surfaces,  either  two-sided  or  one-sided,  of  any 
finite  connectivity,  and  with  any  finite  number  k  of  boundaries. 

The  definition  of  the  Betti  number  r  of  such  a  surface  Is:  the  maximum 
number  of  circuits,  no  linear  combination  of  which  is  equivalent  to  a 
bounding  circuit.*  This  is  the  same  as  the  excess  of  the  connectivity 
over  the  number  of  boundaries:  e  »  r  k.  Connectivity  c  means  that 

*  1934-35,  over  which  period  the  author  was  a  research  worker  at  the  Institute 
for  Advanced  Study  at  Princeton,  being  on  leave  from  the  Massachusetts  Insti¬ 
tute  of  Technology. 

‘  “Solution  of  the  problem  of  Plateau,”  Trans.  Amer.  Math.  Soc.,  v.  33  (1931), 
pp.  263-321. 

*  “The  problem  of  Plateau  for  two  contours,”  Jour.  Math.  Phy».,  v.  10  (1931), 
pp.  315-359. 

*  “One-sided  minimal  surfaces  with  a  given  boundary,”  Trans.  Amer.  Math. 
Soc.,  V.  34  (1932),  pp.  731-7.56. 

*  This  general  form  of  statement  of  the  problem  was  first  given  by  the  author 
in  a  paper  presented  to  the  American  Mathematical  Society  in  October,  1929; 
abstract  published  in  Bull.  Amer,  Math.  Soc.,  v.  36  (1930),  p.  .50. 

*  See  S.  licfschett.  Topology,  (New  York,  1930),  p.  35. 
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there  exist  c  —  1  successive  cross-cuts  which  leave  the  surface  con¬ 
nected,  whereas  every  succession  of  e  cross-cuts  disconnects.  A  croM- 
nd  is  an  arc  each  of  whose  end  points  lies  on  a  boundary  or  on  a  pre¬ 
viously  drawn  cross-cut,  while  all  the  other  points  of  the  arc  are  interior 
points  of  the  surface. 

For  a  t%Do-gided  surface,  the  Betti  number  is  always  even: 

r  wm  2h,  e  ^  2h  k, 

where  the  surface  is  topologically  equivalent  to  a  sphere  with  h  handles 
and  k  perforations. 

For  a  one-sided  surface,  the  Betti  number  may  be  either  odd  or  even. 
Examples:  Mdbius  strip,  r  «  1;  Klein  surface,  r  a  2;  Mdbius  strip 
with  h  handles,  r  »  2A  -|=  1 ;  Klein  surface  with  h  handles,  r  ~  2A  -|-  2. 
A  Klein  surface  is  the  one-sided  closed  surface  which  results  from  a 
sphere  in  which  two  holes  have  been  cut,  when  these  holes  are  joined 
by  means  of  a  tube  leading  from  the  outside  to  the  inside  of  the  sphere 
— and  necessarily  intersecting  the  spherical  surface.* 

3.  (Systematically,  we  shall  use  a  bar  to  denote  one-sided  surfaces 
and  quantities  pertaining  to  them,  while  all  symbols  relating  to  two- 
sided  surfaces  will  be  without  a  bar.) 

Let  Fi,  Ft,  •  ■  ’  ,  F/k  be  the  given  contours,  and  let  Sr  denote  any 
two-sided  surface,  with  Betti  number  r,  bounded  by  these  contours. 
This  will  imply  that,  a  definite  one  of  the  two  orientations  of  S,  being 
chosen,  the  preassigned  sense  on  Fi,  Ft,  •  •  •  ,  F*  is  such  that  Sr  is  on 
the  left. 

The  areas  •S(Sr)  of  all  such  surfaces  form  a  definite  set  of  positive 
numbers  (including  -f-  <x)).  We  define: 

(1)  m,(Fi,<F|,  •  •  •  ,  F*)  »  lower  bound  S(Sr). 

mr  is  a  functional  of  the  given  contours  and  the  even  integer  r  ^  0; 
its  value  is  always  a  positive  number,  either  finite  or  -|-  «> .  We  shall 
assume  (except  for  a  remark  at  the  end  of  this  note)  that 

(2)  mr(Fi,  Ft,  ...  ,  F*)  <  +  00, 

that  is,  finite.  A  sufficient  condition  for  this  to  be  the  case  is  that  the 
given  contours  be  rectifiable. 

By  considering  the  possible  modes  of  degeneration  of  Zr  into  two 

*  See  Hilbert  and  Cohn-Voaaen,  Anackaulicke  Geometrie,  (Berlin,  1932),  pp. 
271,  272. 
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surfaces,  each  bounded  by  a  partial  group  of  the  given  contours,  or 
into  a  surface  of  lower  topological  form,  we  obtain  the  following  in¬ 
equalities  governing  m,\ 

(3)  m,(r„  r„ . . . ,  r*)  ^  m,.(r;,  ri, .  •  • ,  r;)  +  r',', .  •  • ,  r'/), 

(4)  w,(ri.  Ft,  •  •  • ,  r*)  ^  m,_i(ri,  r*,  ••• ,  r*). 

The  inequality  (3)  holds  for  every  partition  of  the  contours,  and  of  the 
integer  r  into  even  components: 

(5)  (r„  r„  . . . ,  r*)  -  (rl,  ri, . . . ,  ri)  +  (rV,  r"  .  • . ,  r'/) , 

(6)  r  -  r'  -t-  r". 

Similarly,  with  reference  to  one-sided  surfaces  with  odd  or  even 
Betti  number  r,  bounded  by  the  given  contours,  we  make  the  definition : 

(7)  »Br(ri,  Ff,  •  •  •  ,  F*)  ■■  Unoer  bound 

Since  a  one-sided  surface  may  break  up  either  into  two  one-sided 
surfaces,  or  into  a  one-sided  and  a  two-sided  surface,  we  have  the  two 
inequalities: 

(8)  »fi,(Fi,  F„  . . . ,  F*)  ^  mAr[,  f;,  . . . ,  Fi)  -I-  mrAr'i  r,,  • . . ,  r"), 

(8')  mr{ru  F„  . . . ,  F*)  ^  m,.(F;,  f;,  • . .  ,  f;)  -I-  mMTu  F"  .  •  •  ,  F"), 

for  all  partitions  (5),  (6);  where  in  (6),  r'  and  r”  may  now  be  odd  or  even 
(except  that  in  (8'),  r",  pertaining  to  a  two-sided  surface,  must  be  even). 

Again,  a  one-sided  surface  2,  may  degenerate  into  a  2,_i;  and,  if  r 
is  odd,  also  into  a  2r-i;  hence  we  have  the  inequalities 

(9)  iflriru  F„  . . .  ,  F*)  ^  »!,_,( F„  F„  . . .  ,  F*), 

(90  ifiriFi,  F,,  • . .  ,  F*)  S  m,_»(F„  F,,  •  • .  ,  F*), 

the  loiter  applying  only  if  r  is  odd. 

All  these  inequalities  may  be  applied  repeatedly,  or  combined  with 
one  another  in  any  manner.  The  resulting  inequalities  correspond  to 
a  separation  of  the  given  contours  into  any  number  of  partial  groups, 
and  to  any  possible  reduction  of  the  Betti  numbers. 

4.  The  method  of  analysis  which  we  actually  use,  however,  does  not 
depend  on  the  areas  of  surfaces,  but  rather  on  a  certain  functional 
A(g;  u)t  whose  argument  g  is  an  arbitrary  parametric  representation 
of  the  ensemble  of  contours,  while  its  argument  u  is  the  system  of 
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there  exiat  c  —  1  succeeaive  crosa-cutfl  which  leave  the  surface  con¬ 
nected,  whereas  every  succession  of  e  cross-cuts  disconnects.  A  cros»- 
ctd  is  an  arc  each  of  whose  end  points  lies  on  a  boundary  or  on  a  pre¬ 
viously  drawn  cross-cut,  while  all  the  other  points  of  the  arc  are  interior 
points  of  the  surface. 

For  a  txDO-nded  surface,  the  Betti  number  is  always  even: 

r  —  2A,  c  —  2A  -H  ik, 

where  the  surface  is  topologically  equivalent  to  a  sphere  with  h  handles 
and  k  perforations. 

For  a  one-sided  surface,  the  Betti  number  may  be  either  odd  or  even. 
Examples:  Mdbius  strip,  r  1;  Klein  surface,  r  ~  2;  Mbbius  strip 
with  h  handles,  r  ^  2h  -t-  1;  Klein  surface  with  h  handles,  r  ~  2A  -f  2. 
A  Klein  surface  is  the  one-sided  closed  surface  which  results  from  a 
sphere  in  which  two  holes  have  been  cut,  when  these  holes  are  joined 
by  means  of  a  tube  leading  from  the  outside  to  the  inside  of  the  sphere 
— and  necessarily  intersecting  the  spherical  surface.* 

3.  (Systematically,  we  shall  use  a  bar  to  denote  one-sided  surfaces 
and  quantities  pertaining  to  them,  while  all  symbols  relating  to  two- 
sided  surfaces  will  be  without  a  bar.) 

Let  Fi,  Ft,  •  <  •  ,  Ft  be  the  given  contours,  and  let  Sr  denote  any 
two-sided  surface,  with  Betti  number  r,  bounded  by  these  contours. 
This  will  imply  that,  a  definite  one  of  the  two  orientations  of  Sr  being 
chosen,  the  preassigned  sense  on  F|,  Ft,  •  •  •  ,  F*  is  such  that  Sr  is  on 
the  left. 

The  areas  iS(Sr)  of  all  such  surfaces  form  a  definite  set  of  positive 
numbers  (including  -j-  *).  We  define: 

(1)  mr(Fi,<Ft,  •  •  •  ,  F*)  »  lower  bound  5(Sr). 

mr  is  a  functional  of  the  given  contours  and  the  even  integer  r  ^  0; 
its  value  is  always  a  positive  number,  either  finite  or  -|-  <» .  We  shall 
assume  (except  for  a  remark  at  the  end  of  this  note)  that 

(2)  mr(F,,  Ft,  ...  ,  F*)  <  -b  00, 

that  is,  finite.  A  sufficient  condition  for  this  to  be  the  case  is  that  the 
given  contours  be  rectifiable. 

By  considering  the  possible  modes  of  degeneration  of  2,  into  two 

*  See  Hilbert  and  Cohn-Voasen,  Ansekauliche  Oeometrie,  (Berlin,  1932),  pp. 
271,  272. 
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surfaces,  each  bounded  by  a  partial  group  of  the  given  contours,  or 
into  a  surface  of  lower  topological  form,  we  obtain  the  following  in* 
equalities  governing  mri 

(3)  m,(r,,  r„ . . . ,  r*)  s  r;, . . . ,  rl)  +  r'/, . . . ,  r"), 

(4)  mr(ri,  Ff,  •  •  • ,  r*)  ^  mr-i(ri,  Fi,  ••• ,  f*). 

The  inequality  (3)  holds  for  every  partition  of  the  contours,  and  of  the 
integer  r  into  even  components: 

(6)  (F„  F„  ,  F*)  -  (fI,  F;,  ...  ,  Fi)  +  (fV,  fV,  ...  ,  F^), 

(6)  r  -  r'  -f  r". 

Similarly,  with  reference  to  one-sided  surfaces  S„  with  odd  or  even 
Betti  number  r,  bounded  by  the  given  contours,  we  make  the  definition: 

(7)  ^r(Fi,  Fj,  . . .  ,  F*)  »  lower  bound  S(2,). 

Since  a  one-sided  surface  may  break  up  either  into  two  one-sided 
surfaces,  or  into  a  one-sided  and  a  two-sided  surface,  we  have  the  two 
inequalities: 

(8)  »»,(F„  F„  . . .  ,  F*)  ^  Fi,  . . .  .  Fi)  -I-  MrATu  K  . . .  ,  F'/), 

(8')  »8,(F,,  F„  . . .  ,  F*)  ^  f»,.(F;,  F;,  . . .  ,  Fi)  -}-  nirAK  T'i,  • . .  ,  1^/), 

for  all  partitions  (5),  (6);  where  in  (6),  r'  and  r"  may  now  be  odd  or  even 
(except  that  in  (8')f  r”,  pertaining  to  a  two-sided  surface,  must  be  even). 

Again,  a  one-sided  surface  £r  may  degenerate  into  a  £,_i;  and,  if  r 
is  odd,  also  into  a  Z,-i;  hence  we  have  the  inequalities 

(9)  ^,(Fi,  F,,  . . .  ,  F*)  g  m,_,(F,,  F„  . . .  ,  F*), 

(9')  m,(F„  F„  . . .  ,  F*)  ^  m,_,(F,,  F,,  . . .  ,  F*), 

the  latter  applying  only  if  r  is  odd. 

All  these  inequalities  may  be  applied  repeatedly,  or  combined  with 
one  another  in  any  manner.  The  resulting  inequalities  correspond  to 
a  separation  of  the  given  contours  into  any  number  of  partial  groups, 
and  to  any  possible  reduction  of  the  Betti  numbers. 

4.  The  method  of  analysis  which  we  actually  use,  however,  does  not 
deptend  on  the  areas  of  surfaces,  but  rather  on  a  certain  functional 
A(g;  m),  whose  argument  9  is  an  arbitrary  parametric  representation 
of  the  ensemble  of  contours,  while  its  argument  y  is  the  system  of 
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moduli  of  a  Hymmetric  Riemann  Hurface  R,  having  a  topological  struc¬ 
ture  determined  by  that  prescribed  for  the  required  minimal  surface 
Mr  or  Mr.  A(g;  n)  WB,  generalization  of  the  original  functional  Aig), 
by  means  of  which  the  author  obtained  a  complete  solution  of  the 
Plateau  problem  for  a  single  contour,  and  of  the  functionals  A{g\,  gt]  g) 
and  A(g;  q),  used  respectively  in  the  case  of  two  contours  and  of  a 
Mobius  strip. 

The  defining  formula  of  A(g;  m)  h* 

(10)  A(g;  m)  -  ^  ^  J  log  «(»(*.  f)  +  Pi  0  dz  df, 

and  its  value  is  always  a  positive  n>al  numl)er. 

In  explaining  the  formula  (10),  we  consider  first  the  case  of  a  two- 
sided  minimal  surface  Mr. 

Let  K  denote  any  symmetric^  Riemann  surface  of  genus 

(11)  p  -  r  -I-  A:  -  1, 

and  with  k  curves  of  transition*  Ci,  Ci,  •  •  •  ,  C*.  These  are  required  to 
separate  K  into  two  semi  Riemann  surfaces,  of  which  we  choose  a 
definite  one,  R\  The  semi  Riemann  surface  R'  will  have  the  same  / 

topological  structure  as  that  prescribed  for  Mr".  Betti  number  r  and  k  $ 
Iwundaries.  We  imagine  these  boundaries  Ci,  Cj,  •  •  •  ,  C*  sensetl  so 
that  R\  after  being  definitely  oriented,  is  on  the  left. 

An  arbitrary  parametric  representation  of  Fi,  F*,  •  •  •  ,  F*,  as  defined 
by  equations 

(12)  Xi  -  g,i(z)  (t  -  1,  2,  • . .  ,  n) 

—where  a,  distinguishing  the  particular  contour  F„  runs  from  1  to  k — 
amounts  to  a  topological  correspondence,  preserving  sense,  between 
each  contour  F,  and  the  corresponding  C,.  The  equations  (12)  may 
be  written  in  the  condensed  form 

(13)  Xi  «  Qiiz), 

which  may  be  regarded  as  establishing  a  sense-preserving  topological 
correspondence  between  the  ensemble  of  contours, 

F  -  F,  d-  F,  +  ...  Ft, 

'  See  F.  Klein,  On  Riemann’ »  theory  of  algebraic  functions  and  their  integrals, 
(EnRlish  translation,  Cambridge,  1893),  {20,  p.  66. 

*  F.  Klein,  loc.  cit.,  {21,  p.  67. 
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locuH  of  the  point  (xt),  and  the  ensemble  of  curves  of  transition, 

C  »  C|  ■4'  ^^1  +  •  •  •  +  ^*  » 

locus  of  the  point  z. 

The  moduli  m  of  A  are  real,  and  in  number  3p  —  3  »  3(r  +  ib  —  2), 
except  in  the  cases  r  —  0,  ib  1  and  r  m  0,  ib  «  2,  when  the  number 
of  moduli  is  0  and  1,  respectively. 

The  symbol  »(z,  f)  in  (10)  denotes  the  system  of  p  normal  Abelian 
integrals  of  the  first  kind  on  R  (whose  periods  with  respect  to  the  first 
sjrstem  of  circuits  are  vy/'^  6/t,  where  4y*  «  0,  if  j  ^  ib;  »  1,  if  j  —  k). 
Kach  integral  vy  is  taken  from  the  lower  limit  f  to  the  upper  limit  z. 

The  symbol  t  denotes  the  p-by-p  matrix  ry*  of  periods  of  »(z,  f)  with 
respect  to  the  second  system  of  circuits. 

6  denotes  the  multiple  9-series  of  Riemann: 

(14)  9(m;  t)  *  5]  . 

m 

where  the  summation  convention  as  to  repeated  indices  Is  applied  for 
j,k  1,  2,  •  •  •  ,  p;  and  where  denotes  a  p-fold  sum  as  mi,  nti,  •  •  •  ,mp 
vary  independently  over  all  integer  values  from  —  *  to  -|-  *  • 
p  s  (pi,  pi,  •  •  •  ,  Pp)  denotes  any  zero  of  the  9-function:  9(p;  t)  —  0. 
Most  conveniently,  p  may  be  taken  equal  to  half  an  odd  period  of  the 
9-function : 

P*  =  i  («*  +  ftTy*)  , 

where  a>,  ft  are  any  2p  integers  such  that  a, ft  is  odd. 

Having  thus  completely  described  i4(p;  p),  we  now  define 

(16)  m,(ri,  Tf,  •  •  •  ,  r*)  »  lomr  bound  A{g;  p), 

when  the  Riemann  surface  R  varies  over  all  of  its  type,  while  g  varies 
over  all  sense-preserving  topological  correspondences  between  the  given 
contours  and  the  curves  of  transition  of  R. 

This  definition  of  m„  while  not  as  concrete  as  the  one  in  terms  of 
areas  previously  given  (formula  (1)),  is  more  pertinent  for  the  method 
of  investigation  employed,  and  the  only  one  which  we  actually  use. 
It  is  a  fact  that  the  two  definitions  of  m,  agree,*  but  we  shall  not  have 
need  of  this  in  the  present  work. 

'  Provable  by  the  Lebeague  definition  of  the  area  of  a  surface:  £(Z)  —  iim 
inf  S(,P),  where  P  is  any  polyhedral  surface  approachina  to  Z,  and  by  the  con¬ 
formal  mapping  of  P  on  an  appropriate  Riemann  surface.  8ee  the  paper  cited 
in  footnote  1,  p.  318. 
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The  inequalities  (3),  (4)  obeyed  by  tn,  can  be  deduced  from  the 
present  dehnition  (15)  by  considering  the  different  modes  of  degenera¬ 
tion  of  the  Riemann  surface  R. 

Turning  now  to  the  case  of  a  one-sided  minimal  surface  Mr,  we  employ 
a  two-sided  covering  surface  in  the  form  of  a  semi  Riemann  surface  R' 
with  an  inversely  conformal  transformation  T  into  itself,  where  T 
associate's  the  points  of  R'  in  pairs,  and  leaves  no  point  of  R'  fixed. 
Each  pair  of  associated  points  of  R'  will  correspond  to  a  single  point 
of  M,.'*  This  one-two  correspondence  between  M,  and  R'  implies 
that  the  Betti  number  of  R'  is  2r  —  2  and  that  R'  has  2k  boundaries 
formed  of  k  pairs  of  T-equivalent  curves  C„  C| ;  C„  Cj ;  •  •  •  ;  C*,  C[. 
The  genus  of  the  complete  Riemann  surface  R,  of  which  R'  is  one  of 
the  symmetric  halves,  and  (C.,  C*)  the  curves  of  transition,  is 

p  «  2r  -f-  2A:  —  3. 

In  any  parametric  representation  of  Fi,  Ft,  •  •  •  ,  F*,  each  point  of  F, 
corresponds  to  a  pair  of  T-equivalent  points  on  C„  C.  respectively. 
The  path  of  integration  C  in  the  definition  (10)  of  A{g',  n)  consists  of 
one  of  each  pair  of  T-equivalent  curves  C«,  C^lC  »  Ci  -b  Ci  -|-  ••• 
-b  C*. 

This  being  understood,  we  define: 

(16)  i^r(Fi,  Ft,  •  •  •  ,  Ft)  »  Unoer  hound  Aig;  m), 

when  the  Riemann  surface  R  varies  over  all  surfaces  of  its  kind,  as 
described  above,  and  g  varies  over  all  parametric  representations  of 
the  given  contours. 

The  inequalities  (8),  (8'),  (9),  (9')»  governing  ffi,,  can  be  deduced 
from  the  definition  (*16),  as  well  as  from  the  previous  one  (7),  based 
on  areas,  by  considering  the  different  modes  of  degeneration  of  R. 

5.  Before  we  can  state  our  results,  we  need  the  definition  of  a  minimal 
surface  Mr  or  Mr  bounded  by  Fi,  Ft,  •  •  •  ,  Ft, 

First,  a  two-sided  surface  Mr.  Let  R'  be  any  semi  Riemann  surface 
of  the  topological  form  prescribed  for  Mr'.  Betti  number  r  and  k 
boundaries  Ci,  Ct,  •  •  •  ,  C».  Let  Ft{w)  denote  n  analytic  functions. 

This  mode  of  representation  of  a  one-sided  surface  is  given  by  F.  Klein, 
loc.  cit.,  {23,  p.  73. 
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defined  and  regular  at  every  point  of  R\  and  obeying  identically  the 
relation  • 

(17)  i;F;*(tr)-o. 

•  -1 

The  functions  F<(tr)  need  not  be  uniform  on  R’,  but  may  have,  at 

most,  pure  imaginary  periods.  Consequently,  the  real  parts  of  these 

functions,  5RF <(«>),  are  uniform  and  regular  on  R\  Then  the  formulas 

(18)  Xi  -  9iFi(tr)  (t  -  1,  2,  •  • .  ,  n) 

define  a  minimal  surface  Af,;  and  M,  will  be  bounded  by  Fi,  Fi,  •  •  •  ,  F* 

if  the  harmonic  functions  (18)  attach  continuously  to  boundary  values 
on  Cl,  C|,  •  •  •  ,  C*: 

(19)  Xi  »  Qmiiz), 
which,  for  o  —  I,  2,  •  •  •  ,  k,  are  parametric  representations  of 

Fi,  Fi,  •  •  •  ,  F*, 

respectively. 

In  case  the  required  minimal  surface  is  one-sided,  M,,  we  employ  a 
semi  Riemann  surface  R'  with  an  inverse  conformal  automorphism  T, 
of  period  two,  and  without  fixed  points.  The  topological  form  of  R' 
must  be  that  of  a  covering  surface  for  Mr,  where  each  point  of  M, 
corresponds  to  a  pair  of  T-equivalent  points  of  R'. 

The  definition  of  M,  Is  by  the  formulas  (17),  (18),  (19),  with  the  ad¬ 
ditional  stipulation  that,  if  tri,  tct  denote  any  two  T-equivalent  points 
of  R',  then 

(20)  Wtvi)  -  mFiiw,)  (i  -  1,  2,  ...  ,  n). 

Therefore,  according  to  (18),  the  points  tci,  rct  of  R'  give  the  same 
point  of  Mr. 

The  formulas  (17),  (18)  are  the  same  as  the  classic  ones  given  by 
Weierstrass  for  n  »  3  and  a  simply-connected  minimal  surface.  So 
defined,  the  minimal  surface  appears  in  conformal  representation  on  R\ 

■  6.  Our  first  result  refers  to  two-sided  minimal  surfaces. 

I  Theorem  I.  Let  Fi,  Ft,  . . .  ,  F*  6e  any  given  contours,  and  r  any 

I  even  integer  ^  0,  where 

I  (a)  mr(Fi,  Ft,  ...  ,  F*)  <  -f-  »  (i.e.,finUe). 

m 
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Suppo9e  that 

(b)  m*(ri,  r„  . . . ,  r*)  <  m,.(r:,  ri, . . . ,  r;)  +  m,»(rV,  r',', . 


.  r'/) 


for  every  ■partition  of  the  given  contours: 

(r„  r„  . . . ,  ro  -  (r;,  ri, . . . ,  rj)  +  (rV,  r',',  •  • . ,  r'/), 

and  every  partition  of  r  into  even  components: 


r 


r'  4-  r". 


Suppose  also  that  (unless  r  »  0) 

(c)  m,(ri,  Ti,  •  •  • ,  r*)  <  m,_i(ri,  r*, . .  • ,  r*). 

Then  there  exists  a  two-sided  minimal  surface  M,  with  Betti  number  r, 
bounded  by  Fi,  Fj,  •  •  •  ,  F*. 

The  area  of  M,  is  Wr(Fi,  Fj,  •  •  •  ,  F*). 

The*  effect  of  pontulating  the  strong  form  of  inequality,  <,  in  condi¬ 
tions  (b),  (c) — instead  of  the  weak  form  which,  according  to  for¬ 
mulas  (3),  (4),  holds  in  any  case — is  to  prevent  the  degeneration  of  M, 
into  a  number  of  component  minimal  surfaces  l)ounded  respectively  by 
partial  groups  of  the  given  contours,  or  into  a  minimal  surface  of  lower 
topological  structure. 

A  necessary  and  suflScient  condition  for  the  requirement  (a)  is  that 
each  contour  be  capable  of  bounding  a  simple-connected  surface  of 
finite  area;  mo(Fi)  <  -|-  *,  mo(F|)  <  +  x,  ...  ,  mo(F*)  <  4-  «. 
For  this  in  turn,  a  sufficient  condition  is  that  each  contour  be  rectifiable. 

Our  second  result  refers  to  one-sided  minimal  surfaces. 

Theorem  II.  Let  Fi,  F|,  •  •  •  ,  F*  6c  any  given  contours,  and  r  any 
integer,  odd  or  even,  ^  0,  where 

(a)  ^»Wr(Fi,  F,,  . . .  ,  F*)  <  +  *  (i.e.,  finite). 


Suppose  that 

(b)  m,(F„  F„  . . .  ,  F*)  <  nl,.(F;,  f;,  •  •  •  ,  f;)  4-  ^r»(FV,  F^,  *  *  * ,  F^), 
(bO  m,(F„  F„  . . .  ,  F*)  <  Fi,  . . .  ,  Fi)  +  m,»(r';,  F',',  . .  •  ,  F'/) 

for  every  partition  of  the  given  contours: 

(F„  F„  . . . ,  F*)  -  (fI,  f;,  . . . ,  r')  4-  (rv,  f';,  . . . ,  f'/), 
and  every  partition  of  r: 

r  -  r'  -I-  r" 

into  components,  odd  or  even,  except  that  in  (b'),  r"  must  6e  even. 
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Suppose  also  that 

(C)  ^r(ri,  Ft,  •••  ,  Ft)  <  »Br-l(Fl,  Ff,  •  •  •  ,  F*), 

and,  in  case  r  is  odd, 

(cO  ^r(Fi,  F|,  •••  ,  F*)  <  mr-i(Fi,  Fj,  •  •  •  ,  F*). 

Then  there  exists  a  one-sided  minimal  surface  A/,  unth  Betti  number  r, 
bounded  by  Fi,  Fj,  •  •  •  ,  F*. 

The  area  of  M,  is  ^,(Fi,  F|,  •  •  •  ,  F*). 


7.  It  was  an  important  feature  of  our  previous  work  on  the  Plateau 
problem  that  in  the  special  case  n  —  2  it  gave  us  the  classic  theorems 
of  Riemann  and  Osgood-Carath^odory  concerning  the  conformal  map¬ 
ping  of  plane  regions.  The  same  continues  to  be  the  case  in  the  present 
work,  and  we  obtain  for  n  =■  2  the  classic  theorem  of  Schottky"  con¬ 
cerning  the  confonnal  mapping  of  multiply-connected  plane  regions, 
as  well  as  a  supplementary  result  relating  to  the  correspondence  between 
boundaries. 

As  a  form  of  the  symmetric  Riemann  surface  R,  we  here  find  it  most 
convenient  to  use  that  of  a  real  algebraic  curve  G[x,  y)  ^  0  (real  coeffi¬ 
cients),  and  for  the  inverse  conformal  automorphism  of  R,  the  inter¬ 
change  of  conjugate  complex  points  of  the  curve,  w  *  (x,  y)  and 
®  =  (J,  y).  The  curves  of  transition,  formed  of  the  points  such  that 
tv  B,  are  evidently  the  real  branches  of  the  algebraic  curve.  These 
divide  R  into  two  semi  Riemann  surfaces  R',  R". 

Our  third  result  is  the  theorem  of  Schottky,  re-proved  by  means  of 
the  functional  A{g',  u)- 

Theorem  III.  P  denote  a  plane  region  bounded  by  any  k  Jordan 
curves  Fi,  Fj,  •  •  •  ,  F*  without  common  points. 

Then  there  exists  a  conformal  map  of  P  on  the  semi  Riemann  surface 
R'  of  a  certain  real  algebraic  curve  R,  of  genus  k  —  I  and  with  k  reed 
branches  C\,  Cj,  •  •  •  ,  C*. 

This  conformed  map  attaches  corUinuously  to  a  topological  correspondence 
between  Fi,  Ft,  •  •  •  ,  F*  and  Ci,  Ct,  •  •  •  ,  C*. 

The  necessary  and  sufficient  condition  that  two  given  plane  regions 
P,  Q  be  conformally  equivalent  is  that  the  corresponding  algebraic  curves 
R,  Sbe  birationally  equivalent. 

**  F.  Schottky,  “Ueber  die  conforme  Abbildung  mehrfach  zuaammenh&nfcender 
ebener  FUchen/’  CrelU,  v.  83  (1877),  pp.  300-351. 
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8.  We  conclude  with  the  following  remarks. 

(i)  Along  the  linea  laid  down  in  the  papers  cited  in  footnotes  1,  2 
and  3,  §19,  §11  and  §7,  respectively,  it  is  possible  to  remove  the  restric¬ 
tive  condition  (a)  in  theorems  I  and  II,  and  to  obtain  results  relative 
to  the  case  where  the  contours  are  any  Jordan  curves  not  intersecting 
one  another,  with,  in  general,  m,  and  rR,  «  +<*• 

(ii)  Some  of  the  contours  may  be  allowed  to  have  a  single  point  in 
common,  as  in  the  author’s  paper  "Crescent-shaped  minimal  surfaces,’’** 
in  which  this  is  done  for  two  contours  and  r  »  0. 

(iii)  The  theory  of  minimal  surfaces  here  presented  extends  to  cal¬ 
culus  of  variations  problems  of  very  general  form,  where  we  seek  ex¬ 
tremal  surfaces  of  a  prescribed  topological  structure  with  a  number  of 
given  boundaries.  The  existence  of  such  an  extremal  surface  will  be 
determined  by  criteria  analogous  to  the  conditions  (b),  (c)  in  theorem  I 
and  conditions  (b),  (b'),  (c),  (c')  in  theorem  II. 

Proc.  Nat.  Aead.  Set.,  v.  10  (1033),  pp.  102-100. 


A  NOTE  ON  ANALYTIC  ROTATIONS  IN  EUCLIDEAN  SPACE 
OF  FOUR  DIMENSIONS 

Bt  a.  E.  BrAKILAND* 

In  the  theory  of  functions  of  a  complex  variable,  when  a  function  of 
X  and  y  of  the  form  w  «  u(x,  y)  +  ip(x,  y)  is  given  such  that  u  and  v 
are  real  functions  of  x  and  y  possessing  continuous  first  partial  deriv¬ 
atives  with  respect  to  x  and  y  and,  moreover,  satisfying  the  two 
equations 

du  dv  du  dv 

dx  dy*  dy  dx* 

tc  is  an  analytic  function  of  z  »  x  -f-  iy.  Let  us  take  z  ^  Xi  +  txt 
and  tr  »  X|  +  1x4,  and  let  w  «>  F(z)  be  analytic.  Subject  the  variables 
Xi  (i  —  1,  2,  3,  4)  to  the  transformation 

which  is  to  be  regarded  as  a  rotation  in  S4  of  the  four  mutually  per¬ 
pendicular  coordinate  axes  Ox  4,  that  is, 

(1)  Z  “  •»* 

—  1  for  I  —  k;  —  0  for  i  ^  k 

I  1  *■ 

We  wish  to  determine  necessary  and  sufficient  conditions  upon  the 
Oij  BO  that  the  transformation,  considered  as  one  in  the  complex  plane 
of  IS  and  z  will  transform  w  »  F(z),  which  is  analytic,  into  tp'  »  F'(z') 
which  is  also  analytic.' 

*  University  of  Pittsburxh- 

*  The  reel  representation  in  >S«  of  an  analytic  function  w  ~  F(s)  is  called  an 
analytic  (or  regular)  surface;  it  is  a  minimal  surface  whose  orthogonal  projection 
on  each  of  the  coordinate  s  and  w  planes  is  a  conformal  representation  of  the 
surface  itself.  For  a  detailed  discussion  see  Karl  Kommerell,  Riemannsche 
Flichen  in  ebenen  Raum  von  vier  Dimensionen.  Maih.  Annaltn,  vol.  60,  1906. 

Our  problem,  considered  geometrically,  is  the  determination  of  all  rotations 
of  84  that  transform  analytic  surfaces  into  analytic  surfaces.  Such  rotations 
are  called  analytic  (or  regular).  J.  S.  Taylor  used  the  term  “regular,"  loc.  cit. 
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Under  (1)  to  —  F(*)  becomes 

(2)  L  “vf)  +  *■  L  -  f(E  +  »■  Z  <V/)- 


Insist,  now,  that 


(3) 


ax', 

dz'i 


dX| 


and 


8Zf 


dx; 


From  (2)  we  obtain 


dx; 

(oti 

4-  m*4i)  - 

Xfon 

+ 

toil) 

dxj  X(ai 

1  4-  ion) 

-  (an 

4- 

toa) 

dx; 

(an 

+  t04l)  - 

X(aii 

4- 

toa) 

dx; ' 

X(ai 

4  4-  tOw) 

-  (ai4 

4- 

ta44) 

dx; 

(on 

4-  W«)  - 

X(aii 

4- 

tOa) 

dx;  ’ 

X(oi 

j  4-  iou) 

-  (a« 

4- 

t«4l) 

dx; 

(an 

+  t04l)  - 

X(aii 

4- 

ton) 

dx  1 

X(ai 

4  4"  *0*4) 

-  (an 

4- 

ion) 

where  X  *  dF/dz  ^  0. 

Substituting  these  values  into  (3)  and  clearing  of  fractions,  we  obtain 
the  two  poljmomials  in  X: 


(CF  -  BG)X*  4-  (AO  ^  BH  -  CE  -  DF)\  +  (DE  -  AH)  -  0 
(4) 

(CB  +  FG)\'  -  (AC  BD-\-  GE  +  HF)\  +  (DA  +  EH)  -  0 
where  i4  «  On  +  ioii  E  ^  ojt  -h  ioa 

B  “  0)1  +  tail  F  *  Oil  4"  *®ii 

C  »'oii  4-  tan  G  »  ou  4-  Wit 

D  *  Oil  4"  “  Oi4  4" 

Now  X  is  arbitrary  since  F(z)  was  assumed  to  be  any  analytic  function 
of  *.  Hence  the  coefficients  in  (4)  vanish  and,  by  separation  of  reals 
and  imaginaries,  we  obtain: 

OmOji  —  ai«a4i  4-  OnO|4  —  0*1044  —  OuOti  4-  (hifltt  —  <h^it  4-  OtiOia  *  0 

OnOn  4-  O14O41  4-  <*ii®«4  4*  <*n<**4  —  01(041  —  OnOn  —  OnOn  —  041011  »  0 

OmOu  —  OmOii  4-  On<*«  —  4"  —  Oii<*4i  4"  <htflu  —  041011  »  0 

®M<*4i  4"  <*i«®i*  4"  O11O44  4"  ®*«<*i*  4"  ®a®ii  4"  ®4iOu  4"  011041  4"  OnOu  *  0 
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atiat4  —  OttOii  —  aiiOit  ■+■  anOn  —  0 

OiiOii  —  Onatt  —  OiiOu  +  0*10*4  «■  0 

OfiOi*  -H  OitO**  —  ai«a*i  —  0110*4  *  0 

ai«o**  -f  Oiio*4  +  OiiOii  +  01*0*1  ■«  0 

04*044  —  Oi*Oi4  -{-  04i04t  —  OiiOat  ■*  0 

OiiOi*  —  04*04*  —  0*10*4  -|-  O41O44  ■=  0 

0**04*  +  0**04*  —  04l0*4  —  0*i044  ”  0 

0*404*  0**044  +  0**041  -I"  o*i04*  *  0 

Multiply  the  fifth,  sixth,  seventh  and  eighth  equations  of  (5)  by  — 014, 
Oi*,  o**,  0*4  respectively.  Then  add  the  first  pair  and  the  second  pair 
to  obtain  two  new  equations.  Next,  choosing  the  multipliers  in  the 
order  o**,  0*4,  —  0*4,  Oi*,  repeat  the  process.  We  thus  obtain,  after 
grouping  the  terms,  the  set  of  four  linear  equations: 

oi*P  -f  o*if2  —  ouS  *  0 

ottQ  +  0*1/2  o**iS  »  0 

(6) 

OtiQ  oi*/2  —  OiitS  “  0 

o*iP  -j-  oi*/2  -I"  oiiiS  “  0 

where  P  •  Oi*  -j"  O14  Q  ®  o**  0*4 

/2  ■  a*40i*  —  O14O**  S  ■  Oi*o**  -f*  Oi40*4 

Adding  the  first  and  second  of  equations  (6)  and  likewise  the  third 
and  fourth,  we  obtain 

Oi*(P  -h  Q)  -h  2o*i/2  *  0 
o*i(P  -h  Q)  -h  2oi*/2  “  0 

Case  1.  P  +  Q  0  oj*  —  oj,  »  0  0*1  »  d:  Oi* 

Case  2.  P  -b  Q  »  0,  that  Is,  oi*  »  Ou  *  o**  »  0*4  »  0  and,  ac¬ 
cording  to  (1), 


0*1  B  ^  Oi*  and  o**  ^  Ou. 
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V'- 


Hence  in  all  cases 


0«  »  ±  Oit. 

Similarly,  by  using  the  two  sequences  of  multipliers: 

—Oil,  —Oh,  —Oil,  Oil  and  On,  — Ou,  Oii,  On 

we  obtain 

Oil/*  —  otf/2  —  otiiS  “  0, 

OiiQ  —  ottR  +  onS  ■«  0, 

Oti<?  -  Oii/J  -  oiiS  »  0, 

OifP  —  on/2  ■+•  Oi*S  «■  0, 

whence 

Oii(P  +  (?)  -  2attR  »  0, 

Oii(P  +  Q)  -  2auR  -  0, 

and,  if  P  +  Q  0, 

On  *  ^  On; 

hut  if  P  -I-  Q  —  0,  then  by  (1), 

Oft  “  ±  On  and  On  *  ±  On. 

Hence  in  all  cases 


Oil  "  db  Oil. 

Note  that  P,  Q,  S  and  R  are  respectively  the  sum  of  squares  of  the 
elements  of  the  firpt  row,  the  sum  of  squares  of  the  elements  of  the 
second  row,  the  inner  product  of  the  two  rows,  and  the  expansion  of 
the  minor  determinant 

Oil  Ou 

On  Ot4 

The  method  of  procedure  is  now  clear  and  from  these  same  four 
equations  we  can  show,  mutatis  mutandis,  that  on  »  d:Oii  and 
Ot4  »  ±Oii.  Likewise,  by  means  of  the  last  four  equations  of  (5),  we 
can  prove  that 


O41  “  :^Oii;  041  *  ±Oii;o4i  “  ^014;  044  *  ^On. 
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Finally,  equations  (5),  which  must  be  satisfied  identically,  may  be 
used  to  determine  the  correct  association  of  signs.  We  thus  obtain 
the  two  types  of  solutioas:* 


Type  A 


On  « 

Oil 

On  » 

-On 

Oj4  - 

Oii 

au  “ 

-Ol4 

O4I  » 

Oil 

041  - 

-On 

O44  “ 

On 

O41  - 

-On 

Type  B 

OJI  « 

-On 

0*1  * 

On 

Oj4  » 

-On 

On  « 

Ol4 

04*  * 

-On 

041  - 

On 

O44  - 

-On 

041  « 

On 

These  types  are  sufficient  as  well  as  necessary  solutions  of  equations 
(5),  as  may  easily  be  verified.  It  should  be  noted  that  for  both  forms 
of  solution,  the  value  of  the  determinant  I  Oiy  |  is  necessarily  +1,  so 
that  in  both  cases  we  are  dealing  with  directly  orthogonal  transfor¬ 
mations.  In  fact, 

I  I  “  L\Li  —  Oj  —  Oj  *■  I, 

where 

Li  ■  a},  Oil  oJi  -f-  0^4  *  1 

^  ■■  ®*1  +  ®II  +  +  ®I4  *  I 

Oi  ■  aiiau  -|-  aiiOis  •+-  auan  -|-  014014  —  0 

0*  ■  OnOn  —  OitOti  -|-  OifOi4  —  O14O11  “  0. 

In  the  case  of  type  A,  the  rotations  of  S4  may  be  expressed  in  the 
plane  of  t  and  to  by  the  transformation: 

z  -  Aiiz'  =}=  Aiiw' 

(7) 

w  «  A*iz'  Atiw' 

*  These  two  forms  of  solution  were  obtained  by  J.  8.  Taylor  in  A  Four-spare 
Representation  of  C'omplex  Plane  Analytics,  M.  I.  T.  Journal  of  Mathematic* 
and  PkyaicM,  vol.  II,  no.  1,  Dec.  1922.  His  proof  of  their  necessity  was  obtained 
by  a  geometric  argument. 


lym 

if- 


■  I  imipf.i^iii  I  ]i<|.g.y  i>pi„|||i 
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where 

z  -  Xi  +  tx„ 

ip'  -  xj  4-  iz'i, 

All  *  flu  —  Wi*, 

All  »  On  —  tai4, 

Afi  “  Oil  —  iOif, 

Am  *•  Ou  —  tdi4, 

and  by  (1) 

AiiAii  -4-  Ait^it  * 

Atiiifi  -4-  Am'^m  “  1, 

AiiAji  -f-  AitAtt  “ 

0,  1  A  4/1  -  e<^^real. 

For  type  B,  the  rotation  is  expressible  in  the  g,  w  plane  as  the  traiLH- 
formation: 


i 


I 

[ 


I 


(8) 


z  *  ^ii2^  i4|f 

IT  «  Anl*  + 


or,  alternatively,  in  the  form 


(S') 


i  -  i4iiz'  H-  i4i»tr' 
®  —  Atiz'  -1-  Atiw' 


the  A  it  being  the  same  as  in  (7). 

It  should  be  observed  that  the  rotations  of  type  A  form  a  group; 
those  of  type  B  do  not,  since  the  product  of  any  two  such  is  of  type  A. 

Rotations  of  Type  A  Carrying  *  —  0  into  w'  »  M\z'.  By  means 
of  the  conditions  on  the  coeflBcients  A  <y  of  (7)  we  may  express  (7)  in 
the  form 

z  “  Aiiz'  -|-  Aittr' 

(7') 

ic  »  — oXiiz'  =4-  aAuw' 

t 

where  a  —  «•*  is  the  value  of  the  determinant  of  (7).  If  (7')  is  to  carry 
r  «  0  into  ip'  «  Miz',  we  must  have 

ip'  -  -  -  Afiz', 

Au 


so  that  All 


T: 


—AitMi.  'The  transformation  then  assumes  the  form  K 
z  *  —  A\tMiz'  -J-  Aiiip'  iHfc. 

w  —aAi^'  —aMiAitw'  M 


AijAii  (1  -4-  MiMi)  ■«  1 
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* 

0 


It  iti  easily  seen  that  T  carries  ip  »  0  into  tr'  —  —  -i-  z',  a  result  that 

M\ 

was  to  be  expected  since  the  real  representations  in  of  z  0  and 
tr  »  0  are  two  completely  perpendicular  coordinate  planes,  and  the 

planes  \d'  »  Mjz'  and  ic'  »«  — 1-  z'  are  also  completely  perpendicular. 

Ml 

Rotations  of  Type  A  Leaving  a  Given  Plane  Al)solutely  Invariant. 
Consider  next  the  traaoformation 

z  *=  e'*z’ 


the  effect  of  which,  in  tSi,  is  to  leave  the  plane  of  x%  and  X4  absolutely 
invariant  while  turning  the  plane  of  X|  and  xi  upon  itself  through  the 
angle  From  T  and  H\  we  obtain 

(1  +  MiMi)t  -  (1  +  MiMie^)z'  +  i&i(l  -  e*^)w' 

T-^RiTi 

(1  +  MiMi)w  *  Mi(l  —  e‘*>)z'  -4-  (MiMi  + 

the  effect  of  which  is  to  leave  the  plane  w  ^  — 1-  z  absolutely  fixed, 

Ml 

rotating  the  plane  vo  «  MiZ  upon  itself  through  the  angle  ^|. 

The  transformation 


Rt: 


z  -  z' 


leaves  z  0  absolutely  fixed  and  turns  tr  »  0  through  the  angle 
From  T  and  Rt  we  obtain 

(1  +  MiMi)z  -  {MiMi  +  f^)z'  +  Miie**,  -  l)u»' 

T-^RtT: 

(1  +  MiSii)w  —  Mi(e^*t  —  l)z'  4-  (1  -I-  MiMie'*t)w' 

under  which  the  plane  tr  «  Miz  is  absolutely  invariant,  and  the  plane 

IT  «  —  7  z  rotates  upon  itself  through  the  angle  Each  of  the 
Ml 

transformations  T~'RiT  and  T~'RiT  is  a  simple  rotation  in  St. 

The  General  Rotation  of  Type  A.  For  T~'RiT  •  T~'RtT  —  T~'RtT  • 
T~'RiT  we  obtain 

(1  4-  MiMi)z  »  {e'*tM\Mi  4-  c‘^)z'  4-  Mi{e**t  — 

T~^RiRtT  ’ 

(1  4-  M\Mi)w  —  Mi{e**t  —  e*''i)z'  4-  (c'^i  4-  M\Mie'*t)w', 


72 


A.  K.  8TANILAND 


which  leaves  w  Af  iZ  and  u>  ^  z  invariant  (not  point  for  point) 

Ml 

turning  the  former  upon  itself  through  the  angle  ^i,  the  latter  likewise 
through  the  angle  The  general  transformation  in  1S4  is  a  double 
rotation.  The  determinant  of  T~'RiRtT  has  the  value  Since 

T~'RiRiT  is  the  same  transformation  as  (7),  except  in  the  outward 
form  of  its  coefficients,  we  see  that  ^  ^  The  form  of 

T~'RiRtT  shows  that  the  group  of  rotations  of  type  A  consists  of 
X*  subgroups,  of  X*  members  each,  corresponding  to  the  x*  possible 
choices  of  the  complex  parameter  A/|(»  mi  -1-  tni).  Ektch  double  rota¬ 
tion  of  a  subgroup  characterized  by  a  fixed  value  of  Mi  is  seen  to  be 
the  product  in  either  order  of  two  simple  rotations  T~*RiT  and  T~'RiT, 
characterized  by  the  angles  ^  (with  ipi  »  0)  and  (with  »  0), 
respectively,  which  give  the  extents  of  rotation  in  the  invariant  com¬ 
pletely  perpendicular  planes  determined  by  Mi. 

We  could  also  regard  each  of  the  x  *  subgroups  as  consisting  of  x  > 
subgroups  of  X '  members  each.  For  we  can  fix  ^  in  x  >  wa}rs,  thus 
obtaining  x '  subgroups,  the  x  >  members  of  each  corresponding  to  the 
x'  values  which  <pt  may  assume  with  ^1  fixed.  We  could,  of  course, 
fix  iPi  and  allow  tpi  to  vary,  thus  obtaining  a  similar  classification. 

A  special  case  of  the  general  transformation  is  of  interest,  namel^^, 
when  ^  s  The  coefficients  are  then  independent  of  Mi  and  Mi 
and  all  analytic  planes  through  the  origin  are  invariant. 

Rotations  of  Type  B.  The  transition  to  rotations  of  type  B  is 
immediate.  We  have,  in  fact,  only  to  replace  the  unprimed  z  and  iv 
of  T~'R\RtT  by  I  and  tt  respectively  and  the  desired  rotations  are 
obtained.  These  rotations  are  distinguished  from  those  of  type  A  by 
the  presence  of  two  reflections,  one  accompanying  each  of  the  rotations 
in  the  invariant  planes. 

A  Remark  Concerning  The  Determinant,  |  ].  The  value  of 

I  an  I  may  be  shown  explicitly  in  terms  of  <p,  the  amplitude  oi  \  An  |. 
For  I  A  j,- 1  —  cos^  -j-  I  sin^,  where 

cos^  «  aiiOit  —  aiiOii  —  anOn  -|-  anOn  and 

sin^  »  ai40ii  -|-  anau  —  anftn  —  Ouan. 

Expansion  of  |  an  \  gives  precisely 

I  I  »  cosV  +  sinV  “  1* 


ALMOST  PERIODIC  PROPERTIES  OF  BOUNDED  SOLUTIONS 
OF  LINEAR  DIFFERENTIAL  EQUATIONS  WITH  ALMOST 
PERIODIC  COEFFICIENTS 

Bt  Robbst  H.  Cambbon 

Introduction.  In  this  paper  we  shall  deal  with  the  homogeneous 
linear  system  of  differential  equations 

(1)  -  2  (r  -  1, 2. . . . ,  n)! 

***  »-l 

where  the  ap,,{t)  are  real  or  complex  a.p.  (almost  periodic)  fimctions 
of  the  real  variable  t  in  the  sense  of  Bohr  (1).  We  shall  let  Af  be  the 
least  common  module  of  the  a^.r(0i  ftnci  shall  assume  that 

.i(r)  +  •  •  •  +  a«.»(r)]  dr 

is  bounded  for  all  (.  (Here  denotes  real  part).  Under  these  conditions 
we  shall  show  that  if  all  the  solutions  of  (1)  are  bounded,  then  there 
exists  a  linearly  independent  set  of  solutions  of  (1)  such  that  for  each 
M,  (m  ■■  Ii  2,  •  •  •  n),  the  sum  of  the  squares  of  the  absolute  values  of 
the  t  th  components  of  the  solutions  is  a.p.  with  a  module  contained 
in  M.  Moreover  under  a  somewhat  stronger  hypothesis  we  shall  char¬ 
acterise  the  individual  components  of  the  above  mentioned  solution  in 
terms  of  a.p.  functions. 

Notation.  We  shall  use  a  second  subscript  on  the  letter  (  to  dis¬ 
tinguish  between  various  solutions  of  (1);  and  in  particular  we  shall  let 

[fi.i(0»  {i.i(0  •  •  •  »  {».i(0li  U».i(0»  {i.i(0»  •  •  *  I  {•.•(Ol*  •  •  •  » l{i.»(0i 

Unit),...,  Unit)] 

denote  a  fundamental  (linearly  independent)  set  of  n  solutions.  Thus 
if  A  it)  and  X(0  stand  for  the  matrices  of  the  at^,,it)  and  U*it)  respectively 

and  DiX)  denotes  the  matrix  of  the  derivatives  4  L.»(0i  we  may  replace 

(l)by 

(la)  D{X)~A.X. 
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Semi-normal  fundione. 

Definition.  A  numerical  or  vector  function  /(()  will  be  called  $emi- 
normal  if  to  each  sequence  of  real  numbers  At,  •  •  •  there  corresponds 
a  subsequence  h^,hnt,  •  •  •  ,  such  that  linu.^  /{t  +  hm)  exists  uniformly 
in  t  in  every  finite  interval. 

This  definition  differs  from  Bochner’s  (2)  definition  of  a  normal  func¬ 
tion  in  that  the  uniformity  is  postulated  merely  on  every  finite  interval 
instead  of  on  the  whole  infinite  interval  (—«<<<  +  «)  at  once. 
Since  the  term  normal  function  is  synonymous  with  a.p.  function  it 
follows  that  every  a.p.  function  is  semi-normal.  On  the  other  hand  if 
A(0  is  a.p.,  every  bounded  solution  of  (la)  is  semi-normal;  for  out  of  a 
sequence  Ai,  At,  •  •  •  we  can  choose  a  subsequence  A.„  Ai^  •  •  •  such  that 
lim<...«  i4(f  -f-  h^)  converges  uniformly  for  all  f  to  a  function  A*{t)  while 
limi^M  X(h^)  converges,  and  hence  such  that  limi-.*  h^)  converges 

to  a  solution  X*{t)  of  D{X*)  ■«  A*-X*  uniformly  in  every  finite  interval. 
Thus  semi-normal  functions  play  an  important  rdle  in  connection  with 
linear  differential  equations  with  a.p.  coefficients. 

Lxiiiia  1.  Every  bounded  tolution  of  a  linear  differential  equation 
with  constant  coefficients  is  semi-normal. 

Lemma  2.  If  F{x,  y,  z,  •  -  w)  is  uniformly  continuous  in  all  its 
arguments  over  the  range  of  the  semi-normal  functions  f{t),  git),  hit),  •  •  •  , 
kit),  then  F[fit),  git),  hit),  ••  •  ,  A(01  *»  semi-normal. 

The  first  of  these  lemmas  is  merely  a  formal  statement  of  the  fact 
noted  above  and  the  second  is  an  obvious  consequence  of  the  definition. 

Translation  traniforms. 

Definition.  If  fit)  is  a  numerical  or  vector  function  of  the  real 
variable  t,  and  Ai,  At,  •  •  •  is  a  sequence  of  real  numbers  such  that 

,  y(f)  ■  lim  fit  +  hi) 

i-*m 

exists  uniformly  in  every  finite  interval,  then  git)  will  be  called  a  trans¬ 
lation  transform  of  fit)  by  Ai,  At,  •  •  •  .  If  in  addition  the  sequence  Ai, 
At,  •  •  •  is  such  that  linu-.«  XA<  exists  (mod  2t)  for  every  element  X  of  a 
certain  module  M,  then  (^(0  will  be  called  an  M-translation  transform 
of  fit)  by  Ai,  At,  •  •  •  . 

It  is  obvious  that  if  fit)  is  an  a.p.  function  with  the  module  M,  then 
each  Af-translation  transform  of  fit)  is  an  a.p.  function,  and  the  set  of 
all  of  them  is  the  closure  set  of  the  function. 

Lemma  3.  If  git)  is  the  translation  transform  of  fit)  by  hi.  At,  •  •  •  and 
pit)  is  the  translation  transform  of  git)  by  k\.  At,  •  •  •  ,  then  pH)  is  the 
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traruUUion  transform  of  f{t)  by  aome  aequence  li,  Is,  .  Moreover  if 
X  hi  exiala  (mod  2r)  for  every  element  \  of  a  certain  module  M,  the 
aequence  It,  Is,  ■  can  be  ao  choaen  that  for  each  X  of  M, 

lim  \(,hi  -)-  ibi  —  /i)  «  0  (mod  2t). 

For  we  can  chooeo  correeponding  to  each  index  t  a  positive  integer 
n<  >  1  such  that  \f{t  -f  hm  +  ki)  —  g{t  -f  *<)  |  <  l/i  when  |(  |  <  i. 
It  follows  that  p(0  is  the  translation  transform  of  f{t)  by 

hn,  -b  ki,  hn,  ks,  -  •  ’  . 

Lemma  4.  A  tranalation  tranaform  of  a  aemi-normal  function  ia  aemi- 
normal. 

For  let  fii,  nt,  •  •  •  be  a  sequence  of  indices  chosen  as  in  Lemma  3, 
and  by  virtue  of  the  semi-normality  of  /(()  let  be  an  infinite  set  of 
positive  integers  such  that  limi_.o*«r«7(f  +  4-  ki)  exists  uniformly 

on  every  finite  interval.  Then  linu_«onr«  g{t  +  !:<)  exists  uniformly 
on  every  bounded  interv’al  and  git)  is  semi-normal. 

Lemma  5.  If  X(0  ia  a  bounded  aolution  of  the  ^nation  (la)  in  which 
Ait)  ia  a.p.  with  the  module  M,  then  the  M -translation  tran^orm  of  Xit) 
by  a  aequence  hi,  hs,  •••  ia  a  aolution  of  the  equation  obtained  by  replacing 
i4(0  in  (la)  by  the  Mdranilation  tranaform  of  Ait)  by  hi,  hs,  •  •  •  . 

This  lemma  is  a  consequence  of  the  convergence  properties  of  solutions 
of  a  sequence  of  differential  equations. 

Stationary  functions. 

Dehnition.  a  numerical  or  vector  function  fit)  will  be  called 
stationary  with  res{)eet  to  a  module  M  if  for  all  t 

(2)  lim  fihi  -ft),  fit) 

for  every  sequence  hi,  hs,  •  •  •  which  satisfies  for  each  element  X  of  M, 

(3)  lim  XA<  m  0  (mod  2w). 

Note.  The  definition  of  a  stationary  solution  given  in  this  paper  is 
the  same  as  the  definition  given  by  the  author  in  a  paper  in  the  Acta 
Mathematica  (3),  but  is  not  the  same  as  and  not  equivalent  to  his 
definition  given  in  a  paper  in  the  Annals  of  Mathematics  (4).  The 
author  wishes  this  definition  to  supercede  that  of  the  Annals  paper. 

Lemma  6.  A  function  fit)  will  be  stationary  with  respect  to  a  module  M 
if  and  only  if  out  of  every  aequence  hi,  hs,  •  •  •  which  satisfies  (3)  for  each 
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elemerU  X  of  M  it  it  pottiUe  to  telect  a  tubtequence  k[,ht,  •  •  •  tueh  that  (2) 
hoMtfor  aU  t.  For  if  /(t)  is  not  stationary  there  is  a  sequence  ht,  At,  •  •  • 
satisfying  (3)  for  all  X  in  Af  and  a  real  number  z»  such  that  |/(xt  4-  A<) 
—  /(^«)|  >  <  for  t  And  some  positive  <  independent  of  t;  and  hence 
the  condition  of  the  lemma  cannot  hold.  On  the  other  hand  if  f(t)  is 
stationary  it  is  obvious  that  the  condition  does  hold. 

Conditions  under  which  a  function  is  almost  periodic. 

We  shall  now  give  a  theorem  in  terms  of  the  above  definition  which  is 
based  on  and  may  be  used  in  place  of  Favard’s  method  (5)  of  dealing 
with  differential  equations  with  a.p.  coefficients.  A  lemma  which  is 
similar  to  this  theorem  and  serves  a  similar  purpose  has  already  been 
given  by  the  author  in  his  Annals  paper  (4). 

Theorem  I.  A  necessary  and  sufficient  condition  that  a  {numerical 
or  vector)  function  f{l)  be  a.p.  with  a  module  contained  in  the  module  M  is 
that  it  be  continuous  and  semi-normal  and  have  all  of  its  M-trandation 
transforms  stationary  with  respect  to  M. 

To  show  that  this  theorem  holds,  we  need  only  verify  the  sufficiency 
of  the  condition,  since  its  necessity  is  obvious.  Let  us  therefore  assume 
that  the  condition  holds  but  that/(0  is  not  normal  (a.p.)  with  a  module 
contained  in  M.  Then  it  follows  that  there  exists  a  sequence  hi,  ht,  •  •  • 
satisfying  (3)  for  all  X  in  Af  and  an  <  >  0  such  that 

.sup  1/(1  +  hi)  -  fit)  1  >  c 

I 

for  all  integers  i.  Let  h,  lt>  ■  *  ■  be  values  of  t  such  that 
(4)  \fiU-hhi)  -f{ti)\>  , 

for  all  I,  and  by  virtue  of  the  semi-normality  of  /(I)  let  iFi  be  an  infinite 
set  of  positive  integers  such  that  lim<_«or«r>,  fit  4  D  And  lim,-.«  ovw  s, 
/(I  4  L  4  Ai)  exist  ufiiformly  in  every  bounded  interval  and  such  that 
limi_M  ovOT  M,  Xti  exists  (mod  2r)  for  every  element  X  in  Af .  Let  the  limits 
over  El  of  fit  4  L)  and  fit  4  L  4  A,)  be  denoted  by  /•(!)  and  f**it) 
respectively,  and  by  virtue  of  I.<emma  4,  let  Ft  be  an  infinite  subset  of 
El  such  that  /••*(<)  ■  limt^a  ov«r  t, /*(!  —  L)  exists  uniformly  on  every 
finite  interval.  Then  by  Lemma  3,  /*••(!)  is  a  translation  transform  of 
fit),  and  since  fit)  is  stationary,  f***it)  ■  fit).  Hence  /•*(!)  is  a  trans¬ 
form  of  f*it)  through  fit),  and  since  /•(<)  is  stationary,  /•(<)  ■  f**it). 
Since  this  contradicts  (4),  the  theorem  is  proved. 

The  transUUion  matrices  of  a  solution. 

I)EnNiTiON.  liCt  Xit)  be  a  non-singular  solution  of  the  equation 
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(la)  in  which  i4(()  is  a.p.  with  the  module  M.  Then  if  Ai,  At,  •  •  •  is  a 
sequence  such  that  (3)  holds  for  every  element  X  of  Af  and  such  that 
lim(_M  X{ht)  exists,  the  matrix 

(X-fOl-'l^limXfWj 

is  called  the  translation  matrix  of  X  with  respect  to  A|,  At,  *  •  •  . 

The  significance  of  this  definition  will  be  shown  in  the  following 
lemma. 

Lemma  7.  Let  X(t)  be  a  non-singular  solution  of  the  equation  (la)  in 
which  i4(0  is  a.p.  with  the  module  M.  Then  if  C  is  a  translation  matrix 
of  X  corresponding  to  a  sequence  hi,  At,  •  •  •  ,  if  follows  that 

IA'(01-C  -  lim  A«  +  hi) 

uniformly  in  every  finite  interval. 

For  it  follows  from  the  convergence  properties  of  solutions  of  se¬ 
quences  of  differential  equations  that  the  above  limit  exists  uniformly 
for  all  t,  and  is  a  solution  of  (la),  since  lim<-.«  ^  (f  Ai)  >■  i4  (f)  uniformly 
in  t.  It  follows  that  the  limit  function  is  equal  to  X{t)  multiplied  on 
the  right  by  a  constant  matrix.  Since  C  satisfies  the  equation  when 
f  »  0,  it  satisfies  it  for  all  f,  and  the  lemma  holds. 

We  shall  now  consider  the  whole  set  of  translation  matrices  and  shall 
show  that  they  form  a  group  if  a  simple  condition  on  the  Wronskian  is 
fulfilled. 

Theorem  II.  Let  X(t)  be  a  non-singular  solution  of  (la)  in  which 
A  (t)  is  a.p.  tvith  the  module  M,  and  let  &  be  the  set  of  translation  matrices 

of  X.  Then  if  X(t)  and  J  .ff[ai.t(  »■)  +  •••+  a,,«(T)l  dr  are  bounded,  it 

follows  that  is  closed  and  forms  a  group  under  matrix  multiplication. 

The  fact  that  61  is  closed  does  not  depend  on  the  hypothesis  of  bound¬ 
edness  on  A(f)  and  the  integral.  For  if  C**’,  •  •  •  are  elements  of  61 
which  converge  to  a  matrix  C  and  A V  \  At*  \  •  •  •  is  a  sequence  with  re¬ 
spect  to  which  is  a  translation  matrix  (t  »  1,  2,  >  •  •  )>  it  follows 
that  we  can  choose  a  sequence  of  positive  integers  ni,  nt,  *  •  *  such  that 
II  (A(0))C«>  -  A(A!.J0  II  <  1/i  and  such  that  ||  ^(<)  -  ^(f  -|-  Aj^’)  ||  < 
1/i.  Here  ||  K  ||  denotes  the  greatest  of  |  k^.,  |.  Thus  C  is  a  translation 
matrix  of  X  corresponding  to  A«|\  A^^,  •  •  •  . 

To  verify  the  fact  that  61  is  a  group,  we  first  note  that  Lemma  3  im¬ 
plies  that  if  Cl  and  Ct  are  in  61,  Ci*Ct  is  also  in  61.  Moreover  61  con¬ 
tains  the  identity  which  corresponds  to  0,  0,  •  •  •  .  Finally,  the  fact 
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that  Qff  contains  inversps  follows  from  a  lemma  proved  by  the  author  in 
a  paper  in  the  Annals  (4).  This  lemma  shows  that  under  the  h3rpothe8is 
of  the  present  theorem,  every  element  of  (M  is  equivalent  to  a  matrix  in 
the  diagonal  form  with  multipliers  having  the  absolute  value  unity. 
But  the  inverse  of  such  a  matrix  can  be  expressed  as  the  limit  of  a 
sequence  of  its  positive  powers;  and  since  is  closed  and  contains  all 
the  positive  powers  of  its  elements,  it  must  contain  their  inverses. 

The  trantlaiion  matrix  group.  Theorem  II  now  justihes  us  in  calling 
the  set  of  translation  matrices  of  a  solution  X  of  (la)  the  translation 
matrix  group  of  X  whenever  the  hypotheses  of  Theorem  II  are  satisfied. 
Moreover  we  shall  now  apply  to  it  a  theorem  of  von  Neumann  (6)  on 
matrix  representations  of  groups. 

Theorem  III.  Let  ii(0  be  an  n-lty-n  a.p.  matrix  function  such  thcU 

^JIai.i(r)  +  •  •  •  +  an.ii(r)l  dr  is  bounded,  and  let  X(t)  be  a  bounded 

non-singtdar  solution  of  (la)  and  its  translation  matrix  group.  Then 
there  exists  a  non-singular  constant  matrix  K  independent  of  C  which  takes 
each  matrix  C  of  Qh  into  a  unitary  matrix  K~^  C  K.  Thus  the  translation 
matrix  group  of  X(t)‘K  consists  entirely  of  unitary  matrices. 

For  the  above  mentioned  theorem  of  von  Neumann  states  that  a 
bounded  representation  of  a  group  is  equivalent  to  a  unitary  representa¬ 
tion  ;  and  Oh  is  obviously  a  bounded  representation  of  itself.  Thus  there 
exists  a  non-singular  matrix  K  which  takes  every  element  C  of  into  a 
unitary  matrix  K~^CK. 

We  shall  now  prove  the  invariance  of  translation  matrix  groups  under 
limiting  translations. 

Lemma  8.  Let  A(t)  be  an  nd>y-n  a.p.  matrix  function  such  that 

.i(t)  -!-•"+  a».«»(T)l  dr  is  bounded,  and  let  M  be  the  module  of  A, 

and  X{t)  a  bounded  sotution  of  (la)  having  the  translation  matrix  group 
&.  Then  0^  is  also  the  translation  matrix  group  of  every  M-translation 
transform  of  X. 

For  if  X'  is  the  M-translation  transform  of  X  by  a  sequence  hi,  A*,  •  •  •  , 
then  X*  is  transformed  back  into  a  solution  of  (la)  by  some  subsequence 
—  h[,  —h't,  •  •  •  of  —hi,  —ht,  •  •  •  ;  say  into  XC.  Then  C  is  an  element 
of  W  and  there  is  a  sequence  ki,  kt,  •  >  -  which  takes  X  into  XC“‘  and 
leaves  A  invariant.  Moreover  there  is  a  sequence  which  effects  the 
transformation  which  is  the  succession  of  the  transformations  effected 
by  —h[,  —h't,  •  •  •  and  ki,  ki,  •  •  •  ;  and  this  sequence  h,  U,  •  •  •  trans¬ 
forms  X'  into  X.  Thus  if  «i,  «i,  •  •  •  corresponds  to  an  element  Ci  of 
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it  follows  that  X'  is  taken  into  X'Ci  by  the  succession  of  s<,  and 
and  of  course  all  this  can  be  done  by  one  sequence.  Similarly  if  Ct  is  a 
translation  matrix  of  X'  with  respect  to  the  sequence  $[,  s^,  •  •  •  ,  the 
succession  Kt  and  U  takes  X  into  XC|.  It  follows  that  the  set  of 
translation  matrices  of  X'  is  and  the  lemma  holds. 

FundioM  of  the  componenU  of  a  solution  which  are  almost  periodic  in  t. 
We  have  now  developed  sufficient  machinery  to  prove  the  theorems 
mentioned  in  the  introduction. 

Theohem  IV.  Let  A  (t)  be  an  n-by~n  a.p.  matrix  function  which  has  the 

module  M  and  for  which  j  ft[ai.i(r)  +  •  •  •  +  “».•(  r)]  dr  is  bounded.  Then 

if  (la)  has  any  bounded  rum-sinyular  solutions,  it  has  at  least  one  non- 
singular  solution  X(t)  »  that 

(5)  g(t)  -  t  -h  r) 

•-1 

is  a.p.  in  t  for  each  real  number  r  and  each  pair  of  indices  n,  v.  In  par¬ 
ticular 

(6)  m  -  t.  iu(oi* 

is  a.p.  for  each  u-  Moreover  ecwh  of  these  a.p.  functions  has  its  module 
contained  in  M. 

The  solution  X  in  question  is  the  one  whose  translation  matrix  group 
&  consists  entirely  of  unitary  matrices  (see  Theorem  III).  The  proof 
of  the  fact  that  9(1)  and  hence  /(I)  when  calculated  for  this  X  are  a.p. 
with  a  module  contained  in  Af  is  based  on  Theorem  I;  and  we  note  at 
once  that  our  functions  are  continuous  and  also,  by  virtue  of  Lemmas  1 
and  2,  semi-normal.  It  remains  to  show  that  every  Af-translation 
transform  ^(0  of  git)  by  a  sequence  hi,  Aj,  •  •  •  is  stationary  with  re¬ 
spect  to  M,  and  this  will  be  done  by  showing  that  it  satisfies  the  hy¬ 
pothesis  of  Lemma  6. 

In  order  to  show  this  let  h[,  ht,  •  •  •  be  a  subsequence  of  Ai,  At,  •  •  • 
such  that  X*(0  ■  Iim,_«  X(I  +  A<)  exists  uniformly  for  every  finite 

interval.  Then  g*it)  ■  *  (0  I*.  #  (<  +  »■)•  Now  let  ki.  At,  >  •  •  be 

#  <■  1 

a  sequence  such  that  lim{_«  Xib<  »  0  (mod  2t)  for  every  X  in  M.  Since 
by  Lemma  8  @  is  the  translation  matrix  group  of  X*  and  X*  is  semi¬ 
normal,  there  exists  an  element  C  of  &  and  a  subsequence  At,  •  •  *  of 
Ai,  At,  •  •  •  such  that  lim,^.  X*(t  -|-  Aj)  »  X*C  uniformly  in  every 
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finite  interval.  Hence  if  C  «  i<V.r)i  we  have  ^  e,.,  I,-,,  *  and 

•  •1 


lim  g*(t  +  kf) 


I*. +  r)  t,>,. 


-  Z  Z  {^,(0  +  r)  Z  -  g*(t)  . 

»-i  0~t  .-I 

It  follows  that  9*(0  is  stationary  with  respect  to  M,  and  (^(0  is  a.p.  with 
a  matrix  contained  in  M. 

Corollary.  Under  the  hypotheeie  of  the  theorem  and  for  the  same 
solution  X(t)  the  functions 


MO  -  z  C.AOl.At  +  r) 

•  *i 

and 

MO  -  z  C.(0i;..(t +  r) 

•  - 1 

are  a.p.  with  modules  contained  in  M. 

For 

h(t)  -  Z  f  Z  “»i.»(0  {».»(o1  +  t)  -  Z  «»*.#(0  j/».»(0  ; 

*-i  L#-i  J  »-i 

and  a  similar  argument  holds  for  kit). 

The  situation  when  &  is  abelian. 

Turning  now  to  the  case  in  which  0)  is  abelian,  we  find  that  it  is  possi¬ 
ble  to  characterise  the  ,(t)  individually  in  terms  of  a.p.  functions. 
Theorrm  V'.  Let  A  (0  be  n-by-n  a.p.  matrix  function  which  has  the 

module  M  and  for  whiehij  St  Ioii(t)  -|-  •  •  •  -fa,.  «(t)1  dr  is  bounded;  and 

let  A  be  such  that  (la)  has  a  bounded  non-singular  solution  whose  transla¬ 
tion  matrix  group  is  abelian.  Then  there  exists  a  non-singular  solution 
X(t)  ■«  i(,i.»(0i  that  for  each  p,  r, 

i  r  f<!L  4, 

U,(t)  ~f(t)e 

where  fit)  »  |  ,it)  |  and  git)  are  real  a.p.  functions  having  modules  conr- 
tained  in  M,  and  where  the  integral  sign  is  used  to  denote  a  function  whose 
derivative  is  equal  to  the  integrand  whenever  the  integrand  exists. 

The  extra  hypothesis  concerning  the  abelian  character  of  the  transla- 
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tion  matrix  group  of  a  solution  implies  that  (la)  has  a  solution  X(0 
whose  translation  matrix  group  @  consists  entirely  of  matrices  in  the 
diagonal  form;  the  diagonal  elements  having  the  absolute  value  unity. 
Thus  the  functions  |  |  and  ,(t)  are  unchanged  by  limiting 

translation  by  a  sequence  At,  At,  •  -  ■  which  takes  A(i)  into  itself;  and  the 
same  is  true  of  their  translation  transforms.  It  follows  that  these 
functions,  which  are  obviously  continuous  and  semi-normal,  are  a.p. 
with  modules  contained  in  Af.  This  completes  the  proof  of  the  theorem, 
since 


whenever  /(<)  ^  0  if  we  let  /(<)  «  |  |  and  ff(t)  «  (l/2i) 

lt.»(0  (iAO  -  U,(0  K.AO- 
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FRACTIONAL  CALCULUS 
Bt  William  Fabian 
1.  INTRODUCTION 

Leibnii'  was  the  first  to  give  a  meaning  to  a  fractional  differential 
coefficient  of  a  function.  Many  writers*  have  investigated  the  subject 
since,  and  various  definitions,  mostly  leading  to  the  same  form,  have 
been  given  for  the  fractional  integral  and  the  fractional  differential 
coefficient.  The  definition  which  we  have  adopted  in  a  previous  paper* 
is  that  Kiemann,*  which  is  the  one  now  usually  taken.  This  definition 
of  a  integral,  or  a  (— X)*^  differential  coefficient,  of  /(z)  along  a 
simple  curve  I  is 

(ir  -  f(xTT)  (s)’  /'  • 

where  X  may  be  real  or  complex,  y  is  the  least  integer  greater  than  or 
equal  to  lero  such  that*  A(X)  -f  7  >  0,  and  the  integration  and  differen¬ 
tiation  are  along  1.  Riemann,  Weyl*  and  others  used  this  form  for  the 
real  variable  and  for  real  values  of  X.  Hadamard*  and  Hardy  and  Little- 
wood*  integrated  fractionally  along  straight  lines  in  the  complex  plane. 
Our  extension  of  Riemann’s  definition,  by  which  we  are  enabled  to 
perform  fractional  integrations  along  any  simple  curve  in  the  complex 
plane,  has  made  it  possible  for  us  to  study  some  properties  of  fractional 
contour  integration.* 

In  the  present  paper  we  study  some  properties  of  the  fractional  integral 
at  infinity,  and  deduce  from  our  results  a  method  of  summability  of 
series  and  integrals. 

'  Leibnii,  Opera  ed.  Duietu  3,  Commereium  pkiloe.  et  Math.  (1606),  106. 

*  Poat,  Trans.  Am.  Math.  Soe.  (1030)  vol.  32,  p.  733-781,  gives  a  comprehensive 
treatment  with  numerous  references. 

*  Fabian,  Phil.  Mag.  (to  be  published  shortly). 

*  Riemann,  OeeammeUe  Werke  (1876),  331  • 

*  A(X)  stands  for  the  real  part  of  X. 

*  Weyl,  Vierteljahreeehrift  d.  naturf.  Oee.  tn  Zurich,  62  (1917),  296. 

’  Hadamard,  Journal  de  Math.  (4),  8  (1892),  101. 

*  Hardy  and  Littlewood,  Math.  Zeiteekrift  34  (1931),  403. 

*  Fabian,  Phil.  Mag.,  (to  be  published  shortly). 
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2.  FRACTIONAL  INTEGRATION  AND  DIFFERENTIATION 
We  define  (i,)  /(«)  by 

D-^  J"  it  -  dt , 


where  D  HtandH  for  ^ ,  X  may  be  real  or  complex,  y  is  the  least  integer 
dz 

greater  than  or  equal  to  lero  such  that  R{X)  -f-  7  >  0,  and  the  integra¬ 
tion  and  differentiation  are  along  the  simple  curve  1. 

The  following  lemma  will  he  required: 

Lemma.  Let  ^(z)  be  bounded  on  the  finite  part  of  I,  where  I  starts  from 
the  origin  and  extends  to  infinity.  Let  ^(z)  be  continuous  on  I,  except 
possibly  at  a  finite  number  of  points  on  any  finite  arc  of  1.  If 

Z>‘ 


along  I  as  |  z  |  — »  oo,  where  A  is  a  constant  and  R(jt)  ^  0,  then,  for 

Rik)  >  -  I, 


—  (‘ 

«*+'+•  Ji, 


iz- 


0*  ^(0  dt 


rik  -I- 1)  rip  -f  1) 

r(ib  d-  M  +  2) 


along  las\z\—*oo;Ute  itUegration  being  along  1. 

Proof.  0^  I  put  ^(I)  »  At^^  -f  ^1(0.  where  ^j(0  «  oite)  at  infinity. 
Then 


(z  -  0*  ^(Odt  ~  A  iJiz  -  tyv^dt  ^  j\z  -  ty 


^.(0  dt 


rik  -f  M  -h  2)  ft 


the  integration  being  along  1.  Let  r  and  z  be  two  points  on  I  (in  the 
I-plane)  such  that,  at  and  between  r  and  z  on  I, 

I  ^(0  1  <  « I  I 


for  a  given  positive  number  c.  Since  ^(I)  is  bounded  on  the  finite  part 
of  I,  therefore  at  and  between  r  and  the  origin  on  I,  |  ^(0  |  is  less  than 
a  finite  number  Nir)  which  depends  only  on  t.  Hence 
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(*  -  0*  I  ^  I  -  0*  I  +  I 

<  Mr)  1  (*  -  0‘ I  I  <«  1  +  •  I  (*  -  0*  I 

i  Nir)  \{t-t)^\\dt\  +  t  \{z-  0*  1 


(z  -  0*  Mt)dt  I 

I  M  rft  1 

I  <<•  1 1  rfi  1 


-  0(1  r*  I)  -f  o(|  z*+''+‘  I) 


(2) 


for  I  z  I  >  I  Zo  I,  a  fixed  number;  the  integration  being,  of  rourse,  along 
/.  From  (1)  and  (2)  the  lemma  follows. 

Let  us  call  the  following  conditions  the  "conditions  for  /(z)  with 
respect  to  X": 

I.  /(z)  is  bounded  on  the  finite  part  of  I,  where  I  starts  from  a  fixed 

point  r,  passes  through  the  origin  and  the  finite  lower  limit  a  of  integra¬ 
tion  for  fit),  and  extends  to  infinity. 

II.  If  A(X)  >  0,  fit)  is  continuous  on  I,  except  possibly  at  a  finite 
number  of  points  on  any  finite  arc  of  L 

III.  If  R(k)  ^  0,/(z)  is  analytic  on  I  except  possibly  at  infinity,  and 


,  where  ?  is  a  given  quantity  such  that  Ri<r)  ^  7,  is  analytic 


within  a  circle  of  centre  the  origin. 

Theorem  1.  Let  condilioru  4/\  he  satisfied  for  fit)  wUh  resp^  to  X. 

If 


f 

along  I  os  |  z  |  — *  <» ,  where  A  is  a  constant  and  Rio)  ^  y,  then 


lim 

l.l—  z*+' 


4  r(<r  -h  1) 

r(x  4"  +  I) 


Proof.  By  condition  III  of  ^1  and  the  hypothesis  it  follows  that 


/<>>(*) 


r(<r  -I- 1) 


r(<r  -  7  4-  1) 

along  I  as  I  z  I  — »  w .  By  the  lemma, 

r(x  4-  y)  r(a  4-  D 


^l\t-t)^*y-^f(yKt)dt-^A 


r(x  4"  ^  +  I) 


(1) 
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along  I  aa  I  z  I  — »  00 ;  the  integration  being  along  1.  We  have,  on  inte¬ 
grating  by  parta  y  timea, 

-  2  r(/+  V+  1)  •*  -  . 

where 


2*  /***(°) 

_  r(X  +  n -I- 1) 


(z  — 


ia  to  be  omitted  if  y  »  0.  Conaequently,  for  |  z  |  >  |  z«  |,  a  fixed  number, 
D-HQfiz)  -  0(z*+>-‘)  +  I>-^-y{U)ry^iz).  (2) 


From  (1)  and  (2)  the  concluaion  follows. 

The  following  properties  will  be  called  the  '*conditk>na  ^  for  /(z)  with 
respect  to  \  and  n" : 

I.  /(z)  is  bounded  on  the  finite  part  of  I,  where  I  starts  from  a  fixed 
point  r,  passes  through  the  origin  and  extends  to  infinity. 

II.  X  and  n  are  two  quantities,  real  or  complex,  and  R(jt)  >  0. 

If  R(X)  >  0,/(z)  is  continuous  on  I,  except  possibly  at  a  finite  number 
of  points  on  any  finite  arc  of  f.  For  other  values  of  X,  /(z)  is  anal}rtic  on 
I  except  possibly  at  infinity. 

III.  a  and  b  are  two  fixed  points  on  1. 

If  A(X)  2;  0,  or  if  X  is  a  negative  integer,  or  if  RiX)  <  0  and  /(a)  - 
/'(o)  -  ...  -  “  0,  7  being  the  least  integer  greater  than  or 

equal  to  aero  such  that  R(X)  -j-y  >  0,  then  a  and  b  may  be  an}rwhere  on  1. 
Otherwise,  a  is  at  r  or  between  the  origin  and  r  on  f,  and  b  is  neither 
at  nor  between  a  and  r  on  1. 

Theorem  2.  Let  the  conditione  it  be  zatizfied  for  fit)  with  reepect  to  X 
and  n,  t 

tf 

lim  .  A,  o  conatant, 

l.l— 

where  Rip)  ^  0,  then 


lim 


I  rO>.fi) 
rO*  +  p  -f- 1) 


For,  with  this  hypothesis,  conditions  ii  are  satisfied  for  Z>~^(f.)/(z) 
with  respect  to  p  for  the  p-integration  Applying  therefore 

Theorem  1  to  D~^ilm)fiz),  we  obtain 
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lim  r(.^i) 

i.i—  ru  +  (I  + 1) 

Theorem  3.  Lei  conditione  he  eatiefied  for  f{t)  wUh  reepect  to  X. 

If 

lim  m  A,  a  constant, 

I.I— 

where  Rip)  >  R{X)  +  y  —  1,  then,  for  any  fixed  point  bon  I, 

i.l-»-  *' 

Proof.  For  |  z  |  >  |  z*  | , 

D-HUfit)  - 

-  0(f»+>- »)  + 

-  +  ^»(0/U). 


The  conclusion  follows  immediately. 

Theorem  4.  Let  conditions  4*1  he  satisfied  for  f(z)  with  respect  to  X 
and  —X. 

Let  f(a)  —  /'(a)  »  • . .  —  /‘■’^‘’(a)  —  0,  except  that  /‘''^**(a)  need  not  6e 
zero  if  \  is  a  negative  integer. 

If 


to 


ii,  a  constant, 


where  Rip)  0,  tAen 


A  rO>-H) 
r(s  -  X  +  1) 

along  1  os  | z  | 

For,  putting  b  ~  a  and  m  ~  —X  in  Theorem  2,  we  get 


lim 

I.I— 


D>^iU)D-Hk)fit) 


.  rip  +  1)  . 

^  r(a  -  X  +  1)  ’ 


and  under  the  conditions  of  the  hypothesis,* 


D^iDD-^Dfit)  -  /(z). 
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3.  SUMMABILITY  OF  SERIES 

The  results,  which  we  have  obtained  here,  lead  to  a  method  of  summing 
series. 

Let  w\,  wt,  •  •  •  te.,  •  •  •  be  a  set  of  points  in  the  te-plane,  taken  in  this 
order  on  a  simple  curve  L,  which  passes  through  the  origin.  Let  us 
call  the  direction  of  L,  as  defined  by  this  order  of  points,  the  positive 
direction  of  L,  and  the  opposite  direction  we  shall  call  the  negative 
direction  of  L.  If  the  variable  point  w  moves  along  L  from  a  given 
point  z  in  the  positive  direction,  we  shall  call  the  arc  traversed  by  it, 
excepting  z,  the  positive  side  of  z  on  L.  The  other  arc  of  L,  excepting  z, 
which  would  be  traversed  by  to  when  moving  from  z  along  L  in  the 
negative  direction,  will  be  called  the  negative  side  of  z  on  L. 

Consider  the  series 

Wi  +  u*  +  • .  •  +  u,  +  . . .  «  , 

where 


Ui,  Uj,  .  •  •  u„  • .  • 


are  finite  and  independent  of  to  and  z.  Let  n,  be  that  value  of  n  for 
which  tr„4i  lies  on  the  positive  side  of  the  point  z  on  L,  and  to.  lies  on 
the  negative  side  of  z  on  L  or  at  z.  Suppose  that  the  sum  of  the  first 
n,  terms  of  the  series  is  Fit).  If  the  series  converges  to  a  sum  S,  we 
have  by  Theorem  1,  for  all  values  of  X  such  that  A(X)  >  0,  and  for  any 
fixed  point  a  on  L, 


r(x  +  1). 


lim. 

UI-*** 


D-^iLJFjt) 

z* 


S, 


where  z  moves  along  L  in  the  positive  direction.  Hence  we  can  give  the 
following  definition  :‘1 

If 


r(x  +  1). 


lim. 

1*1— 


D-HL.)Fit) 

z* 


T, 


a  finite  number,  where  z  moves  along  L  in  the  positive  direction,  and  A(X)  > 
0,  then  we  shall  say  that  the  series 

tti  +  u*  -1-  •  •  •  +  u,  4-  • . .  * 


is  summable  (X,  L.)  to  sum  T. 


'*  The  method  of  summation  of  Riesi  is  included  in  the  method  given  here. 
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From  Theorem  2  we  obtain, 

Theorem  5.  If  a  aeriea  is  gumnuMe  (X,  L.),  then  it  is  sutnmable  (X  + 
L.)  to  the  same  sum  for  all  values  of  u  such  that  R{ft)  >  0. 

From  Theorem  3  we  have, 

Theorem  6.  If  a  series  is  summable  (X,  L,),  then  it  is  summable  (X,  Li) 
to  the  same  sum. 


4.  SUMMABILITY  OF  INTEGRALS 

We  can  also  deduce  from  our  results  a  method  of  summing  integrals. 
The  integrals  which  can  be  summed  by  this  method  may  be  fractional. 

Let  L  be  a  simple  curve  starting  from  a  fixed  point  in  the  z-plane, 
passing  through  the  origin  and  extending  to  infinity. 

C/onsider  the  integral 


Fit)  -  D-iLr)fit), 


where  c  is  a  fixed  point  on  L,  and  Fit)  is  continuous  on  any  arc  of  L 
extending  to  infinity,  which  contains  the  origin  and  an  arbitrary  fixed 
point  a. 

If  lim.  Fit)  exists  as  a  finite  number  S,  then  we  have  by  Theorem  1, 
I  f  i-M* 

for  all  values  of  X  such  that  A(X)  >  0, 


r(x  +  1). 


lim. 

I*!-*** 


D-HL.)Fit) 


S. 


We  can  therefore  give  the  following  definition: 

If 


r(x  +  1). 


lim. 


iy-HU)Fit) 


T, 


a  finite  number,  where  Ri\)  >  0,  then  we  shall  say  that  the  infinite  integral 
Fi*)  is  summable  (X,  L.)  to  sum  T. 

Theorem  2  gives  us: 

Theorem  7.  If  an  integral  is  summable  (X,  L,),  then  it  is  summable 
(X  -{-  Ml  L.)  to  the  same  sum  for  all  values  of  m  such  that  Rifi)  >  0. 
Theorem  3  gives  us: 

Theorem  8.  If  an  integral  is  summable  (X,  Li),  then  it  is  summable 
(X,  Ijh)  to  the  same  sum. 


ON  ENTIRE  FUNCTIONS  WITH  GAPS 

Bt  Hbnut  Malin 

1.  This  paper  will  be  devoted  to  the  proof  of  the  following  three 
theorems: 

Theorem  1.  Let 

fit)  -  S  a«*^" 

be  an  entire  function,  and  let  the  X.’s  be  a  set  of  integere  arranged  in  increae- 
ing  order. 

X,+i  —  X«  — ♦  «c . 

Then  fit)  hoe  in  every  angle,  the  same  order  and  the  same  type  cts  in  the 
entire  plane. 

Theorem  2.  Ld 

fit)  -  ^  aj^o 

be  an  entire  function  of  infinite  order.  Let  the  set  {X.}  be  defined  as  in 
Theorem  1.  Then  every  line  from  the  origin  is  a  line  of  Julia. 

Ritt'  has  defined  the  notion  of  order  as  applied  to  an  entire  function 
/(«)  which  is  represented  by  an  everywhere  absolutely  convergent 
Diriehlet  series.  Order  is  by  definition  the 

lim  I  (  —  «r)“‘  log  log  M/(<r)  j , 

where  M /(o)  is  the  least  upper  bound  of  |/(*)  |  on  the  vertical  line  with 
abscissae  o.  Ritt  has  shown  that  if  /(«)  ■«  ^7  is  an  everywhere 

absolutely  convergent  series,  the  order  of  /(«)  is  p  when  and  only  when 

lim  I  (X,  log  X»)"'  log  I  a,  I  j  «  -  - . 

»-M.  P 

Hitt’s  result  has  as  an  immediate  consequence,  that  the  order  of  the 
integral  of  /(«)  is  the  same  as  the  order  of  /(«). 

'  Ritt,  On  Certain  Point*  in  the  Theory  of  Diriehlet  Series,  American  Journal 
of  Mathematics,  Vol.  50,  p.  77,  1028. 
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The  concluding  theorem  can  now  be  stated. 
Theorem  3.  Let 


/(«)  -  S 

11*0 

be  an  entire  everywhere  (absolutely)  covergent  Diriehlet  series.  Let  the 
Xa’s  be  a  sequence  of  increasing  numbers.  Let 

Xi*4.l  “  X»  ►  • 

Then,  the  order  of  f(s)  in  any  strip,  no  matter  how  small,  is  the  same  as  in 
the  entire  plane. 

2.  In  order  to  prove  Theorems  1  and  3,  the  following  lenuna,  which 
is  a  slight  modification  of  a  theorem  due  to  Wiener,*  will  be  found  useful. 

Lemma  1.  Let  P(9)  »  be  a  trigonometrical  polynomial. 

Let  the  Xa’s  be  arranged  in  increasing  order.  Let 

X»+i  —  X«  ^  L . 

Then 

Js  P  —  a  Jm 

where  p  —  a  ••  — . 

L 

From 

0,  I  u  1  >  L , 

it  follows  immediately  that 

sm*  j  " 

Hence 


*  N.  Wiener,  A  CIsm  of  Gap  Iheorema,  Pisa  Annali,  Ser.  2,  vol.  2,  1934,  p.  367. 
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and  in  general 

(2.02) 

Again,  by  (2.02),  if  A  >  ^» 

[*  \Pie)\*d$^  ir*A  f:|o.|*. 

J-A  0 

Thus 

.-i/jmi-d.+2/;^^;i 

M 


Thus  by  (2.01) 


-^r 

A’J^. 

*2'’2i«-i’/* 


dx 

2* 


2.01) 

£  1  m  i*’-^  <«  6  [t  -  t]  2 1  »• 

A  -  Then 


Now  let  A  *  ^ .  Then 

li 


(2.03) 


X’ 

f 


(2.04) 


L 

t  r  t  r  •  f 

L  L 

s£i;i«.r 

,  it  followH  that 

1j 

'  j'’  \  Pit)  \'d» 


*  16ir» 


3f^ 


dx 
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This  proves  the  lemma.  Also, 

(2.05)  / '  I  P{9)  \*de^  A  Pie)  I*  de . 

J»  y«+* 

3.  Proof  of  Theorem  1. 

Let  the  order  of  fit)  be  p.  Then 

I /W I 

for  all  <. 

Suppose  that  the  order  of  fit)  in  the  angle  a  ^  9  ^  /9  is  less  than  p; 
that  is  if  a  ^  9  ^  /3 

(3.00)  \fit)  1  ^  for  I  «  I  >  /e, 

where  /f  is  a  sufficiently  large  number. 

By  (2.04) 

(3.01)  j'  I  /(re*»)  1*  d9  ^  '  I  /(re»)  j*  de . 

This  result  holds  only  for  angles  where 


Let  it  be  noticed,  however,  that  if  we  subtract  an  appropriate  poly¬ 
nomial  from  fit),  we  can  make  the  gaps  between  the  remaining  succes¬ 
sive  X,'s  large  as  we  please.  And  thus  —  a  may  be  taken  as  small  as 
we  please. 

By  (3.01) 

(3.02)  16ir*e*'*''’*  ^  I  I* 

Consider  now 

FiZ)  -  no  d^ 

“  /  +  *  /+«  re<ff(re^)  d9 , 

t 

where  Z  is  an  arbitrary  point  in  the  plane. 

Using  the  Schwars  inequality  and  (3.02) 
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I  F(Z)  I  ^  f +  I  |/("‘ 

+  rv^  (jr*'|/(re-) 

(3.03)  ^  r‘/*  (^  +  j[ '  e'^rfry'*  -H  r\/S  el*l'^ 

^  r'/*  +  re*^yi'  +  8ir*r 

^  r*e^ 


4 


It  is  well  known  that  the  integral  of  an  entire  function  is  itself  an 
entire  function  and  has  the  same  order  as  the  original  function.  Hence 
(3.03)  contradicts  the  fact  that  /(«)  is  of  order  p. 

The  same  argument  will  carry  the  proof  through  for  type  and  the 
theorem  is  proved. 

Proof  of  Theorem  3. 

liet  the  order  of  f(a  4-  it)  in  the  strip  6  <  f  <  a  be  less  than  p.  Then 
|/(<f  +  t<)  I  <  h<t<a,  a<-ao. 

(>)nsider  now 

F(<r  +  if)  «  /  /(<r  -f  tO  ds;  «  «  <r  -|-  lY ,  «i  «  <ri  +  ifi , 

J*t 

“  y  f(<r+ ifi)  + y  » 

where  «i,  «  are  two  arbitrary  points  in  the  strip 
By  the  Schwars  inequality 


I  F(<r  +  t’O  I  ^  I  0-1  -  <r  I*/* 


<r  -{-  lYi) 


(3.04) 


-f-  const. 


a: 


I  /U  +  it) 


^  I  <r,  -  <r  I  +  const. 

^  I  <r  I 


for  ff  <  —  ffo  • 
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Now  let  be  an  arbitrary  vertical  line.  Let  M{a)  be  the  maximum 
modulus  on  the  v-line.  Let  be  an  ordinate  for  which  |  f(a  -|-  it,)  |  ^  . 

Consider  the  strip  S:  t,  —  °  <  I  <  L  -}=  • 

In  S  we  have 


By  (2.05),  we  have 

f  *  l/(<r  +  it)  rdt^A  |/(ff  +  lO  I*  dt 

Also 

M(<r) 

Hence 

|F(«r  +  »<)|  for  <  <  <  t,  +  . 

Or 

f  ‘\.l  I  +  it)  \'dt  ^  . 

Jt*—r 

And  another  application  of  (2.05)  yields 

r  I  #■(.  +  «)!*<« 

which  contradicts  (3.04)  and  thus  the  theorem  is  proved.  We  have 
used  here  again  the  remark  made  in  Theorem  1,  vis.,  an  appropriate 
polynomial  may  be  neglected  in  lemma  1  in  order  to  make  the  strip 
as  small  as  necessary. 
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Bieberbach  bax  shown  that  if  an  entire  function  has  infinite  order 
along  any  line  L,  then  L  is  a  line  of  Julia.  Theorem  1  holds  for  entire 
function.^  of  infinite  order.  Combining  Theorem  1  with  Bieberbaoh’s 
theorem,  there  results  Theorem  2. 

4.  Polya*  has  shown  that  an  entire  function  of  coefficient  density 
zero  has  in  all  angles,  the  same  order  and  the  same  type  as  in  the  entire 
plane.  Thus  it  is  seen  that  Theorem  1  is  not  the  most  general  of  its 
kind. 

Mandelbrojt  and  Gergen,*  in  a  generalization  to  Dirichlet  series  of  a 
theorem  of  Polya’s'  have  proved  Theorem  3.  Their  methods  are  more 
difficult  than  ours:  it  is  necessary  for  them  to  use  the  concept  of  normal 
families  and  to  introduce  entire  functions  to  prove  the  theorem. 

*G.  Polya,  Lucken  und  Singularitaten  von  Potenireihen,  Math.  Zeitsch., 
1928-29,  vol.  29,  pp.  549-840. 

*  8.  Mandelbrojt  and  J.  J.  Gergen,  Functions  de&ned  by  a  Dirichlet  Series, 
American  Journal  of  Mathematics,  vol.  53,  1931,  pp.  1-14. 

*  This  theorem  states  that  an  entire  function  of  infinite  order,  with  coefficient 
density  tero,  has  all  lines  as  lines  of  Julia.  It  is  thus  a  more  general  theorem 
than  Theorem  2. 


EXISTENCE  THEOREM  ON  IMPLICIT  VECTOR  FUNCTIONS 
Bt  I.  M.  HosTcrncB* 

For  thofle  who  consider  a  vector  primarily  as  a  function  of  two  or  more 
scalar  variables  varying  independently,  vector  analysis  is  but  a  short¬ 
hand  and  there  is  no  need  for  establishing  existence  theorems  in  the 
foundations  of  the  subject,  the  existence  theorems  of  scalar  analysis  suffic¬ 
ing.  Recognition  of  a  vector  as  an  entity  possessing  properties  other 
than  magnitude  immediately  necessitates  such  proofs.  One  of  the  first 
to  recognize  this  was  E.  Cunningham*  who  laid  the  foundations  for  such 
an  attempt  in  1912.  Although  this  point  of  view  has  been  adopted  by 
many  writers*  on  vector  analysis  little  has  since  been  done  in  the  way 
of  building  up  from  the  beginning  a  calculus  of  vectors  as  functions 
of  one  or  more  vector  variables.  We  will  here  consider  the  funda¬ 
mental  theorem  on  the  existence  of  a  solution  for  any  one  of  the  vector 
variables  r<  of  the  vector  equation 

F(ri,  n,  • .  •  ,  r«,  Ti,  T,,  . . .  ,  T,)  -  0  , 

where  F  is  a  vector  function  of  the  vector  variables  r<  and  the  scalar 
variables  r^.  The  theorems  on  the  existence  of  a  solution  for  a  system 
of  scalar  equations  of  vector  and  scalar  variables  and  of  a  set  of  scalar 
equations  of  scalar  variables  follows  immediately  as  a  consequence  of 
this  theorem.  For  a  history  of  the  development  of  the  proof  of  the 
implicit  function  theorem  for  scalar  variables  the  reader  is  referred  to  the 
Enq/clopadie  der  Mathematischen  WiMenacha/ten*  and  for  the  various 
methods  of  proof  to  the  very  excellent  treatise  of  Prof.  Bliss.*  Before 
stating  the  theorem  a  brief  description  of  the  notation  to  be  use<l  is 
necessary. 

'  Department  of  Mathematics,  University  of  Washington. 

*  Theory  of  functions  of  a  real  variable,  London  M.  S.  Prnc.  12,  pp.  133-155. 

*  The  following  papers  will  be  found  interesting  from  this  viewpoint:  G.  Y. 
Rainich,  Tensor  analysis  without  coordinates,  Nat.  Acad.  Proc.  9,  (1923),  pp. 
179-183,  also  American  Journal  46,  (1924),  pp.  71-94;  H.  T.  Flint,  A  generalist 
vector  analysis  of  four  dimensions,  Ixmdon  R.  S.  Proc.  (A)  103,  (1923),  pp.  644-663. 

*  II  B  I,  |44  and  footnote  30. 

*  The  Princeton  Colloquium,  1909,  Fundamental  existence  theorems,  by  Prof. 
Gilbert  Ames  Bliss. 
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To  indicate  vectors  bold-faced  type  will  be  used,  and  for  scalars 
ordinary  type.  The  scalar  product 

Ai  X  A|  •  •  •  •  A»  ■  { •  •  •  ((Ai  X  A*  •  A»)  •  A«— J  •  A*.}  •  •  •  •  Ai}  •  Ai 

will  be  indicated  by  [A|At  •  •  •  A.],  the  cross  product  Ai  X  At  being 
interpreted  as  a  scalar  in  2-space,  a  vector  in  S-space,  and  a  skew  sym¬ 
metric  polyadic  of  order  n  —  2  in  n-space,  defined  by 

At  X  At  >  e  ...  in  •  •  •  a<»  1  A,  1  1  At  I  sin  (A,,  At)  ,• 

(i.  -  1,  . . .  ,  n  -  2) 

where  (Ai,  At)  is  the  euclidean  angle  between  Ai  and  At  and  a<,  are  unit 
vectors  such  that 

ai^  •  a,,,,  ■■  I  •  Ai  *  0  ,  *  At  **  0  , 

and  e  has  whichever  of  the  two  values  1  or  —  1  is  necessary  to  make 

[AiAfAn  •  •  •  A^At]  »  c(AiAt  •  •  •  A,) . 

Kxtending  Gibbs’  definition  of  the  thinP  of  a  dyadic  to  n-space,  we 
define  the  nth  of  a  dyadic  ♦  by 

4>„  «  I . . .  ((^  4>  1 4>)  1 4]  t  4>  • .  •  )  1 4>/n  !  (a  total  of  n  4>’s) 

where  the  double  dot  and  the  double  cross  indicate  that,  after  expansion 
of  the  product  of  the  dyadic  factors  according  to  the  distributive  law, 
the  resulting  terms  containing  double  dot  and  double  cross  products 
are  to  be  expanded  and  interpreted  in  the  same  nmnner  as  the  double 

II 

dot  product  in  the  scalar  product  above.  If  ♦  »  a,b<,  on  expanding 

% 

it  follows  at  once  that 

I 

-  (ti**  ••••«]  [bib,  •  •  •  b,] . 

Let  r«  be  any  real  vector  in  n-space  and  represent  by  (V,,F)«  the  nth 
of  the  partial  dyadic  derivative  VrJP  of  the  vector  function  F. 

Then,  any  vector  equation  F(ri,  r,,  •  •  •  ,  r«,  ti,  t*,  « •  •  ,  t,)  —  0  in  the 
m  vector  variables  fi,  •  •  •  ,  r,,,  and  the  p  scalar  variables  r,,  •  •  •  ,  r,,  may 
be  solved  for  any  one  of  the  vector  variables  r<  in  terms  of  the  remaining 
variables, 

*  The  symbols  •i,., .  ..i„  and  here  employed  have  the  usual  significance  of  the 
tensor  analysis,  a  repeated  index  indicating  summation  on  that  index. 

^  Gibhs-Wilson,  Vector  Analysis,  p.  311. 
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•  G(ri,  Tf,  •  •  •  ,  r i— If  Ti^lf  •  •  •  f  fni  T|,  Tj,  •  •  •  j  T^)  t 

provided  that  there  exiate  a  set  of  values 

(fi)*,  (ri)i,  •  •  •  ,  (r«)o,  (Ti)t,  •  •  •  ,  (t,)»  , 

which  satisfy  the  equation;  that  the  function  F  is  continuous  and  possesses 
continuous  first  derivatives  in  the  neighborhood  of  the  values 

(n)i»  ‘ ‘  f  (r»)of  »  (^»)*  » 

and,  finally,  that  (V^F),  ^  0  for 

r.  -  (r.). ,  T0  -  (r,), ,  (a  -  1,  . . .  ,  m,  /3  -  1,  . .  •  f  p) . 
The  solution  G  thus  attained  is  unique,  satisfies  the  condition 

(fi)*  “  ■ ' "  >  (r»— i)o»  (r»+i)*»  *  •  *  f  •  •  •  »  (^p)ol  I 

is  continuous  in  the  variables  r.,  (a  ^  t),  rt,  and  possesses  continuous 
derivatives  V,,G,  (o  ^  »),  dG/drf. 

Before  proceeding  with  the  proof  we  will  hnst  develop  a  mean  value 
theorem  for  vector  variables  which  will  be  useful  in  the  sequel.  Let 
F(r)  be  a  vector  function  of  the  position  vector  r  which  is  continuous  and 
possesses  a  dyadic  derivative  VF  at  all  points  of  a  region  R;  and  let  s 
measure  the  arc  length  along  the  vector  a  joining  the  current  point  r  to 
the  point  r  +  a  and  lying  in  R.  Then,  designating  the  modulus  of  a 
by  o, 

I  dF/ds  I  ds  . 

Applying  the  law  of  the  mean  to  the  right  member, 

(1)  I  F(r  +  a)  -  F(r)  |  ^  a  |  (d/ds)F(r  +  tfa)  1  ,  0  ^  ^  1 . 

But 

a  I  (d/ds)Y{T  +  tfa)  1  -  I  a  •  VF(r  +  tfa)  | . 

Therefore 

(2)  F(r  +  a)-F(r)-  |  a .  VF(r  +  Oa)  |  q  , 

where  q  is  a  vector  function  of  r  whose  modulus  is  less  than  or  equal  to 
unity.  When  a  approaches  aero,  the  vector  q  approaches  a  unit  vector 
in  the  direction  of  the  tangent  at  F(r)  to  the  curve  swept  out  by  the 
terminus  of  F  in  the  vector  diagram.  For,  placing  a  »  oai 
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Lim.  q 


Um  (y(r  -t-  *)  -  F(r)l/«  dV/d$  ^ 

•  -♦0  I  *i  •  vF(r  +  tfa)  I  T  I  dF/d$  |  "  da  ’ 


where  a  is  the  arc  length  along  any  curve  by  which  F(r  +  a)  approaches 
F(r). 

For  simplicity,  the  proof  of  the  principal  theorem  will  be  carried  out 
fur  F  a  function  of  two  vector  variables,  r  and  s,  and  a  single  scalar 
variable  t.  The  extension  of  the  proof  to  functions  of  more  variables 
will  be  obvious.  Suppose,  for  definiteness,  that  we  wish  to  solve  for  r 
and  that  (^rF).  ^  0  for  all  values  of  r,  s,  and  r  which  lie  in  a  region 


(3)  /f:  a- |r-ro|  SX,  /5  -  1  a  -  to  |  ^  X  ,  1  r  -  t,  |  ^  X  . 


Let  B  and  t  take  on  any  value  satisfying  (3)  and  let  r  —  r(«)  be  any 
curv’e  of  class  C  in  R  such  that 


(4)  t.  VJ  F  I  0  for  rj  F  I  0  , 

where  t  —  drlds.  Such  a  curve,  which  we  will  call  a  transverse  curve, 
intersects  each  of  the  level  hyper-surfaces  |  F(r,  t,  t)  |  «  const.,  and  to 
each  value  of  s  there  exists  a  unique  level  hyper-surface,  |  F(r,  t,  r)  |  »  c, 
where  c  is  given  by  |  F(r(«),  t,  t)  |  —  c.  Since  (V^F),  #  0,  it  can  be 
shown  that  along  any  transverse  curve  the  vector  function  F  is  properly 
monotonic.  If  F(r,  a,  r)  vanishes  at  a  point  ft,  in  R  for  any  fixed 
values  of  a  and  r  other  than  Bo  and  u  and  satisfying  (3),  then  there 
exists  but  one  such  point.  For  if  a  transverse  curve  be  drawn  between 
Ti,  and  any  other  point  for  which  F  vanishes,  then  |  F  j  would  either 
remain  equal  to  zero  or  reach  a  maximum  on  this  curve  and  (V,F)« 
would  vanish. 

Since  F  is  continuous  the  quantity  X  can  be  so  selected  that 
,  F(r,  a,  t)  -*F(ro,  a,  t)  , 

where  k  is  positive,  for  all  values  of  r,  a,  and  t  in  ft  unless  F  vanishes 
in  ft. 

Applying  (2)  to  the  identity 

F(r,  a,  t)  -  (F(r,  a,  r)  -  F(ro,  a,  r))  +  (F(ro,  a,  r)  -  F(r.,  Bo,  r)l 

+  (F(ro,  Bo,  t)  -  F(ro,  Bo,  T.))  , 

we  have 


(5)  F(r,  a,  t)  -  q,  1  a .  V^(r  -|-  fli  a,  a,  r)  1  -H  qi  1  b  •  V^(ro,  a  +  fl,b,  t)  1 
+  q»  I  (t  -  To)  id/dr)  F(ro,  Bo,  T  -f  tf|(T  —  To)l  I  «  0  , 
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where  qi,  qt,  qi,  are  vector  quantities  whose  moduli,  ibi,  kt,  k^,  are  each 
less  than  or,  equal  to  unity,  and 

a^r  —  res«atai,  b«a  — 

at  and  bi  being  unit  vectors  in  the  direction  of  a  and  b. 

We  can  find  positive  numbers  M  and  m  such  that 

l;i  I  ai  •  V,F  I  >  Af  ,  A*  1  bi  •  VJP  |  <  m  »  kt\  9F/  dr\  <  m  , 

for  all  values  of  r,  a,  and  r  satisfying  (3).  Now  designate  by  c  a  positive 
number  less  than  X  and  by  the  smaller  of  X  and  M«/4m,  and  assign  to 
8  and  r  definite  values  which  satisfy 

(6)  1  8  -  8o  1  <  n  ,  1  T  -  To  I  <  n  • 

We  seek  the  roots  of  (6)  wherein  F  is  regarded  as  a  function  of  r,  for 
a  ^ 

Evidently  we  can  express  F  in  the  form 

F(r,  8,  t)  -  Q(r,  8,  t)  -f  F(ro,  8,  r) , 

where 

Q(r,  8,  t)  -  F(r,  8,  t)  -  F(ro,  8,  t)  -  fci  aai  •  , 

and  where,  owing  to  the  manner  in  which  ri  was  selected 
0  ^  I  F(r,,  8,  t)  I  <  2vii . 

Since  V,Q  V,F  we  have  (V^Q)*  ^  0,  and  1  Q  |  must  increase  from 
lero  to  a  value  greater  than  4tjM  as  a  increases  from  zero  to  *,  irrespective 
of  the  direction  of  ai;  i.e.,  the  level  hyper-surfaces  1  Q  1  —  const,  com¬ 
pletely  surround  To.  It  is  possible  to  draw  an  arc  y,  extending  from  ro 
to  the  boundary  of  A  or  to  a  zero  of  F  if  one  occurs  for  a  ^  c,  which  is 
transverse  to  both  sets  of  level  surfaces,  1  F  1  »  const,  and  |  Q  |  »  const., 
such  that,  proceeding  along  y  from  ro,  |  F  |  will  constantly  decrease  and 
I  Q  [will  constantly  increase.  For,  such  an  arc  must  satisfy  only  the 
conditions 

(7)  t .  Vj  F  I  <  0  ,  t .  V,  1  Q  I  >  0,  To  -  r(«o) , 

where  the  arc  length  «  is  so  taken  as  to  increase  with  I  Q  |.  Now 
V  I  P  I  *  VP  •  Pi,  where  P  is  any  vector  and  Pi  is  a  unit  vector  in  the 
direction  of  P.  By  means  of  this  relation  the  conditions  (7)  become 
equivalent  to  the  conditions 

t .  V,F(r,  8,  t)  •  F(r,  8,  r)  <  0  , 


t  •  V^(r,  8,  t)  •  F(ro,  8,  t)  <  0  , 
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and  the  direction  t  of  7  can  alwayH  be  choeen  to  satisfy  these  conditions 
since  F(r,  a,  r)  ^  —kF(T$,  »,  r).  As  r  proceeds  along  7  in  the  direction 
of  increasing  «,  |  Q  |  must  finally  reach  and  then  exceed  |  F(ro,  »,  r)  | 
for  a  ^  Moreover,  when  |  Q  j  «  |  F(ro,  ■,  t)  |,  F(r,  t,  t)  must  vanish. 
For,  let  us  suppose  that  F(r,  i,  r)  does  not  vanish;  then,  since  F(r,  f,  r) 
is  monotonic,  |  F(r,  a,  r)  |  must  remain  less  than  |  F(r«,  a,  r)  |  in  any 
interval  on  7  in  which  F(r,  a,  r)  does  not  vanish,  and  the  maximum  value 
of  I  Q  I  for  a  ^  c  will  be  less  than  2  |  F(re,  a,  r)  |  which  in  turn  is  less 
than 

It  is  therefore  clear  that  the  equation  F(r,  a,  r)  >1  0  may  be  solved 
(theoretically)  for  r  in  terms  of  a  and  r, 

r  -  G(a,  t)  , 

in  the  neighborhood  |  r  —  fo  |  ^  «,  |  a  —  ao  |  <  1;,  |  r  —  ro  |  <  n>  of  the 
values  r»,  ao,  r#,  and  that  r  approaches  ro  as  a  and  r  approach  ao  and  rn. 
respectively.  The  function  G  is  continuous  for  a  »  ao,  r  >  r*  since 
I  r  —  To  I  <  X,  and  likewise  for  any  value  ai,  and  n,  of  a  and  r  satisfying 
the  inequalities  (6),  since  we  have 

lr-ro|<X,  |a-ao|<X,  |t-t,  I<X. 

Let  T  be  fixed  at  the  value  to,  then  we  have  with  the  aid  of  (5)  after 
multiplying  by  ti  and  qi  e  and  solving  for  a/^ 

«  _  f  .  qi*<hl  bt»V.F(r»  a  -}-  r)  |  a, 

^“la-aol*  q?|a,.V,F(r  +  fl,a,  a,  t)| 

As  q„  q,,  bi*VaF,  and  ai*VrF  are  continuous,  and  (VrF),  and  qi  do  not 
vanish,  the  ratio  a//9  approaches  a  limit  as  0  approaches  aero,  i.e.,  as  a 
approaches  ao)  furthe/,  r  approaches  ro  as  a  approaches  ao.  In  the  limit 

(8)  —  »  T^pT,  |t»V,F|t  _  tpV,FpT|t 

d<r  “  |t«V,F|  “  |t*VrF| 

where  9  is  the  arc  length  along  the  curve  by  which  a  approaches  ao, 
t  is  the  unit  tangent  to  that  curve  for  a  ao,  t  is  the  corresponding  unit 
tangent  to  the  curve  by  which  r  approaches  ro,  and  Ti  and  Ts  are  unit 
vectors  in  the  directions  of  t*V,F  and  of  t»V,F,  respectively.  The  de¬ 
rivative  dr/d<r  thus  exists  and,  as 

3r/d<r  ■«  9a/0<r«V,r  *  t»V,G, 

the  derivative  V,G  also  exists  and,  since  the  denominator  of  (8)  cannot 
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vanish,  it  is  continuous.  Similarly,  it  may  be  shown  that  the  derivative 
dG/dr  exists  and  is  continuous,  and  the  theorem  is  proved.  The  ex¬ 
tension  of  the  proof  to  functions  of  several  vector  and  scalar  variables 
follows  at  once. 

The  general  theorem  for  scalar  functions  of  vector  and  scalar  variables 
may  be  stated: 

Any  n  scalar  equations  in  m  vector  and  p  scalar  variables 
(9)  ^•(ri,  Ttf  •  •  •,  Tmt  Tl,  Tj,  •  •  •  ,  «  0,  (a  K  1,  2,  •  •  •  ,  1>), 

may  be  solved  for  any  vector  r<  in  terms  of  the  remaining  variables, 

Ti  ^  G i(r i»  •  ’ '  f  r <_i,  r i^-i,  •  •  •  ,  Tmt  T\t  ’  ‘  ‘  I  T p)t 

provided  there  exists  values  (r,)o,  (fi  »  1, 2,  •  •  •  ,  m,  y  »  1,2,  •  •  •  ,p), 
which  satisfy  the  above  equations;  that  the  functions  are  continuous  and 
possess  corUinuotts  partial  derivatives  d^./dr,,  in  the  neighborhood 

of  (rfi)o,  (ry)t,  and  finally  that  the  scalar  product 

...  0 

for  Tfi  as  (r^)o,  Ty  ~  (r,)e.  The  solution  so  obtained  is  unique,  satisfies  the 
condition  (r  ,■)#  *  •  •  •  » <— i)o,  (r<+i)9,  •  •  •  ,  (rii«)o,  (ri)o,  . .  •  ,  (rj)o) 

is  continuous  in  the  variables  Tg,  ty,’  (fi  ^  i),  and  possesses  derivatives 
V,^G„  dGi/dTy,  (fi  9*  i),  continuous  for  tf  -  (r^)*,  t,  -  (t,),. 

This  theorem  follows  immediately  from  the  theorem  on  vector 
functions;  for  if  we  multiply  the  functions  by  the  independent  vectors 
a.  respectively,  we  have 

22  -  F(ri,  . .  •  ,  r„  Ti,  . . .  ,  r,) . 

a 

Differentiating  with  respect  to  r<  and  then  taking  the  nth  of  both 
members,  we  obtain 

(Vr<^,  (a,a,  . . .  aj  -  (V,^P)«. 

(V,P),  thus  vanishes  only  with  V,.^  . . .  Further,  the  de¬ 

rivatives  Vf^F,  dV/dTy  will  exist  and  be  continuous  in  the  neighborhood 
of  the  set  of  values  (rfl)o,  (t,)«.  The  conditions  of  the  theorem  on  vector 
functions  are  then  satisfied  and  the  theorem  is  proved. 

The  theorem  concerning  the  solution  of  the  set  of  scalar  functions  of 
scalar  variables, 

f.ixi,  X|,  . . .  ,  Xn,  yi,  Fi,  •  •  •  ,  F«)  -  0,  (a  «  1,  2,  ...  ,  n). 
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follows  at  once,  for  if  we  conader  the  z’b  as  components  of  a  vector  r 
resolved  along  a  set  of  mutually  orthogonal  axes,  the  system  immediately 

becomes  equivalent  to  the  set  (9),  and  the  Jacobian  j(— - to 

\ii»  ’  *  *  » ^■/ 

the  scalar  product  [V,^i  The  resultant  solution  for  r  may 

then  be  resolved  into  the  n  scalar  equations  solved  for  the  z’s. 
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MINIMAL  SURFACES  OF  GENERAL  TOPOLOGICAL 
STRUCTURE  WITH  ANY  FINITE  NUMBER  OF 
ASSIGNED  BOUNDARIES* 

Bt  Jbssi  Douglas 

1.  Introduction.  During  the  years  1926-1929  the  author  developed 
a  complete  solution  of  the  problem  of  Plateau,  the  methods  and  results 
of  which  were  presented  to  the  American  Mathematical  Society  at 
various  meetings  during  those  years,  and  published  in  the  form  of 
abstracts  in  the  Bulletin  of  the  American  Mathematical  Society.  One 
of  these  abstracts  was  the  following,  entitled  A  general  formxdation  of 
the  problem  of  Plateau*  (Italics  in  the  original  text.) 

“In  this  paper  methods  are  developed  for  treating  the  problem  of 
Plateau  in  the  following  general  formulation.  Given  k  conlourt  in 
n-dimeneional  euclidean  space.  To  determine  a  minimal  surface  bounded 
by  the  k  contours  (and  with  no  other  boundaries)  and  having  a  prescribed 
topological  structure,  that  is,  genus  and  two-sidedness  or  one-sidedness. 
The  minimal  surface  is,  further,  to  be  represented  as  a  conformal  image 
of  a  canonical  configuration  of  the  same  topological  structure.  The  ca¬ 
nonical  configuration  may  always  be  represented  as  a  region  bounded  by 
circles;  we  consider  all  possible  ways  of  representing  the  contours  as 
topological  images  of  these  circles: 

Xi  -  ,  Xi  -  g^'iKe),  . . .  ,  x«  -  g^i^\e) . 

The  problem  is  then  reduced  to  the  minimisation  of  a  certain  func¬ 
tional  A(g^^\  g^*\  •••  ,  generalising  A{g)  of  the  previous  paper. 
The  expression  for  this  functional  involves,  in  the  place  of  the  trigono¬ 
metric  functions  occurring  in  A(g),  those  functions  which  belong  to  a 
Riemann  surface  of  the  topological  structure  prescribed  for  the  required 
minimal  surface.  For  instance,  for  a  minimal  surface  bounded  by  two 
given  contours  and  to  be  represented  conformally  on  a  circular  ring, 
the  expression  for  A{g^^\  g^*^)  involves  elliptic  functions,  having  periods 
2ir,  2py/—  1,  where  p  denotes  the  logarithm  of  the  ratio  of  the  radii  of 

*  Presented  to  the  American  Mathematical  Society,  April  27,  1936.  Abstract 
in  Bull.  Amer.  Math.  Soc.,  v.  42. 

*  Presented  by  title  at  the  New  York  meeting,  October,  1929.  Published  in 
Bull.  Amer.  Math.  Soe.,  v.  36  (1930),  p.  fiO. 
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the  circular  ring.  The  existence  of  the  reqwred  minimal  surface  de¬ 
pends  on  the  existence  of  a  real  root  for  a  certain  definite  equation  in  p. 
These  ideas  extend  to  the  general  case,  where  the  moduli  of  Riemann 
intervene  in  place  of  the  parameter  p.” 

(The  phrase  "Aig)  of  the  previous  paper”  refers  to  the  functional 


A{g) 


4r 


4  sin* 


9  — 

~~T' 


d9  dtp  f 


by  means  of  which  the  author  obtained  a  complete  solution  of  the 
Plateau  problem  for  a  simply-connected  minimal  surface  with  a  given 
bounding  curve.) 

This  was  the  first  time  that  the  Plateau  problem,  or,  as  far  as  the 
author  knows,  any  calculus  of  variations  problem,  was  stated  with 
regard  to  topological  generality  of  the  extremal  surface  or  for  any  finite 
number  of  contours. 

In  1031,  I  published  a  paper  entitled  The  problem  of  Plateau  for  two 
contours,*  in  which  I  gave  the  sufficient  condition 

m(ri.  Ft)  <  m(ri)  -b  m(ri) 

for  the  existence  of  a  doubly-connected  minimal  surface  bounded  by 
two  Jordan  curves  Fi,  Ft,  not  mutually  intersecting,  and  such  that 
each  is  capable  of  bounding  a  surface  of  finite  area:  m(Fi,  Ft)  is  finite. 
»»(Fi,  F|)  is  the  lower  bound  of  the  functional  A(gt,  gt)  q)  or 
mentioned  in  the  abstract;  while  m(Fi),  m(Ft)  are  the  lower  bounds  of 
A  (g)  for  Fi,  Ft  respectively. 

In  case  m(Ft,  Ft)  ->  -|-°°>  I  established  the  sufficient  condition 
'  .  «  (Fi,  Ft)  >  0  , 

where 

i  (Fi,  Ft)  -  lim  sup  {m(Fi')  +  m(Fi)  -  m(F,',  F^)) 

as  F(,  Ft  with  m(F{,  F^)  finite,  approach  Fi,  Ft  in  all  the  possible 
ways. 

Although  the  title  specified  “Two  contours,”  the  formulas  of  that 
paper  were  developed  for  any  finite  number  of  contours^  and  the  general 
topological  structure  of  the  minimal  surface  described  in  the  abstract. 

*  Tbit  Journal,  v.  10  (1031),  pp.  315-360. 

*  Loe.  eit.,  p.  324. 
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EIxactly  two  things  are  necessary  to  extend  the  work  of  “Two  contours’* 
so  as  to  afford  a  solution  the  general  case. 

(1)  The  identity  Qoc.  cit.,  p.  344) 

IT*  P(t,  w)  P(f,  u>)  -  -  P(t,  f)  |r*  Z,(*,  ic)  -f  f*  w)) 

+  *  f  |Z(*,  w)  Pr(x,  f)  4-  Z(f,  w)  P,(x,  f)| 

+  i  9  P(*,  f ) 

dq 

must  be  generalised. 

(2)  The  special  variation  (loc.  cit.,  p.  344) 

r'  -  I  -I-  Xs*  Z(s,  w) 

must  be  generalised ;  and  there  will  be  the  new  difficulty,  for  genus  >  1 
of  the  related  Riemann  surface,  that  the  generalised  variation  must  be 
proved  a  possible  one. 

The  results  of  this  generalisation  were  recently  published  by  the 
author  in  the  paper  Some  new  reattUs  in  the  problem  of  Plateau*  The 
present  work  goes  on  to  give  details  and  proofs.  We  shall  refer  f'^ly 
to  the  paper  just  mentioned,  under  the  designation  “New  results,"  and 
also  to  the  paper  “Two  contours’* — to  such  an  extent  that  the  reader 
should  lie  well  acquainted  with  these  papers  in  order  to  follow  the 
present  one.  We  may  also  mention  our  paper  Onesided  minimal  $ur- 
faeee  unth  a  given  boundary*  which  belongs  in  the  present  series  of 
publications,  as  well  as  the  original  paper  Solution  of  the  problem  of 
Plateau.’’ 

(In  order  to  avoid  many  footnotes,  we  cite  here  the  following  two 
standing  references.  For  algebraic  geometry,  Severi-Ltiffler,  Vorlea- 
ungen  iiber  algebraieche  Oeometrie,  Leipsig  and  Berlin,  1021.  For  theta 
functions,  H.  F.  Baker,  Abel’ a  theorem  and  the  allied  theory  including  the 
theory  of  theta  functiona,  Cambridge  University  Press,  1897 ;  especially 
chapter  X.) 

*  Communicated  to  the  National  Academy  of  Sciences,  July  1, 1035,  for  pubiica* 
tion  in  its  Proceedings;  withdrawn  July  12,  1935,  because  the  length  of  the  manu¬ 
script  exceeded  the  limit  of  the  equivalent  of  six  printed  pages;  presented  hy 
title  to  the  American  Academy  of  Arts  and  Sciences,  Boston,  .Mass.,  Nov.  13, 
1935,  see  Froe.  Amer.  Acad.,  v.  71;  published  in  the  preceding  number  of  this 
Journal,  v.  15,  no.  1  (Feb.,  1936),  pp.  55-64. 

*  Trana.  Amer.  Math.  Soe.,  v.  34  (1932),  pp.  731-756. 

^  Trane.  Amer.  Math.  Soe.,  v.  33  (1931),  pp.  263-321. 
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2.  General  bounding  cunres.  Before  proceeding  to  our  main  pur¬ 
pose,  we  state  here  a  fourth  theorem,  supplementing  the  three  given 
in  “New  results."  This  theorem  refers  to  boundaries  fi,  ff,  •  •  •  ,  f*  in 
the  form  of  completely  general  Jordan  curves — where,  then,  usually: 

m,(f|,  f,,  . . .  ,  f*)  -  -I-  oo  , 

which  implies  that  the  given  curves  cannot  bound  any  surface  of  finite 
area. 

Theorem  IV.  A  sufficient  condition  that  k  given  Jordan  curves 
fi  f|,  •  •  •  ,  ft  not  mutually  intersecting,  be  the  boundaries  of  a  two-sided 
minimal  surface  with  (necessarily  even)  Betti  number  r,  is  that  it  be 
possible  to  approach  to  f i,  ft,  •  •  •  ,  f *  with  a  sequence  of  contour-systems 
Ti,  Ft,  •  >  •  ,  r*  stuJi  that  mr(ri.  Ft,  *  •  •  ,  Ft)  is  always  finite,  and  where 
he  system  of  (essentially  non-negative)  quantities 

m,.(F;,  f;,  . . .  ,  fI)  -f  mMfi  F?,  •  •  •  ,  F'/)  -  m,(F„  F,,  •  •  •  ,  Ft)  , 

>nr_t(Fi,  Ft,  •  •  •  ,  Ft)  —  m,(Fi,  Ft,  •  •  •  ,  Ft) , 

formed  for  ail  partitions: 

(F.,  Ft,  . .  •  ,  Ft)  -  (fI,  f;,  . . .  ,  r[)  (fV,  fV,  . . .  ,  F'/)  , 

r  -  r'  -f  r"  (r',  r"  even)  , 
shall  remain  >  <  >  0. 

This  is  to  say  that  the  superior  limit  of  the  least  of  the  above  quanti¬ 
ties  shall  be  positive. 

A  similar  statement  applies  to  one-sided  minimal  surfaces,  with  the 
preceding  system  of  quantities  replaced  by  the  following: 

m,.(F(,  Fi,  . . .  ,  Fi)  -I-  Mr'iTi,  fV,  . . .  ,  F'/)  -  tR,(F„  Ft,  •  •  •  ,  Ft)  , 

mr'(r[,  Fi,  . . .  ,  ?[)•-{■  m,»(FV,  F't',  . . .  ,  F'/)  -  f»,(F„  Ft,  •  •  •  ,  Ft)  , 

ffir-lCFl,  Ft,  •  •  •  ,  Ft)  —  »fir(Fl,  Ft,  •  •  •  ,  Ft)  , 

*nr-i(Fi,  Ft,  •  •  •  ,  Ft)  —  »^(Fi,  Ft,  •  •  •  ,  Ft)  . 

The  second  and  fourth  are  employed,  respectively,  only  for  r"  even 
and  r  odd. 

We  reserve  the  proof  of  theorem  IV  for  another  publication. 

3.  Formulas.  The  Green's  function  relative  to  the  point  w  of  half 
a  symmetric  Riemann  surface  9t,  of  any  finite  genus  p,  has  the  form 
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(1) 


G(x,  w)  «  9}  log 


S(z,  w) 


Si(i,  ®)  ’ 

when*  O  denotes  the  conjugate  point  to  tr.  Explicitly,  we  have 

«(»(*,  u>);i0,ia;r) 


(2) 


0(z,  v)  «  9{  log 


where  8  denotes  the  function  of  Uf,  t,*  (j,  k 
the  infinite  series 


8iv(z,  »);  i  ft  Ja;  r)  ’ 

1,  2,  • . .  ,  p)  defined  by 


e(u;  J  ft  i  o;  r)  -  2  exp  (2ti  u,(n,  +  i  Oj) 

(3) 

+  iw  T,*(n,  -1-  4  o;)  (n*  +  J  a*)  +  iV  ft(ny  -1-  j  a,))  . 

The  summation  convention  is  employed  for  the  indices  j,  k,  and  2 
denotes  a  multiple  summation  as  Hi,  nt,  •  •  •  ,  n,  range  over  all  integers 
from  —  ao  to  -|-  00 . 

i  \  a,  called  the  charaderiatic  of  the  9-function,  is  supposed  to  con¬ 
sist  of  2p  half-integers  |  ft,  ^  a,,  usually  0  or  We  require 

(3')  ft*  »  ftai  /9iat 

to  be  odd  {odd  charaderistic). 

V  (z,  vo)  denotes  the  system  of  p  normal  integrals  pf  the  first  kind, 
from  the  lower  limit  w  to  the  upper  limit  z:  p,  (z,  w)  ^  Py(z)  —  Py(u7). 

Formula  (2)  recites  that  G{z,  w)  is  the  real  part  of  the  nomal  integral 
of  the  third  kind  for  the  symmetric  Riemann  surface,  with  logarithmic 
singularities  at  w  and  0. 

This  gives  by  “Two  contours”*  the  following  formula  for  the  func¬ 
tional  A{g',  n),  where  yi  denotes  the  3p  —  3  moduli  of  Riemann,  or 

A{g;R). 

(4)  A(o;R)  •  ^  X;  (®y(z)  -  log  9(p(z,  f);  t)  dz  df  . 

z,  f  vary  independently  over  the  boundary  C  —  Ci  -f  C»  -1-  •  •  •  -f  C* 
of  R',  one  of  the  symmetric  halves  of  R.  Although  complex  quantities 
occur  in  the  expression  (4),  the  value  of  A(ig;  R)  is  always  positive 
real — for  one  reason,  on  account  of  the  symmetry  of  the  Riemann 
surface — for  another,  because  A{g',  R)  is  equal  to  half  the  sum  of  the 
Dirichlet  integrals  of  the  harmonic  functions  on  R’  which  have  the 
values  Qiiz)  on  its  boundary  C. 


*  Loc.  eit.,  formulas  (2.18),  (2.15). 
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An  equivalent  expreiaion  is* 

Mr,  -  s  /  /  ,?,  W')  - 

vMt,  f);  r)  »J(*)  rl(f)  dzd(  , 

where  is  a  generalisation  of  the  elliptic  function  ip  of  Weierstrass: 


(5) 


(6) 


r)  -  - 


d»  log  »(u;  t) 


dUk 

We  shall  also  need  the  generalisation  of  the  elliptic  function  f: 


(7) 


The  harmonic  functions 


(8)  *. (t-  1,2, 

determined  on  the  semi  Rienuum  surface  R*  by  the  boundary  values 
on  C: 

(»)  xt  -  giit)  , 

are  expressed  by  the  formula 

(10)  Fiito)  -  — .  /  gM  ^  log  0(9(1,  tc);  t)  d*  -f  ci , 

n  j,  ox 

where  the  are  constants  to  be  properly  determined.  An  equivalent 
form  of  (10)  is 

(11)  FM  -  — •  /  ff<(*)  fM*,  w);  r)v'f(x)  dx  +  ct. 

Wt  J§ 

0 

By  permissible  differentiation  under  the  integral  sign,  we  get 

(12)  F[(w)  -  — .  /  qi(t)  P/i(9(x,  w);  r)  v](x)  sl(tc)  dx  . 

j. 

From  this,  we  obtain 

z:  Kk«)  -^fft  l».w  -  ».(r)l* 

(13)  2»*y.  y.  <-i 

Pii(9(x,  tc);  t)  pim(o(t,  w);  r)  v,(x)  s*(f)  sl(w)  »i(u>)  dx  df  . 


*  Throughout  this  paper,  the  summation  convention  as  to  repeated  indices 
will  be  used  for  j,  k,  I,  m,  which  range  from  1  to  p.  The  range  of  the  index  t  is 
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ThAt  the  minimum  of  A(g',  R)  is  atUuned  for  a  proper  representation 

(14)  Xi  -  gM  (a  -  1,  2,  • . .  ,  *) 

of  r  (locus  of  (xi))  on  C  (locus  of  x),  and  for  a  non-degenerate  Riemann 
surface  R,  follows,  as  many  times  before  in  the  author’s  previous  papers, 
by  the  theory  of  lower  semi-continuous  functioiuds  on  compact  closed 
sets.  The  minimum  is  in  comparison  with  all  symmetric  Riemann 
surfaces  R,  one  of  the  conjugate  halves  of  which,  R\  is  topologically 
equivalent  to  the  required  mininud  surface;  and  for  all  topological 
representations  of  the  ensemble  of  given  contours 

r  -  r,  -H  r,  -I- . . .  -h  r* 

on  the  ensemble  of  boundary  curves  of  /?':  C  ~  Ci  -f  C«  -)-  •  •  •  -f-  C*. 
That  improper  or  degenerate  forms  of  topological  representation  cannot 
produce  a  minimum  can  be  shown  as  in  “Two  contours,”  and  the 
possibility  of  degeneration  of  the  Riemann  surface  R  is  avoided  by  the 
inequalities  postulated  in  the  statements  of  theorems  I  and  II  of  “New 
results” — that  is  the  purpose  of  those  inequalities. 

It  is  the  vanishing  of  the  first  variation  of  A(ji;  R): 

iAig;R)  -  0 

for  the  minimising  g  and  R,  With  regard  to  any  variation  of  the  para¬ 
metric  representation  g  of  F,  or  of  the  Riemann  surface  R,  that  will 
give  us  the  condition 

^  Fi*(w)  -  0 , 
i-i 

characteristic  of  a  minimal  surface. 

4.  Variation  of  tiis  representation  {g;R).  As  in  our  previous  papers, 
we  use  a  property  arranged  special  variation  of  the  Riemann  surface 
R  and  the  representation  g  of  F.  The  one  that  will  serve  our  pur¬ 
pose  is 

(16)  aey(s)  -  -  \vj(w)t(x,  ic)  -  -  XrJ(ii>)pI(ic)f*(p(f,  te);  t)  , 

where  X  is  a  parameter  sufficiently  small  in  absolute  value.  I(t,  w)  is 
Riemann’s  notation  for  the  normal  integral  of  the  second  kind  with 
pole  at  w. 


from  1  to  n,  the  number  of  dimensioni  of  the  euclidean  space  which  contains  the 
liven  contours.  Besides  i  the  index,  t  «  —I  will  occur  frequently,  without 
possibility  of  confusion. 
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Since  the  periods  of  i(z,  w)  are  lero  with  respect  to  the  6rst  system  of 
circuits,  and  —  2irtCt(to)  with  respect  to  the  second  system,  we  have 
for  the  variation  of  the  periods  of  the  integrals  of  the  first  kind: 

(16)  «  2rtXv)(tc)Pt(tr). 

Now,  the  variation  (15)  is,  itself,  not  permissible  at  all,  since  it  does 
not  preserve  the  curves  of  transition  C  of  the  Riemann  surface  R  (or 
the  real  branches  of  the  corresponding  algebraic  curve).  But  it  can 
be  expressed  as  a  linear  combination  of  variations  which  preserve  the 
symmetry  of  R,  together  with  its  curves  of  transition— and  the  latter, 
if  X  is  small  enough  absolutely,  in  a  one-one  continuous  way;  a  condi¬ 
tion  entirely  necessary,  since  the  minimum  of  A  (g;  R)  u  with  respect 
to  topological  representations  of  T  on  the  curves  of  transition  of  a  sym¬ 
metric  Riemann  surface. 

These  permissible  variations  are 


(170 

(17'0 


ip,(g)  «  X  «>)  -1-  P) 

sp,(t)  «  X  g) 


where  X  is  a  real  parameter  with  |  X  |  <  «,  a  properly  chosen  positive 
number.  On  the  curves  of  transition,  z  ~  2,  so  that  the  fractions 
represent  respectively  the  slim  divided  by  2,  and  the  difference  divided 
by  2i,  of  two  conjugate  complex  quantities;  these  fractions  are  there¬ 
fore  real  quantities.  Consequently,  the  variations  (170,  (17'0  pre¬ 
serve  the  reality  of  py(z) ;  accordingly  they  kwp  the  curves  of  transition. 
They  do  this  in  a  one-one  continuous  way  if  X  is  sufficiently  small  in 
absolute  value.  For  if  X  i-  0,  these  variations  reduce  to  the  identity, 
where  the  rate  of  mqtion  of  the  transformed  point  with  respect  to  the 
original  one  is  unity;  how,  for  X  near  enough  to  lero,  this  rate  stays 
close  enough  to  unity  to  be  positive — which  means  that  we  have  a 
monotonic  continuous,  or  a  one-one  continuous,  transformation. 

The  formal  variation  (15)  is  a  linear  combination  with  coefficients  1, 

1  of  the  actual  variations  (17'),  (17").  Hence  the  formal  variation 
produced  in  A{g\  R)  by  (15)  must  be  the  same  linear  combination  of 
the  actual  variations  produced  by  (17'),  (17"): 

(18)  hAis)  R)  -  R)  -b  iy'Mg;  R) , 

2  referring  to  (15),  4'  to  (17'),  2"  to  (17"). 
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Well,  the  point  is,  as  we  shall  prove  at  some  length,  that 

(19)  iA(g;R)  -  X-J  E  I 

^  « -I 

so  that  i'A{g\  R)  and  i”A(g\  R)  are,  except  for  an  inessential  factor, 

n 

the  real  and  imaginary  components  respectively  of  E 
since,  as  actual  variations, 

(20)  S'AigiR)~0,  y'A(g;  R)  •  0 , 
we  shall  have 

(21)  E  -  0  , 

« -1 

the  condition  for  a  minimal  surface. 

Conversely,  if  the  variation  (15)  of  the  Riemann  surface  R  can  be 
proved  possible,  the  variations  (17')»  (17")  will  be  possible,  as  linear 
combinations  of  (15)  formed  for  tr  and  its  conjugate  W. 

For  p  >  1,  a  serious  difficulty  is  to  prove  the  possibility  of  the 
simultaneous  variation  (15)  of  the  p  normal  integrals  of  the  first  kind. 
Essentially  equivalent  to  this  is  the  possibility  of  varying  the  periods  r,* 
according  to  (16).  The  number  of  these  periods  is  }  p(p  1),  and 
there  only  3p  —  3  arbitrary  moduli  at  our  disposal;  now,  if  p  >  3,  then 

(22)  i  p(p  +  1)  >  3p  -  3  . 

This  being  the  case,  proof  is  required  that  the  variations  (15)  and  (16) 
are  possible  by  proper  variation  of  the  Riemann  surface. 

We  shall  prove  the  possibility  of  (15),  from  which  that  of  (16)  follows 
immediately  by  a  circuit  of  the  second  system. 

We  employ  the  Clebsch-LUroth  canonical  form  of  the  Riemann  sur¬ 
face.  Let  w  denote  any  branch-point,  which  will  be  varied,  while  the 
other  branch-points  are  kept  fixed.  Our  problem  is  to  determine  the 
effect  on  p/(s)  of  this  variation  of  a  single  branch-point. 

We  proceed  in  an  entirely  qualitative  way.  The  characteristic  prop¬ 
erty  of  the  integrals  of  the  first  kind  is  that  they  can  be  prolonged 
indefinitely  without  coming  to  any  singularity;  that  is,  any  branch  of 
v/(z)  can  be  expressed  in  the  vicinity  of  any  place  on  the  Riemann 
surface  as  a  convergent  power  series  in  the  local  uniformixing  variable. 
This  will  be  I  a  s  —  a  for  a  finite  place  o  not  a  branch-point,  t  -  y/t  —  w 
for  the  branch-point  tc,  I  »  V's  —  tc'  for  a  branch-point  w’  tr,  and 

I  —  -  for  *  —  00 . 

t 
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Thus,  about  the  place  c  »  a,  we  have 

(23)  »/(*)  -  Vi(0)  +  pj(0)<  +  ...  , 
the  argument  0  referring  to  t  ~  0.  Consequently, 

(24)  _  9Vf(0)  dv\(Q)  j  _ 
dir  dtc  dtr 

((  does  not  depend  on  ir) — which  is  regular  about  the  {dace  a. 

About  the  branch-point  tr'  >  ir,  or  about  z  —  « ,  the  same  applies, 
for  t  does  not  depend  on  ir.  But  about  the  branch-point  ir  itself — 
the  one  that  is  being  varied — we  have  t  «  \/z  —  ir  so  that 


dt  1  1 


Therefore,  about  this  place, 

that  is,  at  the  branch-point  ir  there  is  a  pole  of  the  first  order  with 
residue  —  }  v)(ir),  where  the  differentiation  is  with  respect  to  the  local 
uniformiiing  variable. 

Hence  dr/(z)/dir  is  a  function  prolongable  indefinitely  on  the  Rie- 
mann  surface,  with  its  only  singularity  a  pole  of  the  first  order  at  ir. 
Therefore  dPy(<)/dir  is  an  integral  of  the  second  kind.  Its  periods  with 
respect  to  the  first  system  of  circuits  are  all  sero,  since  those  of  r/(z) 
are  constantly  equal  to  the  Kronecker  symbols  during  the  variation 
of  ir.  This  makes  Bv/(i)/dw  proportional  to  the  normal  integral  of  the 
second  kind  with  pole  at  ir,  denoted  by  l(t,  tr) ;  and  on  account  of  the 
above  value  of  the  residue  of  ir,  we  have  exactly: 

<*«)  -j. ;(«.)((«,»). 

Thus  the  possibility  of  the  variation  (15)  is  proved  in  case  ir  is  a 
branch-point.  The  value  of  z  is  kept  fixed;  that  is,  the  varied  curve 
is  set  into  correspondence  with  the  fixed  one,  essentially,  by  intersection 
with  straight  lines  parallel  to  the  tangent  at  ir.  More  generally — and 
for  the  vicinity  of  tr,  more  exactly — the  correspondence  is  by  inter- 


(25) 


a«>y(«) 

dtr 
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section  with  a  family  of  curves,  one  through  each  point  P  of  the  initial 
curve,  and  whose  tangent  at  P  is  parallel  to  the  tangent  at  w  of  the 
initial  curve.  For  instance,  a  family  of  parabolas  may  be  used,  whose 
latus  rectum  varies  regularly  with  P  and  reduces  to  lero  when  P  coin¬ 
cides  with  10. 

A  branch-point  of  an  algebraic  curve  is  merely  one  where  the  tangent 
line  is  parallel  to  the  y-axis;  and  the  tangent  at  any  point  10  of  the 
curve  can  be  made  parallel  to  the  y-axis  by  rotation  of  axes,  a  bira- 
tional  transformation,  which  changes  nothing  essential.  Briefly,  a 
branch-point  in  algebraic  geixnetry  is  not  intrinsically  different  from 
any  other  point  on  the  curve — so  that  the  variation  (16)  is  thus  proved 
possible  for  a  general  point  w  on  the  Riemann  surface.  The  trans¬ 
formation  that  will  produce  (15)  is,  explicitly,  TVT~^,  where  T  is  the 
transformation  of  axes  that  makes  10  a  branch-point,  and  V  is  the  dis¬ 
placement  of  this  branch-point. 

5.  Variation  of  A{g‘,  R).  We  have  to  perform  the  variations  (15), 
(16)  on  the  expression  (5)  for  A(jg;  R),  which  we  repeat  here: 

(27)  A(g;R)  -  ^  ^  (y/z)  -  y<(f))*  pM*,  f))  dv,(z)  dvuiC) , 

where  to  abbreviate,  we  shall  hereafter  leave  implicit  the  dependence 
on  r  of  9,  f  and  p. 

On  the  elements  of  this  integral  the  effect  of  the  variation  is  as  follows: 
**>»(•(«.  rt)  -  Pm  f))  |M(»)  - 

,  ^  ^  f))  f»(a(*,  «)) 

(28)  I 

+  PaMt,  f))  0l(t0)  vi(w)  tc)) 

+  2«  .;(«.) 

where 

(»') 

evidently  p/u  is  symmetric  in  j,  k,  1. 

(29)  4dr;(z)  -  dary(z)  -  Xp',(u))vi(w)  pim(v(t,  w))  vl(t)  dz  . 

(30)  idvkiC)  -  d«e*(f)  -  X0l(t0)0l(i0)  jpj«(p(f,  10))  viO;)  df  . 
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By  the  product  rule  of  differentiation: 
f))  dviit)  dp*(f)] 

(31)  -  dviiz)  dvtiC)  ip/Mz,  r))  +  fMz,  D)  dp*(f)  6  dvfiz) 

+  fMh  0)  dvi(z)  6dvt(()  . 

From  this,  by  application  of  (28),  (29),  (30)  with  change  of  summation 
indices  to  simplify  the  resulting  expression,  we  get 

ilfik(p(z,  f))  dviiz)  d»*(f)] 

-  x||py«(»(«,  f))  [-  f«(p(s,  tr))  +  i’»(»(f,  tc))l 
(31')  ^ 

+  Pu(p(z,  {•))  Pim(v(z,  w))  +  p^iv(z,  f))  pu(v(t,  w)) 

+  2ir»  pj(*)  p'(f)  pj(«,)  „j^(u,)  dz  df  . 

Referring  back  to  (27),  we  therefore  have  the  formula 
a^(g;  ft)  »  X  •  ^  jf  ^  XI  Igiiz)  -  ^<(f))» 

,  ,  Wiu(v(z,  f))  (-  f,(»(*,  tc))  +  f«(p(f,  i®))l 

(32)  I 

+  Pu(v(z,  f))  Pimiviz,  iv))  +  Pim(p(z,  f))  pu(p(C,  u>)) 

-I-  2n  pj(2)  p'(f)  pj(tp)  p'(t|,)  dz  di  . 

6.  The  identity.  Well,  this  expression  simplifies  remarkably,  for 
tee  have  the  identity 

|f>,*i(p(*,  f))  [-  tmiviz,  to))  +  f,(i>(f,  u>))) 

+  j?w(p(x,  t))Pim(p(z,  tv))  +  Py«(»(z,  f))§f)«(»(r,  tr)) 

(33) 

+  2Tt-  ^ p',(z)p:(t)p'Mp:(ip) 

*  j?/i(»(x,  tr))jp*«(r(f,  w))pj(z)  vi(r)v',(w)v^(tp), 

which  is  proved  in  the  next  section. 

We  consider  this  identity — which,  as  far  as  we  know,  is  new — to  be 
one  of  the  most  important  by-products  of  our  work.  It  subsists  for 
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any  Riemann  surface  whatever  of  finite  genus  (algebraic  curve),  and 
has  interest  and  value  quite  apart  from  any  connection  with  the  Plateau 
problem,  of  which  it  is  entirely  independent. 

Assuming  then  the  formula  (33),  in  anticipation  of  its  proof  in  §7, 
and  applying  it  to  (32),  we  get,  finally: 

iA(s;R)  -  6'Aig;R)  +  i^AiniR) 

[gtiz)  -  j<(f)I*  tc))  |?*-.(t>(f,  uO) 

v](z)  vi(C)  p'litp)  t>«(u>)  dz  d{- . 
But,  according  to  (13),  this  is  to  say  that 

(35)  SA(0;  R)  -  S'A(g;  R)  +  .  6”A(g;  R)~xlt,  F'^w)  . 

^1-1 

Consequently,  on  account  of  the  vanishing  of  6* A  {g;  R)  and  6” A  (g;  R), 
we  have 

(36)  Fl*(w)  -  0  . 

1-1 

In  sum,  if  the  S3r8tem  g;‘R  minimizes  Aig;  R),  then  the  surface 

(37)  -  9?  Fiiw) 

determined  by  the  formula  (11)  is  minimal,  w  ranges  over  one  of  the 
symmetric  halves,  R',  of  R,  so  that  this  minimal  surface  has  the  topo¬ 
logical  structure  of  R\  It  is  bounded  by  the  given  contours  in  their 
parametric  representation 

(38)  Xi  -  giiz) , 

since  these  are  the  values  on  the  boundaries  of  R'  of  the  harmonic 
functions  (37). 

Remarks  on  the  identity  (33).  Our  task  in  connection  with  the  iden¬ 
tity  (33)  was  this.  We  had  the  second  member  of  this  identity  as  the 

H 

kernel  of  the  expression  (13)  for  ^  ^<*(tc)  as  a  double  integral.  We 

•  - 1 

had  (1)  to  discover  the  first  member;  (2)  prove  its  equality  to  the 
second;  (3)  then  discover  a  variation  of  ffy(z)  and  ry*  that  would  produce 
this  first  member  as  the  kernel  of  the  integral  expression  for  SA(jg;  R); 
(4)  then  prove,  by  giving  an  explicit  construction  of  this  variation,  that 
its  real  and  imaginary  parts  could  actually  be  performed  on  a  s}rm- 
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metric  Riemann  mirface,  accompanied  by  a  topological  transformation 
of  the  curves  of  transition — that  is,  on  a  real  algebraic  curve,  accom¬ 
panied  by  topological  transformation  of  the  real  branches. 

As  a  guide,  we  had  the  identity  of  “Two  contours”  reproduced  toward 
the  beginning  of  this  paper,  but  this  was  much  less  help  than  might  be 
supposed.  Broadly  speaking,  it  was  like  generalising  a  geometric  result 
from  only  one  dimension  to  n  dimensions — and,  of  course,  the  problem 
first  had  to  be  looked  at  in  this  way.  In  “Two  contours,”  the  basic 
Riemann  surface  consists  of  the  two  faces  of  a  circular  ring,  or  is  a  torus, 
with  genus  *■  1 ;  so  that  the  two-contour  case  is  really  the  case  1  of  the 
Plateau  problem,  the  one-contour  problem  being  the  case  0. 

The  identity  of  “Two  contours”  is  one  in  elliptic  functions,  and  can 
be  traced  back  to 

(39)  (f(u  -f  r)  -  f(u)  -  f(p)l*  -  f(u  -hv)  +  f(u)  -1-  p(v) , 
together  with  the  partial  differential  equation 


(40) 


du* 


olieyed  by  the  elliptic  ^-functions  of  Jacobi. 

The  identity  (39)  is  on  the  usual  definition  of  f  and  p  in  terms  of  a. 
If  instead  we  use  a  f  and  p  derived  from  9i: 

r(u)  -  „(u)  -  - 

'  du  ’  ^  du*  ’ 

then  the  form  of  the  identity  (39)  is 

(39')  [f(u  -!-»)-  f(M)  -  f(p)J*  -  p(u  -I-  »)  -I-  p(u)  4-  p(v)  +  constant , 

where  the  constant  depends  on  the  periods  of  the  elliptic  functions. 

The  identity  of  “Two  contours”  can  be  obtained  by  applying  d^/dudv 
to  (39'),  and  then  using  (40)  to  simplify  the  result.  The  constant  term 
in  (39')  is  thus  without  final  influence. 


7.  Proof  of  die  identity.  For  the  case  of  a  general  Riemann  surface 
(p  >  1),  we  shall  now  establish  in  place  of  (39')  the  identity: 

(fi(«'(*,  u’))  -  (M*,  f))  -  f»(p(f,  tc))]  (r«(»(*,  w))  -  f«(»(*,  r)) 

^  ^  -  f«(«’(f»  »o))l  eI(M?)  »«(«’) 

(41) 

-  Ip»»(»(*,  «>))  +  pMt,  r))  +  pMc,  ic))] 

Vi  (tv)  vL{v})  -|-  function  (to) 


(observe  that  e(r,  to)  -  v(t,  {")  -|-  p(f,  to)). 
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In  place  of  (40)  we  have  the  relation 


(42) 


yg(u;  r)  _  deju;  t) 

dUi  dUm  dr$m  * 


to  be  seen  immediately  from  the  series  (3)  for  8. 

The  proof  of  (41)  will  be  by  the  theorem  of  Riemann-Roch. 

Consider  each  side  of  (41)  as  a  function  of  z  alone,  f  and  tr  being 
regarded  as  fMirameters. 

Then  |7i.(r(z,  tr)),  |>i«(v(z,  f))  are  uniform  functions  of  z,  while  both 
f’i(v(z,  tr))  and  rKvfz,  f))  have  the  period  0  with  respect  to  all  the  cir¬ 
cuits  of  the  first  system,  and  the  period  —  2vi4i«  with  respect  to  the 
m’th  circuit  of  the  second  system.  It  follows  that  each  bracket  on  the 
left  of  (41)  is  a  uniform  function  on  the  Riemann  surface  of  z. 

Hence  the  difference  between  the  first  and  second  members  of  (41) 
(omitting  the  function  (ir))i8  a  uniform  function  on  the  Riemann  surface; 
and  has  at  most  polar  singularities,  since  these  are  the  only  ones  mani¬ 
fested  by  ipia,  or  fi,  Consequently,  this  difference  is  a  rational  func¬ 
tion',  and  we  proceed  to  prove  that  it  is,  indeed,  a  conttant. 

Using  the  subscripts  l,mto  denote  partial  differentiation  of  0(u)  with 
respect  to  ui,  u«,  we  have,  by  definition : 


(420 


fi- 


9, 

8  ’ 


_  9,  8„ 
du»  ^ 


fif- 


9  ■ 


Accordingly, 


lfi(s(z,  u>))  -  tM*,  f))  -  fi(»(f,  m))1  [f •(»(*,  to))  -  f«(p(z,  f)) 

-  w))]  oi(to)  P«(w) 

-  lPlm(v(o,  w))  -1-  plm(o(z,  f))  ■+■  |»l«(p(f,  w)))  P,'(tl»)  V^(w) 

_  f9ijv(t,  w))  9,m(p(z,  f))  9,m(p(i:,  to)) 

~  \  9(v(z,  w))  9(v(z,  {’))  9(v(i:,  tc)) 


-  8i(p(z,  to))  9m(v(z,  f))  _  »  9,(v(z,  w))  g»(g(f,  w)) 
9(v(z,  w))  9(p(z,  {■))  9(p(t,  w))  9(p(S,  to)) 


+  2 


9i(p(z,  f))  9m(p(f,  to)) 
9(p(z,  f))  9(v(f,  tr)) 


pLM  . 


The  function  9(p(z,  C))  vanishes  to  the  first  order  at  z  t",  and  at 
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exactly  p  —  1  other  points  Oi,  at,  •  •  •  ,  a^i,  which  are  independent* ••  of 
f — 80  that  the  function  ${viz,  w))  vanishes  to  the  first  order  at  z  »  ic 
and  the  same  p  —  1  other  points. 

The  right  member  of  (43)  is  regular,  except  perhaps  where  8{v{z,  f ))  —  0 
or  9{viz,  w))  «  0 — there,  it  may  have  a  pole.  We  shall  prove  that,  in 
fact,  z  m  is  not  a  pole;  and,  by  similar  reasoning,  neither  is  z  w. 

Proof  that  z  »  i;  is  not  a  pole.  Evidently,  it  is  at  most  a  pole  of  first 
order,  and  its  residue  is  found  by  putting  z  —  f  in  the  numerator  and 
in  the  derivative  of  the  denominator  of  each  fraction  in  (43)  whose 
denominator  vanishes  at  z  »  This  gives  for  the  residue: 


^•(0) 


(44) 


»*(0)  r*(f) 


fl*(0)  e*(f) 


+  2  f«(e(f,  w))  — v',(w)  v^(w)  . 

8t(0)  Pt(C) 


'Phe  last  two  terms  mutually  cancel,  differing  only  by  the  interchange 
of  the  summation  indices  I,  m.  This  leaves  only  the  first  term,  which 
is  lero,  because  the  9-function  with  odd  characteristic'*  is  an  odd  func¬ 
tion  of  the  variables  ui;  hence  its  Maclaurin  series  contains  only  odd 
powers  of  u;  consequently,  all  partial  derivatives  of  even  order  vanish 
at  u  «  0;  in  particular,  9{»(0)  0  for  all  I,  m. 

In  sum,  z  n  p  is  a  pole  of  the  first  order  with  residue  equal  to  zero; 
that  is,  it  is  not  a  pole  at  all. 

The  same  argument  applies,  as  stated,  to  z  »  tc. 

It  remains  to  examine  the  places  oi,  ot,  •  •  •  ,  a^i.  A  look  at  the  term 


(45) 


,  9i(g(z,  to))  8m(p(z,  f)) 
,  0(v(z,  w))  9(r(z,  f)) 


V'tito)  PmM 


in  (43)  suggests  that  these  places  might  be  poles  of  the  second  order; 
but  we  now  show  that,  in  fact,  they  are  at  most  poles  of  the  first  order. 

For,  as  remarked  above,  the  function  8(v(z,  w))  vanishes  for  z  *»  Oi 
regardless  of  the  value  of  w  (to  repeat:  the  zeros  of  this  function  other 
than  w  are  independent*  of  w).  That  is,  the  equation 

(46)  9(p(ai,  u?))  -  0 


*  Baker,  loc.  cit.,  p.  262,  (IV). 

••  See  formula  (3')- 
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ia  an  identity  in  tv.  It  may  therefore  be  differentiated  with  respect 
to  w,  giving 

(47)  Ot(i>(ai,  w))  v',(tp)  »  0  . 

It  follows  that  the  constant  term  vanishes  in  the  expansion  of  the 
numerator  of  (45)  in  powers  of  z  —  at,  so  that  this  expansion  begins 
with  z  —  Oi  to  the  first  power,  at  least.  Since  the  expansion  of  the 
denominator  begins  with  (z  —  aO*.  it  follows  that  Oi  is,  at  most,  a  pole 
of  the  first  order. 

The  same  argument  applies  to  at,  a*,  •  •  •  ,  a^t.  Therefore  the  ra¬ 
tional  function  (43)  is  regtilar,  except  perhaps  for  first  order  poles  at 
the  p  —  1  points  at,  Oi,  •  •  •  ,  a^_i. 

Now,  the  theorem  of  Riemann-Roch :  a  rational  function  on  a  Riemann 
surface  of  genus  p  has  poles  of  a  total  order  at  least  p  -f-  1,  unless  the 
function  reduces  to  a  constant. 

(For  elliptic  functions,  this  is  the  well-known  theorem  that  no  non¬ 
constant  elliptic  function  can  have  an  order  less  than  two.) 

According  to  this  theorem,  the  expression  (43)  must  reduce  to  a  con¬ 
stant,  as  to  z;  and  therefore,  by  symmetry,  a  constant  as  to  so  that 
it  is  a  function  of  tv  alone.  This  establishes  the  preliminary  identity  (41). 

Using  (42),  the  formula  (41)  can  be  rewritten,  with  regard  to  (43), 
in  the  form: 


f))  f«(p(f,  tv))  -  f|(»(z,  tv))  fmiviz,  f)) 


(48) 


-  f|(»(z,  tv))  f«.(»(f,  w)) 

2„-  3  log  9ip(z,  f))  3  log  Hvj*,  u>))  ,  2ri  ^ 

d  T/«»  d  Tim  b  Tim 


(the 

If 

(49) 


v'lM  Vm(tv)  —  function  (u>) 

factor  2  has  been  divided  out,  and  the  terms  re-arranged), 
the  reader  will  apply  to  this  the  operator 

dz  dt 


then — with  perhaps  the  reminder  that 

d*  a  log  e(v(z,  f))  _  a»  log  e(v(z,  f)) 
dz  d(  drim  drim  dz  df* 

(60) 
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and  with  poanble  interchange  of  the  summation  indices  I,  m — he  will 
easily  obtain  the  fundamental  identity  (33). 

8.  An  example.  We  conclude  with  an  example  of  a  contour  that 
bounds  a  minimal  surface  of  the  topological  type  of  a  torus  with  one 


perforation.  This  example  was  first  given  in  our  invited  address"  on 
the  problem  of  Plateau  to  the  American  Mathematical  Society  in 
October,  1932. 

"  Published  in  Bui/.  Anur.  Math.  Soc.,  v.  30  (1933),  pp.  227-261,  (but,  to  save 
•pace,  this  example  and  the  accompanying  figures  were  not  included). 
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The  figure  represents  a  contour  ABCDEFGHA,  formed  of  four  almost 
complete  circular  arcs,  two  in  horiiontal  planes  close  together,  the 
other  two  in  vertical  planes  close  together.  If  the  soap-film  experi¬ 
ment  of  Plateau  be  performed  with  this  contour,  a  minimal  surface  will 
be  obtained  in  the  form,  very  nearly,  of  two  catenoidal  ribbons  joined 
together.  This  minimal  surface  is  topologically  equivalent  to  the  shaded 
region  on  the  torus  in  figure  2,  where  we  employ  the  usual  model  in  the 
form  of  a  square  with  opposite  points  on  parallel  sides  regarded  as 
identical.  The  unshaded  region  is  simply-connected,  and  represents  a 
(large)  perforation  in  the  torus. 

If,  for  the  horixontal  circles,  we  use  the  soap-film  consisting  of  two 
circular  discs,  and  join  to  the  catenoidal  strip  determined  by  the  vertical 
circles,  then  we  obtain  a  simply-connected  minimal  surface  bounded  by 
the  same  contour.  Since  the  rdles  of  the  horixontal  and  vertical  circles 
can  be  interchanged,  this  simply-connected  solution  of  the  Plateau  prob¬ 
lem  is  evidently  not  unique.  Obviously  too,  the  film  in  the  form  of 
the  perforated  torus  has  smaller  area  than  the  simply-connected  one. 

The  normal  forms  of  two-dimensional  figures  of  higher  topological 
structure  usually  given  in  text-books  on  topology”  afford  further 
examples. 

CAMBRIOOK,  MASS., 

APRIL,  1036. 

See  R.  v.Ker^kjirUS,  Vorle$ungen  aber  Topologit,  (Berlin,  1923),  p.  153,  fig¬ 
ures  31a,  31b. 


AN  APPLICATION  OF  KINKTIC  THEORY  TO  THE  PROBLEMS 
OF  EVAPORATION  AND  SUBLIMATION  OF  GASES 
HAVING  MORE  THAN  ONE  ATOM  PER  MOLECULE 

Hr  H.  A.  Giddinob  and  P.  D.  Ckout 

1.  Introduction.  From  the  ntandpoint  of  kinetic  theory  a  polya¬ 
tomic  ga.H,  by  which  we  mean  any  gaH  having  more  than  one  atom  per 
molecule,  differs  from  a  monatomic  ga^  in  that  the  molecular  energy 
Ib  made  up  not  only  of  the  trannlatory  energy  of  the  molecules,  but  also 
of  the  rotational  energy,  and  the  energy  of  internal  atomic  motions 
within  the  molecule.  Thus  according  to  classical  theory  if  the  total 
number  of  degrees  of  freedom  of  a  molecule  is/,,  this  being  the  number  of 
coordinates  required  to  fix  the  molecule,  it  follows  from  the  equipartition 
theorem  that  the  mean  kinetic  energy  per  molecule  is  \kTJ,,  where  k 
is  Boltsmaii’s  constant  and  T  the  abs<ilute  temperature.  More  gener¬ 
ally  if  the  number  of  squared  terms  in  the  expression  for  the  energy  of  a 
molecule  is/,  the  total  mean  energy  per  molecule,  kinetic  and  potential, 
is  \kTf}  It  thus  follows  that  the  specific  heat  of  the  gas  at  constant  * 

volume  is  \kf,  a  constant.  Although  many  gases  are  obserx-ed  to  have  » 

specific  heats  corresponding  to/  »  3  (monatomic  gases),/  ■  5  (diatomic 
gas<*s),  and  /  »  6  over  a  considerable  range  of  pressure  and  temperature; 
nevertheless  in  general  the  specific  heats  are  functions  of  temperature 
and  pressure,  which  fact  calls  attention  to  the  insufficiency  of  the  classi¬ 
cal  theory. 

The  defects  of  the  classical  theory  are  remedied  by  the  quantum 
theory,  according  to  which  the  possible  energies  associated  with  the 
mtations  and  the  various  internal  motions  are  limited  to  discrete  sets 
of  values;  and  different  molecules  are  in  different  states  of  excitation. 

It  thus  follows  that  there  is  no  longer  an  equipartition  of  energy  among 
the  various  coonlinates;  and  the  behavior  of  the  specific  heats  no  longer 
appears  abnormal. 

In  a  recent  paper*  the  evaporation  of  monatomic  gases  was  con¬ 
sidered  from  the  standpoint  of  kinetic  theory;  and  the  following  results 
were  obtained : 

'  Jeans,  '‘DynamirsI  Theory  of  Gases”,  p.  80. 

*  Grout,  “An  Application  of  Kinetic  Theory  to  the  Problems  of  Evaporation 
and  Sublimation  of  Monatomic  Gases”,  Journal  of  Matkematiet  and  Phytiet, 
vol.  I.*},  p.  I. 
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a)  An  evaporating  gas  is  not  isotropic  and  homogeneous  in  the  imme¬ 
diate  vicinity  of  the  liquid  surface;  hence  in  this  vicinity  the  words 
"temperature”  and  "pressure”  lose  their  ordinary  significance.  The 
state  of  the  anisotropic  gas  at  the  liquid  surface  may,  however,  be 
expressed  by  means  of  two  temperatures:  a  "longitudinal  temperature” 
in  the  direction  of  evaporation,  and  a  "transverse  temi^erature”  at 
right  angles  in  this  direction. 

b)  As  the  evaporating  gas  moves  away  from  the  liquid  surface  the 
molecules  collide  with  each  other,  so  that  in  the  course  of  several  mean 
free  paths  the  gas  is  again  isotropic;  however,  this  final  state  of  the 
gas  differs  from  that  of  the  stationary  saturated  vapor,  the  pressure, 
density,  temperature,  and  drift  velocity  being  functions  of  the  liquid 
temperature  and  the  rate  of  evaporation.  These  functions  were  de¬ 
rived  and  tabulated. 

c)  As  the  pressure  into  which  the  gas  evaporates  is  lowered,  the  rate 
of  evaporation  and  the  drift  velocity  increase  up  to  a  certain  critical 
point,  at  which  the  gas  in  its  final  isotropic  state  is  moving  with  its 
sound  velocity.  If  the  discharge  pressure  is  reduced  below  the  critical 
value,  the  rate  of  evaporation  and  the  constants  of  the  evaporating 
gas  retain  their  critical  values. 

The  purpose  of  this  paper  is  to  extend  the  methods  used  for  mona¬ 
tomic  gases,  and  thus  to  obtain  similar  results  for  polyatomic  gases. 
The  theory  is  first  developed  retaining  the  classical  concept  of  a  gas 
(/  »  constant);  then  it  is  modified  where  necessary  to  bring  it  into 
accord  with  quantum  conditions.  This  procedure  is  followed  because 
it  is  simpler  and  more  concise  than  would  be  the  case  if  we  were  to 
consider  all  complications  right  from  the  start;  also  we  are  thus  enabled 
to  see  where  the  classical  theory  leads. 

We  shall  .see  that  the  curves  for  the  isotropic  gas  data  given  by  the 
classical  theory  approach  definite  limiting  positions  as  /  varies  from 
five  to  infinity;  thus  in  a  sense  we  obtain  a  set  of  bands  instead  of  a 
set  of  cur>'es,  which  are  applicable  to  all  polyatomic  gases.  This  pic¬ 
ture  is  later  found  to  be  in  accord  with  quantum  conditions,  and  is 
probably  the  l)est  that  can  be  hoped  for  by  way  of  a  single  set  of  data 
which  is  generally  applicable.  Once  we  have  modified  the  classical 
theory  to  take  care  of  the  quantum  conditions,  and  hence  the  pecu¬ 
liarities  of  individual  gases,  it  follows  naturally  that  a  set  of  calculated 
data  will  apply  only  to  a  single  gas.  We  shall  see,  however,  that  if 
we  have  available  sets  of  data  computed  on  the  basis  of  classical  theory 
for  different  values  of  /,  this  data  is  entirely  sufficient  to  solve  problems 
involving  any  gas,  taking  account  of  quantum  conditions. 
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The  oalculstionH  indicated  by  the  formulas  obtained  by  clasaical 
theory  were  carried  out  for  diatomic  gases  (/  ■»  6),  and  the  results  are 
placed  in  the  form  of  tables  and  curves  suitable  for  practical  use.  This 
data  may  be  used  without  modi6cation  in  the  case  of  many  diatomic 
gases. 

The  calculations  required  to  obtain  the  limiting  values  of  the  con¬ 
stants  of  the  isotropic  gas  as  /  — »  ae  were  also  carried  out;  and  the 
results  are  also  given  in  the  form  of  tables  and  curves. 

The  analysis  which  follows  applies  directly  and  without  modifica¬ 
tion  to  the  process  of  sublimation;  thus  if  throughout  this  paper  we 
replace  the  word  “evaporation”  by  “sublimation”,  and  the  word 
“liquid”  by  “solid”,  all  methods  and  results  apply  in  full  to  the  sub¬ 
limation  of  polyatomic  gases. 

Throughout  this  paper  all  units  are  C.  G.  S.,  and  all  temperatures  are 
in  degrees  absolute,  or  Kelvin,  except  where  it  is  expressly  stated 
otherwise. 

The  writers  wish  to  express  their  appreciation  to  Professor  Beattie 
of  the  Department  of  Chemistry  of  the  Massachusetts  Institute  of 
Technology,  whose  comments  resulted  in  this  paper  being  considerably 
more  general  in  scope  than  would  otherwise  have  been  the  case. 

2.  Method  of  Attack.  Fundamental  Aastunptiona.  We  shall  first 
build  up  the  theory  of  evaporation  retaining  the  cUuncal  concept  of  a  gas 
(J  at  con^nt),  which  concept  is  characterised  by  the  equipartition  of 
energy.  This  will  be  done  in  Sections  2-10,  after  which  the  theory  so 
developed  will  be  modified  to  meet  quantum  conditions. 

The  fundamental  assumption  which  is  made  concerning  the  mecha¬ 
nism  of  evaporation  is  that  secondary  emission  is  a  negliblc  factor. 
By  this  we  mean  that  the  velocity  distribution  and  the  internal  energy* 
distribution  of  the  emitted  molecules  are  not  affected  by  those  of  the 
incident,  or  returning  molecules.  Thus  in  particular  the  velocity  dis¬ 
tribution  and  the  internal  energy  distribution  of  the  emitted  molecules 
are  the  same  as  in  the  case  where  the  liquid  is  in  equilibrium  with  its 
saturated  vapor,  in  which  case  the  gas  is  isotropic  and  homogeneous. 
These  distributions  are  thus  the  same  as  those  of  the  molecules  crossing 

*  We  shall  denote  by  “internal  enerfty”  all  energy  except  the  translatory 
energy  of  the  molecules.  The  translatory  energy  will  be  referred  to  as  “external 
energy”. 
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from  one  side  of  any  plane  in  the  saturated  vapor  to  the  other  side. 
The  velocity  distribution  of  the  emitted  molecules  must  thus  \ie* 

dN  —  dudw/tc,  M  ^  0,  (1) 

as  is  shown  in  Section  3.  Here  u,  v,  and  w  are  the  velocity  components 
parallel  to  the  x,  y,  and  z  axes,  respectively,  of  a  set  of  Cartesian 
coordinates  placed  with  the  origin  at  the  liquid  surface  and  the  positive 
X  direction  normal  to  the  surface  outward.  dN  is  the  number  of  mole¬ 
cules  emitted  per  second  per  square  centimeter  whose  centers  of  gravity 
have  u,  v,  and  w  components  of  velocity  l3ring  between  u  and  u  -|-  du, 
V  and  p  -f  dv,  and  w  and  w  ■+■  dw,  respectively;  furthermore 

Ko  »  molecular  density  of  saturated  vapor,  (2) 

m  mass  of  molecule, 

«  temperature  coefficient  in  Maxwellian  velocity  distribution 
of  saturated  vapor.  (Ao  »  3.65*  10.'*  +  absolute  temperature). 
Similarly  the  internal  energy*  distribution  of  the  emitted  molecules 
must  be 


dEi^L^dN,  (3) 

where  dEi  is  the  internal  energy  of  the  dN  emitted  molecules,  and  / 
is  the  total  number  of  degrees  of  freedom  of  the  molecule.*  The  num¬ 
ber  of  internal  degrees  of  freedom  is  thus  /  —  3.  If  (1)  is  substituted 
in  (3),  the  internal  energy  distribution  against  u,  p,  and  w  is  ob¬ 
tained.  It  may  be  noted  that  the  coefficient  of  dN  in  (3)  does  not 
contain  u,  p,  or  tr.  It  is  evident  that  relations  (1)  and  (3)  completely 
specify  the  mechanical  behavior  of  the  liquid. 

*  It  is  assumed  that  the  saturated  vapor  is  sufficiently  rare  so  that  it  may  be 
treated  as  an  ideal  gas.  This  assumption  is  justified  if  we  keep  well  away  from 
that  critical  point  above  which  the  gas  cannot  be  liquefied  by  pressure  alone. 

Eucken,  “Lehrbuch  der  chemischen  Physik”,  p.  230. 

Schaefer,  “Einffihrung  in  die  theoretische  Physik”,  vol.  2,  p.  200. 

The  word  “critical”  as  used  in  this  paper  has  a  meaning  entirely  different 
from  that  which  it  has  in  this  footnote.  Except  where  it  is  expressly  stated 
otherwise,  the  word  “critical”  shall  have  that  meaning  assigned  to  it  in  Section  8. 

*  More  exactly  /  is  the  number  of  squared  terms  in  the  expression  for  the  total 
energy  of  a  molecule;  thus  if  a  particular  degree  of  freedom  gives  rise  to  two 
squared  terms,  then  this  degree  of  freedom  must  be  counted  twice  in  obtaining  /. 
The  relation  (3)  follows  from  the  equipartition  theorem.' 
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We  now  conrader  the  one-dimensional*  problem  of  a  gas  evaporating 
from  a  liquid,  and  adopt  the  following  notation  concerning  gas  flow 
across  a  unit  plane  area  placed  parallel  to  the  liquid  surface  at  a  dis¬ 
tance  X  from  it: 

M'*’  >■  total  mass  of  molecules  crossing  this  area  per  second  in 
the  positive  x  direction ; 

M~  »  total  mass  of  molecules  crossing  this  area  per  second  in 
the  negative  x  direction; 

»  total  X  component  of  momentum  of  molecules  crossing 
this  area  per  second  in  the  positive  x  direction; 
fT  «  total  X  component  of  momentum  of  molecules  crossing 

this  area  per  second  in  the  negative  x  direction;  (4) 

E^i,  E\,  E*  »  total  internal  energy,  total  external  energy,  and 
total  energy,  respectively,  of  molecules  crossing  this  area 
per  second  in  the  positive  x  direction; 

^  “  total  internal  energy,  total  external  energy,  and 
total  energy,  respectively,  of  molecules  crossing  this 
area  per  second  in  the  negative  x  direction. 

Obviously  these  quantities  are  all  functions  of  x,  since  the  state  of  the 
gas  depends  upon  x.  For  the  liquid  surface  we  also  place 

MX  ^  total  mass  of  molecules  emitted  per  second  per  square 
centimeter; 

nX  =  total  X  component  of  momentum  of  molecules  emitted 

per  second  per  square  centimeter;  (5) 

ElXi,  EX„  EX  “  total  internal  energy,  total  external  energy,  and 
total  energy,  respectively,  of  molecules  emitted  per 
.second  pej-  square  centimeter. 

It  is  evident  that  the  quantities  (5)  arc  determined  by  (1)  and  (3). 
Next  we  note  that  in  the  steady  state  the  following  necessary  conditions 
are  satisfied  for  any  arbitrary  closed  surface  fixed  in  space: 

a)  The  total  number  of  molecules  entering  the  surface  per 
second  is  zero. 

*  Ky  “one-dimensionai”  we  merely  mean  that  the  state  of  the  gas  varies  only 
in  the  direction  normal  to  the  liquid  surface.  We  do  not  infer  that  there  are  no 
components  of  molecular  velocities  parallel  to  this  surface;  in  fact  such  parallel 
components  are  included  in  (1). 
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b)  The  total  x  component  of  momentum  entering  the  surface 

per  second  is  aero.  , 

c)  d)  Same  as  b)  except  for  y  and  z  components  of  momentum,  ^ 
respectively. 

c)  The  total  molecular  energy  entering  the  surface  per  second 
is  aero. 

Proc'CHHling  as  in  the  case  of  a  monotomic  gas*  we  now  apply  the 
conditions  (6)  to  the  closed  disc-shaped  surface  formed  by  the  liquid 
surface,  a  parallel  plane  surface  in  the  gas  spaced  a  distance  Ax  from 
the  liquid,  and  that  portion  of  a  right  circular  cylinder  normal  to  these 
surfaces  which  is  intercepted  by  them,  the  cross  section  of  the  cylinder 
i)cing  one  square  centimeter.  It  thus  follows  that* 

MX  -  (M+)... 

#*•  “  (”) 

EX  -  . 

The  last  equation  of  (7)  may  be  written 

fit,  +  fit,  =  (fit).-.  +  (fit),-.  ,  (8) 

since 

E^^EX^EX,  EX  ~  EXi  EX,.  (9) 

We  do  not  know  the  velocity  distribution  and  internal  energy  distri¬ 
bution  of  the  molecules  of  the  gas  just  outside  the  liquid  surface;  hence 
proceeding  as  in  the  case  of  a  monatomic  gas  we  assume  the  following 
velocity  distribution  function 

,-<"[*t(»-«.)*+*r»’+»rii*)  (10) 

This  expression  multiplied  by  dudvdw  gives  the  number  of  molecules 
per  cubic  centimeter  of  the  anisotropic  gas  at  the  liquid  surface  whose 
centers  of  gravity  have  components  of  velocity  l}dng  between  u  and 

*  It  is  assumed  that  all  molecules  reaching  the  liquid  surface  from  the  xs" 
enter  the  liquid;  thus  there  is  no  reflection  of  such  molecules  at  the  liquid  surface. 
According  to  our  picture  of  evaporation,  a  molecule  must  have  a  certain  energ>’ 
in  order  to  pass  from  the  liquid  to  the  gas  in  opposition  to  the  surface  attraction; 
however,  a  molecule  need  have  no  energy  to  pass  from  the  gas  to  the  liquid.  In 
fact  the  surface  attraction  would  tend  to  draw  in  every  molecule  reaching  the 
surface  from  the  outside,  and  thus  prevent  any  reflection  of  such  molecules. 
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u  -f-  du,  V  and  r  4-  dv,  tr  and  w  4-  dw,  respectively.  The  expression 
(10)  differs  from  a  Maxwellian  distribution  in  that  Aj,  differs  from  h^. 
The  distribution  (10)  contains  the  following  four  constants: 

r  »  molecular  density, 

~  longitudinal  temperature  coefficient,  ...v 

hj.  M  transverse  temperature  coefficient,  ' 

ut  —  drift  velocity, 

which  constants  fix  the  state  of  the  gas  at  the  liquid  surface,  except 
for  the  internal  energy  of  the  molecules.  It  may  be  noted  that  if  (10) 
is  integrated  with  respect  to  u,  v,  and  w,  the  limits  in  each  case  being 
—  X  to  ao,  the  result  is  r;  also  we  see  that  (10)  is  even  in  v  and  w. 
As  in  the  case  of  an  ordinary  isotropic  gas  we  define 


T, 

Tr 


1 

2hjt 

1 

2ArA 


longitudinal  temperature, 
transverse  temperature. 


k  —  Bolt zman’s  constant  —  1.371  •10,““  ergs/degree. 


(12) 


For  the  internal  energy  we  assume  the  distribution  function 


—  4-  - 
4A,^  3 


JL_ 

<4A|.  ^  2hr 


(13) 


This  expression  multiplied  by  dN  gives  the  internal  energy  dEi  asso¬ 
ciated  with  the  dS  molecules  of  the  anisotropic  gas  at  the  liquid  surface. 
Noting  that  (/  —  3)  is  the  number  of  internal  degrees  of  freedom,  and 

that  (  4-  ^  )  is  the  mean  external  thermal  energy  per  molecule  of  an 

\4At  2hr/ 

anisotropic  gas  in  the,state  (10),  we  see  that  (13)  merely  expresses  the 
mean  internal  energy  per  molecule  per  degree  of  freedom  as  the  sum 
of  the  mean  thermal  energy  per  molecule  per  degree  of  freedom  of  the 


stationary  saturated  vapor,  and  an  unknown  number  7  times  the 

4A« 


difference  between  the  mean  external  thermal  energy  per  molecule  per 
external  degree  of  freedom  of  the  anisotropic  gas,  and  the  mean  thermal 
energy  per  molecule  per  degree  of  freedom  of  the  stationary  saturated 
vapor.  Since  7  is  lef t  undetermined,  the  only  assumption  involved  in  ( 13) 
is  that  the  internal  energy  distribution  does  not  contain  u,  v,  or  mo.  The 
particular  form  given  to  expression  (13)  was  chosen  for  convenience 
later  on. 
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The  constants  p,  hf,  ti,  are  determined  as  functions  of  the  param¬ 
eter  7  by  the  three  conditions  (7),  and  the  one  condition  that  the  rate 
of  evaporation  take  a  specified  value.  The  state  of  the  anisotroiMc 
gas  at  the  liquid  surface  is  thus  fixed  in  terms  of  the  parameter  y, 
which  is  a  measure  of  the  change  in  internal  energy  which  the  molecules 
undergo  immediately  after  they  are  emitted  from  the  liquid  surface. 

As  the  gas  moves  away  from  the  surface,  the  molecules  collide  with 
each  other;  so  that  in  the  course  of  several  mean  free  paths  the  gas  in 
its  final  state  is  again  isotroiMC,  and  thus  has  the  .Maxwellian  velocity 
distribution 

r,  ^  (14) 

which  is  determined  by  the  three  constants 
Pi  SB  molecular  density, 

A|  »  temperature  coefficient,  (15) 

ui  —  drift  velocity. 

Here  again  we  have  by  definition 

Ti  «  «  temperature.  (16) 


Since  the  gas  in  its  final  isotropic  state  has  an  equipartition  of  energy, 
it  follows  that  it  has  the  internal  energy  distribution  function 


(/-  3) 
4hi  • 


(17) 


The  constants  (15)  are  determined  by  applying  conditions  a),  b), 
and  e)  of  (6)  to  the  closed  surface  bounded  by  a  cylinder  of  unit  cross 
section  normal  to  the  liquid  surface,  and  by  two  planes  parallel  to  this 
surface:  one  in  the  gas  just  outside,  and  the  other  spaced  far  enough 
away  so  that  it  lies  in  gas  which  has  reached  its  final  isotropic  state. 
Thus  the  final  state  of  the  gas  for  a  given  rate  of  evaporation  is  deter¬ 
mined. 


3.  Transfer  of  Mass,  Momentum,  and  Energy  Across  Unit  Area 
Normal  to  the  Drift  Velocity.  We  now  proceed  to  obtain  the  quan¬ 
tities  (4)  for  the  distribution  functions  (10)  and  (13).  If  we  set  up  the 
integral  expressions  for  the  transfer  of  mass,  momentum,  and  external 
energy  across  a  unit  area  normal  to  the  drift  velocity,  it  is  at  once 
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evident  that  thenc  expresmonH  are  identical  with  the  corredponding 
expremiona  for  a  monatomic  gaa.*  The  reaulting  transfer  equations 
for  a  polyatomic  gaa  arc  therefore  identical  with  the  corresponding 
equations  for  a  monatomic  gas.  Placing 


P  *  “o  \/ Atm , 


Pip) 

we  thus  have 


Ar' 

_2 

>/ 


(18) 


e  **dx  *  Probability  Integral; 


ip*),^ 

(p')._o 

iE:i 


2'^hjn  l\/ T 
mv 


-b  p(l  +  P(p)l 


mv 


mv 


(19) 


mv 


»-«  “  JTTTTri  ^  (p*  +  1  +  7^  +  P 


4(Atm)l 


P*  -b  s  + 


4(Atm)l 


Ip*  +  1  +  <r] 


(>’  +  |  +  « 


111  +  PWI 

111  -  p(i>)]}. 


Noting  (13)  and  the  first  two  equations  of  (19),  we  also  have 

sGa;  2T^  "  4A„)] 


X +  p(l  +  P(p)l 


(^),-4  -  1/  31  +  I  J 


(20) 


*|i  -PWl}. 
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We  still  have  the  problem  of  determining  the  quantities  (5),  which 
problem  is  that  of  determining  the  transfer  equations  for  the  liquid; 
however,  comparing  (1)  and  (3)  with  (10)  and  (13),  we  see  that  the 
quantities  (5)  can  be  written  down  immediately  by  placing  p  a  0, 
ff  s  1,  «  A«,  r  a  ro,  and  y  >  0  in  (19)  and  (20).  We  thus  have 

finally 


Mt 


mro 

2\/  wk^m 


mt>9 

ihotn 


**  2v^ir(A*m)l 


(21) 


»^(/  — 
SV" irm  A* 


4.  Equilibrium  Conditiona  -  Liquid  to  Aniaotropic  Gaa.  We  shall 
now  apply  the  equilibrium  conditions  (7),  making  use  of  the  transfer 
equations  (10),  (20),  and  (21),  just  obtained;  hence  substituting,  noting 
(8),  we  have 


mvo  fnv  [  <  ^* 

2y/  rhoTn  2\/  him  \Vr 


+  P  (1  +  ^(P)l( 


mi*n  mv 


_ _ Ipl:’ . 

4A«m  2A|,m  \ Vv 


+  Pip)] 


mvn 


+ 


»*(/-3) 


_  J  f  I  .  1  .  ^1  !ll 

2\/t  (Aom)*  ^  SVvtoAJ  4(Atm)*  I  Vt 


+  P  [-^  +  I  +  «](1  +  PWl}  +  1/  -  31 

[ik  +  i  (jT.  +  -  ^)]{^  +  p  u  +  P(p)l 


}• 


(22) 


I 
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Noting  the  firet  equation  of  (22),  we  Hee  that  the  last  may  be  written 

^  -  3)  .  my  L  ■  j  ■  1 

2\/irihtm)*  8v^T(Aom)*  iih^m)*\  y/ r 

+  P  [-.■  +  ?  + .]ll  +  Wl}  +  1/ -  31 

[ik  +  2tJ{^  + '  “  + 


We  now  place 


(23) 


I’D 


_  -  .  h„ 


^(p) 


Vt 


b: 

hn 

+  p  (1  +  ^(p))  I 


♦.W  -  ^’  +  [<^  +  s]l>  + 


^(p,  <r)  «  {p*  4-  1  +  (t) 


4-  p  P*  "1"  2  ^(p)l» 


(24) 


hence  substituting,  (22)  and  (23)  become 

y'\^  . 


hi*' 


(25) 


^^[♦.  +  5T(/-3)(i +  .)♦.] 


1  +  jt(/-3). 


We  now  solve  the  equations  (26)  to  obtain  v,  hi,  and  y'  in  terms  of  p, 
y,  and  /;  hence  dividing  the  last  two  equations  of  (25)  by  the  first,  we 
eliminate  r';  thus 


L=(^\ 


y/  vhl 

^^^[♦.  +  i7(/-3)Q +.)♦,] 


(26) 


1  4-  ^  7(/  -  3) . 
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Dividing  the  second  equation  of  (26)  by  the  hrst  squared,  we  elim- 
minate  ;  hence 


^  ^  7(/  -  3)Q  +  ^  -  1  +  I  7(/  -  3)  , 


or 

*  +  ^  7  (/  -  3)Q  -H  <r^  ^  ^  j^l  +  1  y(/  -  3)  j . 

Noting  (24)  we  see  that  this  expression  may  be  written 
^1®’  -f  s  y(J  —  3)  ^i<r  *  [4  +  yif  —  3)1 

-  g  7(/  -  3)  -  (p*  +  1)  ^  -  P  I^P*  +  |J(1  +  P(p)l ; 

whence 

-  3))  -  U(/  -  3)  ^  -  [p*  + 1)  ^ 

6  -y/V 

r  X  P  (27) 

~  P  j^P*  +  2j(^  "I"  ^(p))|  3  ~  J  ^ ' 

an  expression  which  gives  a  explicitly  in  terms  of  p  and  the  parameter  y 
for  a  given  value  of  /. 

From  the  first  equation  of  (26)  we  have  at  once 


From  (12)  and  (18)  we  also  have 


T,  h' 

To  hi' 

From  (28)  and  the  first  equation  of  (25)  we  now  have 


(28) 


(29) 


(30) 
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The  rate  of  evaporation  per  unit  area  of  liquid  ia  obviously 


M  -  (Af+)^  -  (M-)^ 


mnt. 


mpp 

y/hjn  ’ 


whence  it  follows  from  (21),  (28),  and  (30)  that 


M  ^  ^ 
Aft  “ 


(31) 


We  shall  finally  obtain  the  pressure  p,  acting  on  the  liquid  surface; 
thus  from  the  second  equation  of  (7)  we  have  at  once 

p.  “  M*  -  (p")^  -  —  (m“),»*  ; 

whence  substituting  from  (19)  it  follows  that 

The  saturation  vapor  pressure  may  be  obtained  from  (32)  by  placing 
p  »  wm  h%,  and  p  »  0;  thus 


P.  -  (33) 

Dividing  (32)  by  (33),  noting  the  second  equation  of  (25),  we  have 
finally 


(34) 


If  desired,  the  drift  velocity  may  be  obtained  from  (18).  We  see 
that  equations  (27),  (28),  (29),  (30),  (31),  and  (34)  give  the  various 
constants  of  the  anisotropic  gas  in  terms  of  those  of  the  saturated  vapor 
and  the  parameters  p,'^,  and /.  It  may  be  noted  that  the  expressions  for 


and  —  are  independent  of  f  and  y;  and  are  identical 
a*  ro  Af ,  p, 

irith  the  corresponding  expressions  for  a  monatomic  gas. 


M 


5.  Calculations,  Tables,  and  Curves  for  the  Anisotropic  Gas.  In 
Section  4  we  obtained  expressions  for  the  constants  of  the  anisotropic  gas 
in  terms  of  those  of  the  stationary  saturated  vapor,  the  two  parameters 
p  and  7,  and  the  number  of  degrees  of  freedom*  of  the  molecule,  /.  In 
the  case  of  diatomic  gases,  /  »  5,  the  calculations  indicated  by  the  above 
expressions  have  been  carried  out ;  and  will  now  be  described. 
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The  first  stop  was  to  choose  suitable  sets  of  values  for  p  and  how¬ 
ever,  in  view  of  previous  experience  with  monatomic  gases  it  was  not 
necessary  to  carry  out  a  set  of  preliminary  calculations.  Instead,  the 
set  of  values  of  p  used  for  monatomic  ga.ses  was  used  here,  since  ^i,  0i, 

p*”,  and  —  are  the  same  for  both  monatomic  and  polyatomic 

St  Af;  jH 

ga.ses  r(‘gardless  of  /  and  y ;  and  also,  as  we  shall  see,  because  we  are  pri¬ 
marily  interested  in  values  of  p  which  are  smaller  than  .46. 

The  parameter  y  was  arbitrarily  given  the  values  0,  .5,  and  1.  llie 
value  7  —  0  corresponds  to  the  case  where  the  mean  internal  energy 
p('r  molecule  of  the  anisotropic  gas  is  the  same  as  the  mean  internal 
energy  per  molecule  emitted  from  the  liquid;  thus  by  placing  7  —  0, 
we  find  what  happens  if  the  mean  internal  energy  is  not  altered  as  the 
molecules  pass  from  the  liquid  to  the  anisotropic  gas.  Similarly  the 
value  7  —  1  corresponds  to  a  mean  internal  energy*  per  degree  of 
freedom*  per  molecule  of  the  anisotropic  gas  equal  to  the  mean  external 
thermal  energy  per  degree  of  freedom  per  molecule,  as  we  shall  see  in 
Section  6.  We  thus  see  that  in  a  sense  the  range  0  ^  7  ^  1  covers 
a  set  of  possibilities  ranging  between  no  adjustment  and  complete 
adjustment  of  the  internal  molecular  energy.  It  thus  follows  that  the 
value  7  a  .5  corresponds  to  a  state  of  partial  adjustment  of  the  internal 
molecular  energy. 

1.  .2 

y/r 

Burgess.*  The  calculations  were  carried  out  on  a  Marchant  computing 
machine  capable  of  handling  nine  place  factors.  All  machine  calcula¬ 
tions  were  carried  through  three  times,  for  each  of  which  the  record«*d 
value  was  checked  two  times.  The  calculations  themselves  merely 
consisted  in  carrying  out  the  operations  indicated  in  Section  4.  The 
results  are  given  in  Tables  I  and  II,  and  in  Figs.  1,  2,  3,  4,  5,  and  6. 

p  T  T 

The  curves  Figs.  5  and  6  were  obtained  by  plotting  — ,  and 

Po  To  Ti 


Values  of  —7=  j  t~‘‘  dx  and  were  taken  from  a  paper  by 


*  Hurxeas,  “On  the  Definite  Integral 


dt,  with  Extended  Tables 


of  Values”,  Trantaetiona  of  the  Royal  Society  of  Edinburgh,  vol.  39,  p.  257. 

*  By  this  statement  we  mean  that  the  difference  between  a  value  tabulated  and 
the  true  value  amounts  to  less  than  one  unit  in  the  last  decimal  place.  That 
such  a  statement  can  be  made  follows  from  the  fact  that  a  set  of  calculations 
involving  differences  was  made  paralleling  the  machine  calculations  here  de¬ 
scribed,  by  means  of  which  bounds  upon  the  error  were  obtained  at  each  step. 
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respectively,  against  for  the  same  values  of  p,  thus  eliminating  p. 
All  figures  tabulated  are  significant.* 


6.  Partition  of  Energy  in  the  Aniaotropic  Gas.  Significance  of  Two 
Temperaturea.  The  mean  energy  per  molecule  of  the  anisotropic  gas 
in  the  state  (10)  and  (13)  is  given  by  the  expression 


(35) 


dndvdw. 


This  integral  can  be  split  into  two  integrals  corresponding  to  the  two 
terms  in  the  brace.  The  first  of  these  may  be  evaluated  quite  simply 
since  the  first  term  in  the  brace  does  not  contain  u,  v,  or  w;  the  second 
integral  is  identical  with  the  corresponding  expression  for  a  monatomic 
gas.  It  thus  follows  that  the  mean  energy  per  molecule  of  the  aniso¬ 
tropic  gas  is 


2”“’  +  4*;  +  ^  + 


’■'■**[45  +  5(4x1 


2hi 


or 


(36) 


From  (36)  we  see  that  the  mean  energy  per  molecule  may  be  considered 
as  made  up  of  the  drift  energy  ^mu*,  the  thermal  energy  ^kT^  for  the  x 
coordinate,  or  degree  of  freedom,  the  thermal  energies  ^kTf  each  for  the 


y  and  z  coordinates,  and  the  energy 


y(l 

3V2 


kT^  +  kTr  - 


for  each  of  the  (/  —  3)  internal*  degrees  of  freedom,*  respectively.  We 
thus  see  that  the  transverse  and  longitudinal  temperatures  are  a  direct 
measure  of  the  mean  molecular  energy  for  the  corresponding  coordi¬ 
nates,  or  degrees  of  freedom,  respectively;  hence  these  temperatures 
have  the  same  significance  as  has  the  single  temperature  of  an  isotropic 


gas. 
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Referring  to  Fig.  6,  we  see  that  for  a  given  rate  of  evaporation  any- 
M 

where  in  the  range  0  ^  — -  <  .81,  which  range,  we  shall  see  later,  is 

M, 

that  in  which  we  are  primarily  interested,  the  percentage  deviation  of 
Tr  from  Tt  is  not  only  small,  but  is  also  much  smaller  than  the  corre¬ 
sponding  deviation  of  Tt.  Noting  (36)  we  thus  infer  that  the  y  and  z 
degrees  of  freedom  tend  to  remain  isolated  from  the  x  degree  of  free¬ 
dom,  along  which  the  evaporation  occurs,  during  the  process  of  evap¬ 
oration.  If,  now,  we  assume  that  the  (/  —  3)  internal  degrees  of 
freedom  likewise  tend  to  remain  isolated,  then  it  follows  that  y  should 
be  approximately  sero.  In  view  of  this  and  the  comments  in  Section 
5,  we  should  expect  y  to  lie  between  zero  and  one;  and  to  approximate 
zero.  We  shall  see,  however,  that  it  is  not  necessary  to  know  y  in 
order  to  determine  the  final  isotropic  state  of  the  gas. 

7.  Equilibrium  Conditions — Anisotropic  to  Isotropic  Gas.  In  Sec¬ 
tion  4  we  determined  the  state  of  the  anisotropic  gas  at  the  liquid 
surface.  Our  next  step  is  to  determine  the  state  of  the  gas  at  a  dis¬ 
tance  of  several  mean  free  paths  from  the  surface,  where  it  has  become 
isotropic.  We  shall  thus  determine  the  constants  (15)  of  the  distri¬ 
butions  (14)  and  (17)  in  the  manner  described  in  Section  2.  Let  us 
denote  by  Xi  the  abscissa  of  the  right  hand  boundary  of  the  closed 
surface,  which  boundary  is  the  plane  lying  in  the  isotropic  gas;  then 
noting  (4)  we  see  that  conditions  a,  b,  and  e  of  (6)  may  be  written 

(M+)^^  -  (3f-)^^  -  (M^)^  -  (Af-)^ 

-  (m~)*-*,  *  -  (m~)»-0 

(37) 

(£^)«.  - 

-  (A’t)^  -  (J^)^  -H  (^)w.  -  (E-)^ . 

The  right  hand  sides  of  these  equations  may  be  obtained  from  (10) 
and  (20),  the  result  being  the  right  hand  sides  of  (39),  respectively. 
Comparing  (14)  and  (17)  with  (10)  and  (13),  we  see  that  the  left  hand 
sides  of  (37)  may  be  obtained  by  placing  x  *  X|,  s  »  si,  hi  »  hi, 
hr  ^  hi,  ho  xm  hi.  O’  ■«  1,  and  by  wanting 

Pi  a  Ui  y/ him  (38) 

in  place  of  p  in  the  right  hand  sides  of  (39),  respectively,  the  result  being 
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the  left  hand  sides  of  (39).  The  equilibrium  conditions  (37)  thus 
become 


mei  Pi  wie  p 

y/him  y/hitn 


mei 

Aim 


m»ipi 

2(A 


Placing 


•'IPI  /  »  1  I  pi  /  /  Q\  „  / 

im)*  \  *  2/  4(Aim)*  2(Atm)*  V 


P*  +  o  +  <^ 


4(Aim)* 

vfe  [iAi  I  (iiT.  ^  “  4^)] 


(39) 


the  equations  (39)  become 


•  rt 

K|  »  - 

r 


,f  hi 
"I  “  T"  » 
At 


••iPl  _ 

r=T  “  P 


VaI 


(40) 


(41) 


+  ^^1-t)(/-3)  +  |(/-3)  +  ?}. 

We  shall  now  solve  the  equations  (41)  to  obtain  rl,  A|,  and  pi  in  terms 
of  p,  y,  and  / ;  hence  dividing  the  last  two  equations  by  the  first,  we 
have 

i_/p!  + A-/p»-f  A 
VA,'  V  Pi  /  \  P  / 

+  ^(I--r)(/-3)  +  J(/-3)  +  2. 


0 
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Dividing  the  second  equation  of  (42)  by  the  hrst  squared,  we  have 

Pi(Pi  +  1  +  if) _ 


ip\  +  k)' 


where 


(43) 


(44) 


+  ^(l->)(/-3)+|(/-3)  +  ?| 
Substituting  (27)  and  (28)  in  (44),  it  follows  that 

-  g  7(/  -  3)^  _  [p»  +  11  ^  -  pj^p*  +  I]  (1  +  (45) 

The  roefficient  of  y  in  the  large  bracket  of  (45)  is 


which  is  Ecro.  It  thus  follows  that 
P* 


(P»-I- 


P*  -H  ^  +  O'*  +  §  A,,  if  —  3)J  , 


(46) 


where 


fm 


('oniparing  (47)  with  (27),  we  see  that  cr*  is  obtained  either  by  placing 
7  SB  0  or  by  placing  /  »  3  in  (27).  It  thus  follows  that  a*  is  the  v'alue 
of  <r  which  would  be  obtained  for  a  monatomic  gas.  We  aee  from  (46) 
that  a  t«  independent  of  y;  also  we  see  that  /  appears  only  in  the  last 
term.  Attention  is  called  to  the  fact  that  Om  and  hi  are  functions  of  p 
which  were  met  in  dealing  with  monatomic  gases,  and  which  have 
therefore  been  computed  and  tabulated. 
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Returning  to  (43),  we  see  that  that  expreiwion  may  be  written 

(1  —  a)  Pi  +  (1  +  J  /  -  a)  p*  —  i  a  -  0  .  (48) 

Solving  thia  biquadratic  for  p*,  we  have 

.  _  a  -  I  -  V(J +  »/)•- «(!+/)  f,,,, 

an  expression  which  gives  pi  explicitly  in  terms  of  p  for  a  gi^fen  value  of  /. 

The  right  hand  side  of  the  second  equation  of  (42)  is  identical  with 
the  expression  in  the  brace  of  (44),  which  was  shown  to  be  independent 
of  y,  and  equal  to 

P*  4-  1  +  T.  -f  i  Al(/  -  3)  ;  (50) 

hence  transposing,  we  have 

h[ - -V  - .  (51) 

P*  +  1  +  -b  J  Aj,  (/  —  3) 

We  may  also  express  h[  in  the  form 


i'  _  \pif\  +  4)1* 
*'  L(p‘  +  bp.J  ’ 


using  the  first  equation  of  (42).  This  expression  together  with  (28) 
gives  in  terms  of  p  and  /,  for 


The  temperature  ratio 


now  follows  immediately  from  (53). 

The  pressure  ratio  is  obtained  by  dividing  the  relations 

Pi  »  sifcTi 

p»  -  rJcTt  ; 


thus  noting  (54)  we  have 
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whence 


E?  -  _L  A 

p,  + 


due  to  (28),  (30),  and  the  necond  equation  of  (41).  Noting  (34),  we 
see  that  (56)  may  be  written 


?!  -  f  _1__1  ?? 

P»  +  i)J  P»  ■ 


The  relation  (55)  may  be  written 


an  expression  which  gives  —  in  terms  of  p  and  /  by  means  of  (53)  and 

n 

(57). 

The  drift  velocity  ui  may,  if  desired,  be  obtained  from  (38),  (49), 
and  (53).  We  have  now  obtained  the  various  constants  of  the  iso¬ 
tropic  gas  in  terms  of  p  for  a  given  value  of  /.  It  may  be  noted  that 
these  constants  are  independent  of  y. 

8.  Physical  Signiflcance  of  p  and  pj.  Limiting  Value  of  Drift  Velocity. 
The  quantities  p  and  pi  were  introduced  by  (18)  and  (38)  merely  to 
simplify  the  transfer  equations  (10)  and  (30),  and  were  given  no  physical 
significance  whatsoever;  however,  we  may  write 


P?-  i/ 


whence,  noting  (36),  we  see  that  p*  is  one  half  the  ratio  of  the  drift 
energy  per  molecule  to  the  mean  longitudinal  thermal  energy  per  mole¬ 
cule  of  the  anisotropic  gas  in  the  state  (10)  and  (13).  Also  we  see  that 
Pt  is  \f  times  the  ratio  of  the  drift  energy  per  molecule  to  the  mean 
thermal  energy  per  molecule  of  the  isotropic  gas  in  the  state  (14) 
and  (17). 


I 
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An  additional  aignificanre  may  bo  given  to  pi  by  noting  that  tbe 
velocity  of  aound  in  the  iaotropic  gaa  ia 


u. 


l/i 


2/A,m  ’ 


/  +  2 

since  the  ratio  of  the  specific  heats  of  a  imlyatomic  gas  ia  y — 
thus  follows  from  (38)  that 


Pi 


4 //_+_? 

U.V  2/ 


(60) 


It 


(61) 


We  thus  see  that 


times  the  ratio  of  the  drift  velocity  to  the 


velocity  of  sound  in  the  isotropic  gas. 

We  shall  next  consider  more  closely  the  relationship  between  a  and  pi, 
which  is  given  either  by  (43)  or  by  (49).  In  view  of  (61)  and  the 
physical  meaning  of  pi,  it  is  apparent  that  we  are  interested  only  in 
real  positive  values  of  pi;  furthermore  we  see  from  (43)  that  a  is  a 
continuous  one-valued  function  of  pi  with  continuous  derivatives  in  the 
region  pi  ^  0  for  any  fixed  value  of  /.  Due  to  the  physical  signifi¬ 
cance  of  /,  however,  it  is  evident  that  we  are  interested  only  in  the 
values  /  ^  3,  the  equality  sign  corres|)onding  to  monatomic  gases. 
Noting  (43)  we  see  that 


a  —  0  when  pi  m  0, 

Lim  a  »  1 , 

for  any  fixed  value  of  /. 

Placing  dajdpx  equal  to  zero,  we  obtain  the  expression 


(62) 


Pill  +  i/  —  Pi/1  “  o» 

after  cancelling  out  factors  which  do  not  affect  the  real  positive  roots. 
It  thus  follows  that  the  slope  of  the  curve  of  a  against  pi  is  zero  at  the 
origin ;  also  it  follows  that  there  is  but  one  positive  value  of  pi  for  which 
the  slope  vanishes,  this  being 

Placing  this  value  of  pi  in  the  expression  for  d^ajdpX  obtained  by  differ- 
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ontiating  (43)  twice,  we  6nd  that  the  Hign  of  the  resulting  expression 
is  that  of  the  quantity 

3/+2). 

Since  /  is  positive  it  thus  follows  that  <Pa/d(t\  is  negative  for  the  one 
positive  value  of  pi  for  which  da/dpi  ■■  0;  hence  we  have  a  maximum 
at  this  point.  Similarly  if  we  place  pi  «  0  in  the  expression  for  d*a/dp] 
it  follows  that  the  sign  of  the  resulting  expression  is  that  of  the  quan¬ 
tify  if  +  2),  which  is  positive;  hence  we  have  a  minimum  at  the  origin. 

The  last  two  paragraphs  lead  to  the  conclusion  that  for  any  value 
of  /  ^  3  the  curve  of  a  against  pi  starts  with  a  minimum  at  the  origin, 
rises  and  takes  its  maximum  value  when  p\  reaches  the  value  given 
hy  (63),  then  falls  and  approaches  the  asymptote  a  »  1.  It  is 
to  be  noted  that  we  are  interested  only  in  the  values  pi  ^  0,  and  in 
the  values  /  si  3.  For  any  such  value  of  /  we  thus  have  a  curv’e  of 
the  form  Fig.  7.“ 

The  maximum  value  of  a  is  given  by  the  expression 


o. 


(1  +  i/)* 
1+/  ’ 


(64) 


which  is  obtained  either  by  substituting  (63)  in  (43),  or  by  placing 
the  expression  under  the  radical  in  (49)  equal  to  lero.  It  thus  follows 
that  p  is  limited  to  those  values  for  which 


0  ^  a  ^  a, . 


(65) 


We  shall  refer  to  the  highest  point  on  the  curve  of  a  against  pi  as  the 
critical  point,  and  to  the  data  corresponding  to  this  point  as  the  critical 
data.  The  coordinates  of  the  critical  point  are  thus  given  by  (63) 
and  (64).  We  shall  now  investigate  the  stability  of  the  two  branches 
into  which  the  curve  is  divided  by  the  critical  point. 

It  may  readily  be  verified  that  the  expression  and  its 

derivative  are  both  positive  in  the  inter\’al  0  <  p  <  .7 ;  also,  referring 
to  Table  I  we  see  that  the  same  is  true  of  the  expression  (50)  for/  ^  3. 
Noting  (46)  it  thus  follows  that 

^  >  0,  0  <  p  <  .7,  /  ^  3;  (66) 

ap 

'*  Referring  to  (49)  we  see  that  for  the  plus  sign  both  numerator  and  denomi¬ 
nator  vanish  for  a  1  regardless  of  /;  however,  applying  L’ Hospital’s  rule  for 

indeterminate  forma,  we  find  that  ei  — •  — 7=  as  o  — *  1. 

A  /a  f 
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whence  it  follows  that 

-(«)>0.  0<,<.7,/S3;  («7) 

for  it  is  evident  from  Table  I  that  d{M IMX)ldp  is  positive  in  this  in¬ 
terval. 

We  shall  next  show  that  the  critical  value  of  p  is  smaller  than  .55  if 
/  ^  3.  We  have 

^  13.6  -1-  J  1.7 (/ -  3)1  (68) 

if 

(l  +  i/)*<(.45-|-.38/)(l-|-/). 
which  in  turn  is  true  if 

\+f+\P<A5+.S3f+  .38/*, 
or 

0  <  -.55  -  .17/ -I-  .13/*. 

But  this  relation  is  true  for  /  ^  3,  since  both  roots  of  the  quadratic 
are  smaller  than  three;  hence  (68)  is  established  for  /  ^  3.  The  left 
hand  side  of  (68)  is  a,;  also  it  may  be  verified  by  Table  I  that  the  right 
ride  of  (68)  is  smaller  than  the  value  obtained  by  placing  p  ~  .55  in 
(46).  It  thus  follows  that 

a,  <  (o)^.u ,  /  ^  3  ;  (69) 

hence,  noting  (65)  and  (66),  and  noting  from  (46)  that  a  —  0  when  p 
—  0,  we  have  * 

0  ^  P  ^  P.  <  .55,  /^3,  (70) 

p«  being  the  critical  value  of  p.  The  relations  (66)  and  (67)  are  thus 
established  for  all  parts  of  the  curve  Fig.  7. 

The  condition  that  operation  at  any  point  of  the  curve  be  stable 
is  that 


EVAPORATION  OF  POLYATOMIC  GASES 


147 


which  merely  states  that  a  slight  decrease  in  pressure  must  give  rise  to 
a  corresponding  increase  in  the  rate  of  evaporation.  Noting  (57)  we 
see  that  the  left  hand  side  of  (71)  may  be  written 


)±(P^ 

ldp\p. 

)  ^^poda  dp 

(72) 


the  sign  of  which  is  that  of  the  expression 

\  ‘  2/ dp  \po)  '  Th  da  dp' 


d  /  M 


(73) 

since  ^  >  0,  as  is  seen  from  Table  I.  From  this  table  and  (66) 

we  also  see  that  ^  (  —  )  <  0  and  ^  >  0  for  0  <  p  ^  p^,. 
dp  \p»/  dp 


For  the  portion  of  the  curve  Fig.  7  which  lies  between  the  origin  and 

the  critical  point,  we  have  ^  >  0:  hence  both  terms  of  (73)  are  nega- 
da 


tive,  (71)  is  satisfied;  and  tbis  branch  constitutes  a  stable  operating 
region. 

At  a  point  on  the  curve  to  the  right  of  the  critical  point  dpxjda  <  0, 
and  the  two  terms  of  (73)  are  of  opposite  sign;  hence  the  resulting  sign 
of  the  whole  expression  is  not  apparent.  If,  however,  we  move  along 
the  curve  and  approach  the  critical  point,  the  factors  of  the  left  hand 
term  of  (73)  approach  definite  finite  limits,  as  do  those  of  the  right 
hand  term  with  the  exception  of  dpi/da.  Since  dpifda  approaches  nega¬ 
tive  infinity,  it  follows  that  the  right  hand  term  will  predominate,  and 
(73)  will  be  positive  when  wc  have  approached  within  a  certain  dis¬ 
tance  of  the  critical  point.  Noting  (71)  we  thus  see  that  there  is  an 
unstable  region  lying  immediately  to  the  right  of  the  critical  point, 
and  bounded  on  the  left  by  this  point. 

As  we  approach  the  critical  point  from  either  the  right  or  the  left. 


the  quantities  ^p*  -f-  ,  and  the  factors  of  the  two  terms  of 

(73)  referred  to  in  the  preceding  paragraph  all  approach  definite  finite 

limits;  however,  ^  «  if  the  approach  is  from  the  right,  whereas 

da 


dpi 

da 


-f  00  if  the  approach  is  from  the  left.  It  thus  follows  from  (72) 
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and  (73)  that  if  we  move  along  the  curve  Fig.  7  toward  the  critical 
point,  then 


■  — ►  —  «  if  the  approach  is  from  the  left, 

-  ■  «  if  the  approach  is  from  the  right. 

o 


(74) 


These  relations  are  true  for  any  value  of  /  ^  3. 

If  we  place  p  «  0  in  the  various  formulas  of  Sections  4  and  7,  it 
may  be  readily  verified  that  regardless  of  /  we  obtain  the  numerical  data 
given  in  the  first  row  of  Tables  I,  II,  and  III,  which  obviously  corre- 
s|M>nds  to  the  stationary  saturated  vapor,  and  to  the  origin  of  the  curve 
Fig.  7.  It  is  thus  evident  that  as  we  increase  the  rate  of  evaporation 
from  zero  by  decreasing  the  discharge  pressure  below  po,  the  operating 
point  on  the  curve  moves  from  the  origin  up  along  the  left  branch, 
which  we  have  seen  is  stable,  and  finally  reaches  the  critical  point, 
this  point  Ix'ing  attainable  from  the  left  by  virtue  of  (71)  and  the  first 
equation  of  (74).  It  follows  from  the  second  equation  of  (74)  and  the 
fact  that  there  is  an  unstable  region  immediately  to  the  right  of  the 
critical  point,  which  fact  is  also  expressed  by  (74),  that  for  any  value  of 
f  S  it  is  physically  impossible  to  pass  beyond  the  critical  point;  hence 
the  entire  right  hand  branch  of  the  curve  Fig.  7  is  physically  unattainable. 
We  are  thus  interested  only  in  the  plus  sign  in  equation  (49).’* 

^^'hcn  operation  is  at  the  critical  point,  pi  is  given  by  (63).  This 
value  substituted  in  (61)  gives 


ui  «  u,. 


(76) 


from  which  we  see  that  the  isotropic  gas  is  moving  with  its  sound 
velocity. 

The  last  few  paragraphs  lead  us  to  the  following  picture:  if  an 
evaporating  gas  moves  through  a  distance  sufficient  to  allow  the  gas  to 
become  isotropic  then  p  is  restricted  to  the  range  (70),  the  lower  bound 

"  This  condition  requires  that  the  gas  encounter  no  obataclea  or  condensinx 
surfaces  within  a  distance  of  several  mean  free  paths  of  the  liquid  surface.  Hee 
Hection  0. 
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corresponding  to  the  stationary  saturated  vapor;  the  upper  bound  being 
the  critical  point,  at  which  the  rate  of  evaporation  takes  Us  maximum 
value,  and  at  which  the  isotropic  gas  moves  with  its  sound  velocity.^*  Since 
the  riKht  hand  branch  of  the  curve  Fig.  7  i»  unattainable,  it  follows 
from  (75)  and  (61)  that  the  drift  velocUy  of  the  isotropic  gas  can  never 
exceed  its  sound  velocity. 

These  results  involving  the  velocity  of  sound  may  be  shown  to  be 
independent  of  the  form  of  the  velocity  distribution  and  the  internal 
energy  distribution  assumed  for  the  gas  at  the  liquid  surface  (in  this 
paper  the  functions  (10)  and  (13)),  and  may  be  shown  to  depend  only 
upon  (14)  and  (17),  which  are  known  to  be  exact,  since  the  gas  is  iso> 
tropic  at  the  point  x  ■■  X\.  Thus  in  place  of  (10)  let  us  assume  the 
arbitrary  velocity  distribution 

/(tt,  V,  w,  01,  /5i,  •  •  •  ,  0n),  (76) 

where  0i,  fit,  •••  ,0^  are  constants  which  fix  the  state  of  the  gas;  and 
in  place  of  (13)  let  us  assume  the  arbitrary  internal  energy  distribution 

g{u,  V,  w,  01,  0t,  ,  0.).  (77) 

('arrying  through  the  discussion  as  before,  we  have  in  place  of  (39) 


-  UM) 

+  (78) 

^Pi  +  I  + 

where  A/  is  the  rate  of  evaporation,  and  ^i,  and  follow  from 
the  transfer  equations  for  (76)  and  (77).  Proceeding  as  before,  we  have 

>!(>!  +  i  +  i/)  . 

(fil  +  l) 

'*  In  the  cue  of  »  liquid  evaporsting  through  a  straight  tube  and  discharging 
into  a  region  of  pressure  P,  the  pressures  P  and  pi  coincide  up  to  the  critical 
point,  beyond  which  pi  and  the  rate  of  discharge  remain  constant  u  P  is  lowered. 

This  behavior  is  closely  analogous  to  that  encountered  in  the  case  of  a  gu 
discharging  through  an  orifice  from  a  region  of  high  pressure  to  one  of  lower 
pressure. 

Goodenough,  “Principles  of  Thermodynamics",  p.  146. 

“Handbuch  der  Esperimentalphysik",  vol.  4,  part  1,  p.  387. 


»>iPi 

y/hi 
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in  place  of  (43) ;  and  in  place  of  (64)  and  (65)  we  have 

0  ^  iiM)  ^  (80) 

an  expression  which  limits  the  range  of  M.  The  curve  Fig.  7  now 
follows,  where  a  is  replaced  by  ^{M);  and  we  have  a  horiiontal  tangent 
at  the  critical  point,  at  which  the  isotropic  gas  is  moving  with  its  sound 
velocity.  If,  now,  we  assume  from  (61)  and  the  physical  nature  of  the 
problem  that  pi  must  be  a  one-valued  function  of  M;  then  it  follows 
that  one  of  the  two  branches  of  the  curve  meeting  at  the  critical  point 
cannot  exist  physically.  Since  pi  ••  0,  corresponding  to  the  stationary 
saturated  vapor,  is  possible,  it  follows  that  the  right  hand  branch  of 
the  curve  is  not;  hence  we  again  obtain  the  portion  of  the  curve  lying 
between  the  origin  and  the  critical  point.  We  have  thus  obtained  the 
above  results  with  the  arbitrary  distributions  (76)  and  (77)  instead  of 
the  assumed  distributions  (10)  and  (13),  these  results  now  being  subject 
to  the  assumption  that  pi  is  a  one-valued  function  of  M. 

9.  CalculationB,  Tablet,  and  Curvet  for  Diatomic  Gatet  in  dieir 
Final  laotropic  State.  The  calculations  indicated  in  Section  7  were 
carried  out  for  diatomic  gases  (/  «  5);  and  the  results  are  given  in 
Table  III  and  in  Figs.  8  and  9.  The  curves  Fig.  9  were  obtained  by 
T  Pi  M 

plotting  — ,  and  —  against  —  for  the  same  values  of  p,  thus  elimi- 

To  po  Mi 

nating  p.  The  comments  made  in  Section  5  concerning  the  computa¬ 
tions  also  apply  here. 

The  value  of  p  at  the  critical  point  is  .457456  •  *  •  ,  and  the  data 
corresponding  to  this  point  are  printed  in  heavy  type  in  Tables  II 
and  III.  In  carrying  out  the  computation  of  this  critical  data  the 
2  f*  2  i 

required  values  of  — ^  /  «“•’  dx  and  —7=  were  obtained  from  the 

y/r  Jo  V  V 

tables  of  Burgess*  by  means  of  Lagrangean  interpolation,'*  the  expres¬ 
sion  for  the  error  being  used  to  hold  the  error  below  specified  limits. 
Here  again  all  figures  tabulated  are  significant.* 

Referring  to  Table  II,  we  see  that  the  only  tabulated  values  of  p 

Rutledge  and  Grout,  “Tables  and  Methods  of  Extending  Tables  for  Inter¬ 
polation  Without  Differences’’,  Journal  of  Mathematica  and  Pkyaiea,  vol.  9,  p.  166. 

Values  of  the  derivatives  required  in  the  expression  limiting  the  error  were 
taken  from  Gsuber,  “Wahrscheinlichkeitsrechnung”,  vol.  1,  p.  462. 

The  critical  value  of  p  for  /  ~  5  was  found  to  lie  between  .4574567  and  .4574568. 
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lying  in  the  region  cornwponding  to  1  <  a  <  eu  are  .30,  .35,  .40,  and  .45. 
Data  rorresponding  to  the  stable  region  to  the  left  of  and  including  the 
critical  point  on  Fig.  7  are  tabulated  above  the  double  horisontal  line 
in  Table  III,  whereas  data  corresponding  to  the  unstable  region  to  the 
right  of  the  critical  point  are  tabulated  below  this  line.  Comparing 

colunm  in  Table  I  and  column  —  in  Table  III,  and  noting  (71), 
Af  j  p# 

we  see  that  the  region  to  the  right  of  the  critical  point  is  unstable  not 
only  in  the  immediate  vicinity  of  that  point,  as  was  proved  in  Section 
8,  but  also  throughout  its  entire  extent.  Since  only  the  stable  region 
can  be  obtained  physically,  this  region  alone  has  been  included  in  the 
curves  Figs.  8  and  9.  These  curves  thus  stop  at  the  critical  point, 
at  which  they  have  vertical  tangents.** 

Comparing  Figs.  6  and  9  we  see  that  the  temperature  of  the  isotropic 
gas  lies  between  the  two  temperatures  of  the  anisotropic  gas.  Simi¬ 
larly  we  see  from  Figs.  5  and  9  that  the  pressure  of  the  isotropic  gas  is 
smaller  than  the  pressure  on  the  liquid  surface  unless  the  rate  of  evap¬ 
oration  is  sero,  in  which  case  the  two  pressures  are  equal.  This  fact 
also  follows  from  (57)  for  any  value  of  /,  for  (61)  requires  that  pi  ^  0, 
the  equality  occurring  when  the  rate  of  evaporation  b  sero. 

In  the  tables  and  curves  Which  follow,  the  denominators  of  the  tabu¬ 
lated  ratios  are  the  constants  of  the  stationary  saturated  vapor.  Since 
the  various  physical  tables  usually  give  only  the  saturation  vapor 
pressure  as  a  function  of  temperature,  it  will  be  convenient  if  we  give 
the  various  constants  in  terms  of  pressure  and  absolute  temperature. 
Thus  proceeding  as  with  a  monatomic  gas,  we  have 


where 

m 

R 

A 

S 


Density  *  mso  ■ 
Rate  of  emission 
Mean  free  path  > 


Tflpo 

RTo* 

-  ii/i  -  po  |/ , 

X.  1  _  kT, 

wPo  ‘\/2  irpo  S* 


»  i4m  K  molecular  weight  , 

>  i4ib  ~  gas  constant  —  8.314- 10.*  ergs/degree  per  mole, 
>i  Avogadro’s  number  , 

»  diameter  of  molecule  . 


(81) 


(82) 
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X#  p 

Again  proceeding  as  with  a  monatomic  gas  we  note  that  ^  and 

Xi  P9 

assume  that  ^  ^  ;  and  thus  obtain  the  following  result  for  diatomic 

A 

gases: 


A«  ^  X  ^  Xi  <  3.20  X«  .  (83) 

From  this  we  see  that  a  distance  equal  to  several,  say  five  or  ten, 
times  Xi  or  times  3.20  X«  should  be  sufficient  to  allow  a  diatomic  gas  to 
become  isotropic."  Conversely  if  the  gas  encounters  barriers  or  con¬ 
densing  surfaces  within  such  a  distance  of  the  liquid  surface,  caution 
must  be  used  in  applying  the  above  results. 

10.  Limiting  State  of  the  Anisotropic  Gas  and  of  the  Isotropic  Gas 
as  /  — »  <x>.  The  calculations  indicated  in  Sections  4,  7,  and  8  have 
been  carried  out  in  the  special  cases  /  *•  3  (monatomic  gases)  and 
/  »  5  (diatomic  gases).  As  the  molecules  of  the  gas  become  more 
complex,  /  becomes  larger;  and  the  question  arises  as  to  what  happens 

as  /  — ♦  «> .  We  have  already  seen  in  Section  4  that  and 

7*  r*  Mt  Po 

^  are  independent  of  /;  and  thus  remain  unaltered  as  /  increases. 

ns 

Using  bars"  to  denote  the  limiting  values  of  the  various  constants  as 
/  — »  00,  it  follows  from  (27)  and  (28)  that  if  Lim  7/  “  «>,  then 


i  -  i  (3A:  -  1) .  (84) 

On  the  other  hand  if  Lim  yf  —  0,  then  we  should  have 

/-.CO 

in  place  of  (84).  It  is  interesting  to  note  that  both  of  these  limiting 
values  are  independent  of  y.  If  yf  approaches  some  positive  value  as 

'*  The  one  exception  to  this  convention  is  A,  which  was  defined  by  (R2). 
Since  Si  is  the  molecular  weight,  there  is  no  possibility  of  confusion. 
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/  — ♦  oc ,  we  nhould  expect  a  to  approach  a  value  lying  nomewhere  be¬ 
tween  9m  and  that  given  by  (84).  In  any  ca«e  we  have  from  (29) 


Tr 

r. 


Turning  to  the  imtropir  gas,  we  see  from  (46)  that 


Lim-. 


which  with  (49)  gives 

.1 

Pi 


7-  /  2(p»  -h  h)'  ’ 


or 


where 


1 

1  + VT^r’ 


(p»  +  i)* ' 

From  (57)  it  now  follows  that 

h  -  r  ^  1p« 

Po  L2(p?  -h  i)J  Po  * 

Noting  that  is  a  function  of  p  alone,  we  see  from  (51)  that 


(85) 


(86) 


(87) 


(88) 

(89) 


which  expression  together  with  (53)  and  (54)  gives  the  rather  unex¬ 
pected  result 


Ti 

T, 


1  . 


(90) 


It  now  follows  from  (58)  that 
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For  the  critical  point  we  have 

V2 

due  to  (63);  also  it  follows  from  (64),  (86),  and  (88)  that  for  the  critical 
{mint 

r  -  1  .  (93) 

This  relation  determines  the  critical  value  of  p.  Knowing  the  critical 
values  of  p  and  jSi,  the  other  critical  data  now  follow  from  (89),  (90), 
and  (91). 

Noting  (60)  we  see  that  the  limiting  value  of  the  velocity  of  sound  is 


due  to  (90).  It  is  thus  evident  that  U,  is  equal  to  the  velocity  of  sound 
in  the  stationary  saturated  va{x>r. 

The  calculations  outlined  in  the  last  few  paragraphs  have  been  carried 
out  for  the  stable  region;  and  the  results  are  given  in  Table  IV'  and  in 
Fig.  10.  All  figures  tabulated  in  Table  IV  are  significant*  with  the 
exception  of  the  critical  data,  which  are  printed  in  heavy  tyjx*.  The 
figures  tabulated  for  the  critical  data  arc  probably  significant. 

For  values  of  /  greater  than  five  we  should  cxf)ect  the  corres{x>nding 
curves  to  lie  between  those  of  Fig.  9  and  those  of  Fig.  10;  thus  in  a 
sense  we  have  a  set  of  bands  instead  of  a  set  of  curves,  which  are 
applicable  to  any  gas  regardless  of  /.  This  is  probably  the  best  that 
can  be  ho{)ed  for  by  way  of  a  single  set  of  data  applicable  to  all  {mlya- 
tomic  gases. 

$ 

11.  Modification  of  Classical  Theory  to  Meet  Quantum  Conditions. 
The  theory  in  Sections  2-10  inclusive  was  develo{)ed  entirely  on  the 
basis  of  classical  kinetic  theory,  which  is  characterised  by  an  equiparti- 
tion  of  energy,  and  a  constancy  of  8{)ecific  heats.  We  shall  now 
modify  this  theory  to  meet  quantum  conditions;  hence  we  must 
examine  the  fundamental  assumptions  given  in  Section  2,  modify  these 
assumptions  if  they  conflict  with  the  above  conditions,  and  trace  the 
effect  of  such  modifications  through  the  theory  which  follows. 

Referring  to  Section  2  we  see  that  the  only  objectionable  a.ssumption 
is  the  relation  (3),  which  defends  uimn  the  equipartition  theorem. 
Since  different  molecules  may  have  different  degrees  of  excitation,  we 
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see  that  /  loses  its  meaning  completely;  however,  the  important  fact 
that  the  coefficient  of  dN  in  (3)  does  not  contain  u,  v,  or  w  does  not 
conflict  with  the  quantum  conditions.**  We  shall  now  define  /  as  a 
function  of  temperature  and  pressure  by  the  relation 


iRTf{T,p)  -  U{T,p), 


(95) 


where  U{T,  p)  is  the  total  energy  in  ergs  per  mole  of  the  gas  when 
stationary  and  isotropic.  Here  the  state  corresponding  to  lero  energy 
is  taken  to  be  one  wherein  the  molecules  have  no  translatory  motion 
and  no  rotary  motion,  wherein  the  various  internal  motions  are  en¬ 
tirely  unexcited,  and  wherein  the  molecules  are  all  infinitely  far 
removed  from  each  other.  It  is  now  assumed  that  U  is  given  as  a  func¬ 
tion  of  temperature  and  pressure,  it  being  evident  that  this  data  to¬ 
gether  with  the  molecular  weight  completely  describes  the  gas  for  our 
purposes,*  and  replaces  that  data  which  we  lost  when  we  discarded  the 
equipartition  theorem.  From  (96)  we  see  that  the  mean  energy  per 

molecule  is  J  kTf,  or  whence  subtracting  the  energy  of  transla- 
4A 

tion,  and  reasoning  as  with  (3),  we  obtain  the  relation 


4Ao 


(96) 


which  replaces  (3)  and  constitutes  the  only  modification  necessary  in 
our  original  assumptions. 

Proceeding  as  before,  it  follows  that  the  only  modification  required 
in  the  equations  in  Sections  3,  4,  and  6  is  that  /  be  replaced  hy  f(T»,  po) 
throughout.  Noting  (28),  (29),  (30),  (31),  and  (34),  we  see  that  the 


hi  T I 


expressions  for  — ,  — ,  and  —  contain  neither  f  nor  y;  hence  the 

To  So  Po  Mo 

values  of  these  quantities  given  in  Table  I  and  in  Figs.  1,  2,  3,  4,  5,  and  6 
are  good  for  all  gases  regardless  of  the  complexity  or  the  degree  of  excitation 
of  the  molecules.  Also,  since  in  (27)  /  appears  only  in  terms  having  y  as 

T 

a  factor,  it  follows  that  the  data  for  corresponding  to  7  «  0  is  good 

i  0 

for  all  gases.  Noting  (36)  we  see  that  the  physical  significance  given  to 
the  two  temperatures  Ti  and  Tr  in  Section  6  remains  unchanged. 

Turning  to  Section  7  we  see  that  the  required  modifications  consist  in 
replacing/  by  /(To,  po)  in  those  expressions  which  arise  from  the  transfer 
equations  for  the  anisotropic  gas,  and  in  replacing  /  by  /(Ti,  pi)  in 


"Handbuch  der  Physik”,  vol.  10,  p.  282. 


if 


f 

i‘ 

t 

4 

\ 

I 

» 
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tho8c  which  arise  from  the  transfer  equations  for  the  isotropic  gas.  We 
thus  have  the  following  modifications: 

a)  In  equations  (39),  (41),  and  (42), /is  replaced  by/(ri,  pi) 
in  the  left  hand  members,  and  by  /(To,  p*)  in  the  right 
hand  members. 


b)  In  equations  (43),  (48),  and  (49), /is  replaced  hyf{Ti,  pi). 

(97) 

c)  In  equations  (44),  (45),  (46),  and  (50)  f  is  replaced  by 

fiT.,  JH). 


d)  In  the  numerator  of  the  right  hand  side  of  (51), /is  replaced 
by  /(T’l,  Pi);  in  the  denominator,  by /(T#,  p#). 


It  is  now  clear  that  the  various  mathematical  processes  carried  out  in 
Section  7  have  required  no  modification  whatsoever.  In  particular  we 
see  that  y  drops  out  of  (44),  leaving  (46) ;  whence  it  again  follows  that  a 
and  ail  of  the  following  isotropic  gas  data  are  independent  of  y. 

Turning  to  Section  8,  we  see  that  /  must  be  replaced  by  f{Ti,  p\) 
in  (59).  The  velocity  of  sound  in  the  isotropic  gas  is  now  given  by 
the  expression'* 


where  D  is  the  density;  hence  we  proceed  to  determine 
an  adiabatic  process  we  have 


For 


dU  dU  j 

,8f 

V'  lieing  the  volume  per  mole.  Noting  that 


(99) 


V  =  ^  ^  T 

D*  Dm' 


(100) 


we  have  at  once 


dV=  -  ^dD, 


R  _  Ddp  -  pdD 
m  D* 


'•  Rayleiah,  “Theory  of  Sound”,  vol.  2,  p.  33. 
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whence  Hubnlituting  in  (99),  and  solving  for  it  follows  that 

du 


(i 


4d), 


ar  ^ 

ar  Tfi  apj 


(101) 


Referring  to  (96),  we  see  that 

If 


dp 


2  dp* 


whence  substituting  in  (101)  and  then  in  (98),  noting  (16)  and  (100), 
we  have  finally 


/ 


1 

2him 


J+2+T^ 


(102) 


T-T, 


the  subscript  *‘l”  merely  indicating  that  u.  refers  to  the  gas  in  its  final 
isotropic  state.  This  expression  agrees  with  (60)  only  when  /  is  con¬ 
stant.  The  relation  (61)  now  becomes 


/. 


/+2+r^ 


3/  . 


(ia3) 


In  view  of  (43)  and  (97),  we  should  expect  the  curve  of  a  against  pi 
to  be  of  the  same  general  shape  as  Fig.  7,  though  somewhat  distorted, 
since  /  is  now  a  function  of  Ti  and  pi,  and  hence  of  p\  in  (43).  At  the 
critical  point  dajdpx  »  0;  hence  differentiating  (43)  and  equating  the 
derivative  to  zero,  it  follows  that 


1  -  a/fr,,  p,)  +  Pi)  +  X  X  s 


lir^(yi.P.)  dT, 


2j  L  9Ti  dx 


9fiTi,  pi)  ^,1  ^  . 
dpi  dxj  * 


(104) 


I 
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where  x  »  pj.  But  from  (52),  (53),  (54),  and  (57)  we  have 
rr  _  T,  _  i)«ir  X  1 

‘  L  hi,'  JU +  *)•]’ 

"'■MLti]' 

hence  mnce  h[  and  p,  are  functiouM  of  p,  and  nince  daldp^  ■>  0  at  the 
critical  point,  it  followH  that  at  the  critical  point 

dTi  _  ar,  ar,  dp  da  dpt  _  ar, 

dz  dx  dp  da  dp|  dx  di 

(106) 

<fPi  _  ^1  .  ^1  <^P  _  ^Pi 

dx  dx  dp  da  dp^  dx  dx  ’ 

providing  that  — ,  — ,  and  ^  ail  remain  finite  for  the  critical  value 

dp  dp  dx  da 

p  ■*  p,.  It  in  immediately  evident  from  (24),  (28),  (34),  and  (105)  that 

— ‘  and  —  do  not  become  infinite;  also,  since  x  ■>  p*,  and  since  pi  >  0 
dp  dp 

at  the  critical  point,  it  follows  that  ^  does  not  become  infinite.  It  thus 

dx 

remains  to  show  that  ^  does  not  vanish  at  the  critical  point.  It  can 

dp 

readily  be  verified”  that  ^  >  0  for  0  <  p  <  2  if  f{T%,  p»)  ^  3.  We 
dp 

shall  see  later  on  in  this  section  that  problems  can  be  solved  taking 
account  of  quantum  conditions,  the  only  data  required  being  sets  of  data 
computed  on  the  basis  of  classical  theory  for  different  values  of  /.  It 
thus  follows  that  the  possible  values  of  pe  cannot  lie  outside  of  the  range 
of  values  allowed  on ‘the  basis  of  classical  theory;  hence  noting  (70)  we 
see  that  0  <  p.  <  .55  if  F{Ti,  p\,  T$,  p»)  2;  3.  Since  .55  <  2,  it  now 

"  Noting  (46)  and  (97)  we  see  that  a  may  be  written 

where  ot«  ia  the  value  of  a  for  a  monatomic  gas.  Noting  monatomic  gas  tables' 

p*  lif 

and  Table  I,  it  may  readily  be  verified  that  and  - -  are  increasing 

(P*+*)* 

functions  of  p  in  the  interval  0  <  p  <2;  hence  the  same  is  true  of  a  if  /(T», 
p.)  2  3. 


s 

1 
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follows  that  ^  does  not  vanish  at  the  critical  point.  We  thus  .see  that 

the  relations  (106)  are  established  if  /(T*,  pt)  ^  3  and  F(Ti,  p\,  Tt,  jh)  ^ 
3.  If,  now,  we  assume  that  the  potential  energy  (relative  to  that  state 
for  which  U  ~  0  •  •  •  see  (05))  of  the  gas  in  the  states  corresponding  to 
p  0,  p.  that  is  due  to  forces  exerted  by  the  molecules  on  each  other  is 
negligible  compared  with  the  internal  energy*  of  the  gas  in  these  states; 
then  it  follows  immediately  from  (95)  and  (112)  that  /(T*,  p»)  2  3  and 
FiTi,  pi,  Tt,  jh)  ^  3,  for  the  three  translational  motions  of  the  molecules 
are  fully  excited.  The  relations  (106)  are  thus  established. 

From  (105)  and  (106)  we  now  have 


dj\ 

dx 


L  5iP*  J  L(af  +  i)*J  ‘  Lxix  +  i)  J 

^  «  fp.l  r  -  ^  1  .  Pi 
(ix  L2JL(*  +  i)*J  x  +  y 


(107) 


Placing  (107)  in  (104),  solving  for  x,  and  taking  the  square  root,  it 
follows  that  ai  the  critical  point^* 


Pi 


/,r 

1/ 


P^P\ 


(108) 


a  relation  which  when  substituted  in  (103)  gives 


U|  -  u,. 


(109) 


We  have  thus  again  arrived  at  the  result  that  ai  the  critical  point  the 
ieolropie  gas  move*  xoith  He  sound  velocity.  If,  now,  we  suppose  that  the 
curve  of  o  against  pi  is  of  the  same  general  shape  as  Fig.  7,  it  follows 
that  we  have  a  stable  left  branch  and  an  unstable  right  branch  meeting 
at  the  critical  point,'*  at  which  point  the  drift  velocity  and  the  rate 


'*  It  may  be  Acted  that  this  result  could  not  be  obtained  by  placing  the  ex¬ 
pression  under  the  radical  in  (40)  equal  to  sero,  for  /  is  now  a  function  of  T, 
and  Pi,  and  hence  of  hence  (40)  no  longer  expresses  pi  as  an  explicit  func¬ 
tion  of  p. 

**  The  reasoning  by  which  we  choose  the  left  branch  as  stable  and  the  right 
branch  as  unstable  hinges  on  the  assumption  that  pi  is  a  one-valued  function 
of  M,  this  assumption  being  justified  and  used  in  the  same  manner  as  with  (80). 
It  is  evident  that  the  analysis  of  the  stability  of  the  two  branches  given  in  Sec¬ 
tion  8  no  longer  applies.** 
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of  evaporation  take  their  tnaximum  values.**  We  have  thus  obtained 
for  gases  having  total  energies  which  are  arbitrary  functions  of  tem¬ 
perature  and  pressure  the  same  results  concerning  the  critical  point 
and  the  velocity  of  sound  which  we  obtained  in  Section  8.  Proceeding 
as  with  (76)  and  (77),  it  follows  immediately  that  these  results  are 
independent  of  the  velocity  distribution  and  the  internal  energy  distri¬ 
bution  assumed  for  the  anisotropic  gas  at  the  hquid  surface. 

We  have  just  seen  how  by  means  of  the  definition  (05)  we  have  been 
able  to  leave  the  equations  of  Section  7  unchanged  except  for  the 
modifications  (07),  and  have  been  able  to  obtain  the  same  results  con¬ 
cerning  the  critical  point  and  the  velocity  of  sound  which  we  had 
obtained  before  under  the  assumption  of  constant  specific  heats.  It  is 
easy  to  see,  however,  that  the  amount  of  work  involved  in  computing 
isotropic  gas  data  from  the  equations  of  Section  7  has  been  increased 
enormously  by  the  modifications  (97),  for  the  /  appearing  in  (49)  is 
now  a  function  of  Ti  and  pi,  which  are  in  turn  given  by  (52),  (53), 
(54),  and  (57).  Also,  since  /  is  replaced  by /(T«,  p»)  in  (46),  it  follows 
that  a  calculated  set  of  isotropic  gas  data  is  good  for  only  one  value 
of  r*.  We  thus  see  that  the  net  result  of  (97)  is  to  change  the  situation 
from  one  wherein  a  reasonable  amount  of  computation  gave  a  set  of 
isotropic  gas  data  applicable  to  all  gases  of  a  certain  type,  and  good 
for  a  wide  range  of  liquid  temperatures,  to  a  situation  wherein  a  tedious 
method  of  successive  approximations  yields  a  set  of  isotropie  gas  data 
which  is  good  for  a  single  gas  and  a  single  liquid  temperature.  Still 
further  complicating  the  picture  is  the  fact  that  (95)  invdves  (/(T,  p), 
the  absolute  value  of  which  is  difficult  to  determine.  Our  problem  is 
now  to  improve  this  state  of  affairs. 

We  have  seen  that  the  isotropic  gas  data  are  independent  of  y;  henec 
our  results  are  not  altered  if  we  place  y  ■»  0  in  (39),  and  in  the  equa¬ 
tions  which  follow.  '  Noting  (16),  (27),  (47),  (82),  (95),  and  (97),  we 
see  that  the  last  equation  of  (39)  becomes 


3mi',  Pi 


V(Tu  p.) 


(110) 


2(Ai,m)* 


p,); 


whence  by  virtue  of  the  first  equation  of  (39)  it  follows  that  the  last 
term  on  the  right  hand  side  of  (110)  can  be  transposed  and  combined 
with  the  last  term  on  the  left  hand  side,  leaving  the  term 
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p.)  -  i-(r« p,)|.  (Ill) 

Ay/ him 

We  now  place 

p„  r„  p.)  -  l«r„  p.)  -  V{T„  p,)l;  (112) 

then  (111)  may  be  written 

y/him  4AoJ  * 

or,  noting  the  first  equation  of  (39), 


mPiPi  p _ vp  p 

4(Aim)*  Ah^-^h^m 


(113) 


The  second  term  of  (113)  may  be  transposed  to  the  right  hand  side 
of  (110);  whence  we  see  that  (110)  becomes  identical  with  the  expression 
obtained  by  placing  7  «  0  and  by  replacing  /  by  F{Ti,  pi,  Tt,  po)  in 
the  third  equation  of  (39).  Proceeding  as  before,  we  thus  obtain  the 
same  equations  for  the  isotropic  gas  data,  except  that  /  is  replaced  by 
F{Ti,  pi.  To,  Po)  throughout.  We  thus  have  obtained  the  following 
result:  If  f  be  replaced  by  F{Ti,  pi.  To,  po)  in  equations  (46),  (49),  and 
(51),  the  resulting  expressions  satisfy  the  quantum  conditions,  are  appli¬ 
cable  to  all  gases,  and  conditute  the  required  modification  of  the  classical 
theory.  The  equations  (52),  (53),  (54),  (56),  (57),  and  (58)  obviously 
hold  without  modification.  It  is  evident  from  (112)  that  F{Ti,  pi.  To,  po) 
is  determined  by  the  difference  of  the  total  energies  corresponding  to 
the  states  (To,  po)  and  (Ti,  pi);  hence  the  given  physical  data  on  the  gas 
need  include  only  the  operating  range  of  temperature  and  pressure.  In 
fact  we  have  no  use  for  physical  data  outside  of  this  range. 

Suppose,  now,  that  we  have  available  sets  of  data  such  as  Table  III 
for  any  value  of  /  whatsoever.  Since  F{Ti,  pi.  To,  po)  is  merely  a 
measure  of  the  difference  quotient  of  U  against  T  over  the  operating 
range,  we  may  easily  guess  an  approximate  value  of  F{Ti,  p\.  To,  po); 
then  choosing  that  set  of  data  which  has  this  value  for  /,  we  solve  the 
problem  as  with  classical  theory.  Taking  the  values  of  Ti,  pi.  To,  and  po 
so  obtained,  we  now  recompute  F{Ti,  p\.  To,  po),  and  repeat  the  process; 
thus  we  have  a  method  of  successive  approximations  by  means  of  which 
we  can  solve  problems  involving  gases  having  variable  specific  heats 
by  solving  problems  on  the  basis  of  classical  theory.  It  is  interesting 
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to  note  that  the  only  data  required  by  this  method  are  the  complete  data 
required  on  the  baeia  of  claaaical  theory*  which  consist  of  a  set  of  tables 
such  as  Table  III,  or  the  corresponding  curves,  computed  for  different 
values  of  /.  In  view  of  the  fact  that  a«  /  varies  from  five  to  infinity 
the  curves  for  the  isotropic  gas  data  shift  only  from  Fig.  9  to  Fig.  10, 
we  should  not  expect  the  isotropic  gas  data  to  vary  rapidly  with  /; 
hence  we  should  expect  this  method  of  successive  approximations  to 
converge  very  rapidly. 

So  far  we  have  tables  of  isotropic  gas  data  for  /  >  3  (monatomic 
gases),*  /  5,  and  /  ~  <»,  the  last  two  being  given  in  this  paper; 
hence  we  have  merely  a  skeleton  of  the  data  referred  to  in  the  pre¬ 
ceding  paragraph.  It  is  expected  that  this  data  will  be  rounded  out  at 
some  future  time.  In  the  mean  time  we  may  assume  that  the  curves 
corresponding  to  values  of  /  greater  than  five  lie  between  those  for 
/  a  5  and  those  for  /  «  « ;  thus  we  again  arrive  at  the  set  of  bands 
referred  to  in  Section  10,  these  bands  being  applicable  to  all  polya¬ 
tomic  gases. 

We  have  already  seen  in  connection  with  (46)  that  for  any  value  of  / 
the  isotropic  gas  data  can  be  computed  directly,  there  being  no  need 
for  making  any  calculations  whatsoever  on  the  anisotropic  gas  at  the 
liquid  surface.  V'alues  of  hi  and  Om,  which  are  required  in  such  com¬ 
putations,  are  given  in  Table  I,  all  figures  tabulated  being  significant.* 

Since  wc  are  dealing  with  the  problem  of  evaporation,  it  is  clear  that 

To  <  critical  temperature  of  gas,” 

(114) 

Pq  <  critical  pressure  of  gas;*' 


in  fact  we  have  seen  in  Section  2  that  we  must  keep  well  away  from  the 
critical  point  in  order  to  justify  the  use  of  the  ideal  gas  equation  for 
the  saturated  vapor.*  Also,  on  the  basis  of  calculations  already  made 
it  seems  safe  to  say  that 


I  To  <  T,  ^  To, 

i  Po  <  Pi  IS  Po  • 


(115) 


These  expressions  serve  to  limit  the  range  of  temperature  and  pressure 


**  This  is  one  reason  why  we  obtained  a  complete  picture  of  what  happens  on 
the  basis  of  classical  theory  before  considering  quantum  conditions. 

"  The  word  ‘Vriticar’  as  used  in  (114)  and  in  this  one  paragraph  has  that 
meaning  which  it  had  in  Footnote  4,  instead  of  that  meaning  assigned  to  it  in 
Section  8. 
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in  which  we  are  interested,  and  over  which  we  require  physical  data 
to  be  given  on  the  gas. 

Let  us  next  consider  the  particular  case  of  a  gas  whose  specific  heat 
at  constant  volume  is  a  function  only  of  temperature.  We  then  have 


U{T) 


Cp  ^  C,  R 

-'MZS 

j  CwdT  -I-  constant, 


(116) 


where  C,  and  Cp  are  the  specific  heats  at  constant  volume  and  at  con¬ 
stant  pressure,  respectively,  in  erga  per  mole  per  degree  abaoliUe.  We 
also  have,  noting  (112), 


or 


HKT,)- 


(118) 


where  C,.|  is  the  average  value  of  C,  over  the  temperature  range  Ti  to 
To.  We  thus  see  that  F{T\,  To)  is  o  measure  of  the  average  value  of  C, 
over  the  operating  range,  which  fact  gives  us  a  very  clear  picture  of 
F{Ti,  To),  and  hence  a  very  simple  means  of  making  the  first  approxi¬ 
mation  in  carrying  out  the  method  of  successive  approximations  out¬ 
lined  above. 

It  may  finally  be  pointed  out  that  if  for  a  certain  gas  C,  «  C,.|  * 
constant  over  the  interval  Ti  to  To,  the  problem  may  be  solved  on  the  baeis 


of  classical  theory,  the  value  of  f  being 


2 

R 


C,. 


This  follows  immediately 


from  (118)  and  the  results  just  proved. 

The  total  molecular  energy  flowing  out  per  unit  area  of  liquid  surface 
per  second  may  readily  be  obtained  from  (110);  thus 


-  E- 


2(Aim)* 


SmeiPi 

4(hjm)* 


n/n 

A  \//iim 


UiTt,  p.) . 


(119) 


If,  now,  we  denote  by  Lo  the  energy  in  ergs  required  to  evaporate  one 
gram  of  liquid  (initially  at  temperature  To)  at  a  rate  so  slow  that  the 
drift  energy  of  the  evaporated  gas  is  negligible  in  comparison  with  the 
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thermal  enerj^y,  and  if  we  denote  by  f  't  the  energy  in  ergs  per  mole  of 
liquid  at  temperature  To,  then 


(120) 


a  relation  which  may  lx*  obtained  from  (119)  and  the  firHt  equation  of 
(39).  It  now  followH  at  once  from  (119)  and  (120)  that 


-  E-  - 


*\P\t\  ^  mvipi 

Ay/hm  *  2(Aim)*'* 


(Pi  +  1)  -b 


mvipi 

\/Aim 


(121) 


vifh 


►iPi 


2Aov^Aim  A\^him 


[l’iT„p.)  -  U{Ti,py)], 


or,  noting  (112)  and  the  fact  that  the  left  hand  side  of  (121)  is  the  rate 
at  which  energy  must  be  supplied  per  unit  area  of  liquid  surface  to 
maintain  the  evaporation, 


L  -  A,  +  1  ul  -  ^  (T,  -  r,)(2  +  F(r„  Pi,  To,  po)h  (122) 


where  A  is  the  energy  in  ergs  per  gram  which  must  be  supplied  to  main¬ 
tain  the  evaporation.  This  expression  can  be  used  to  determine  the 
thermal  gradient  in  the  liquid. 


List  of  Symbols 

The  following  is  a  partial  list  of  the  symbols  used  in  this  paper. 

To  »  absolute  temperature  of  liquid  surface,  or  of  stationary  saturated 
vapor,  in  degrees  Kelvin. 

po  >  pressure  of  stationary  saturated  vapor  in  dynes/cm.* 

So  »■  molecular  density  of  stationary  saturated  vapwr  in  molecules/cm.* 

Xo  »  mean  free  path  of  stationary  saturated  vapor  in  cm. 

p,  as  pressure  on  liquid  surface  in  dynes/cm.* 

Afi  »»  rate  of  emission  of  molecules  from  liquid  surface  in  gm./sec.cm.* 

Af  as  rate  of  evaporation  in  gm./sec.  cm.* 

Tt  SB  longitudinal  temperature  of  anisotropic  gas  at  liquid  surface  in 
degrees  al>solutc,  or  Kelvin. 

Tr  s»  transverse  temperature  of  anisotropic  gas  at  liquid  surface  in 
degrees  al)solute,  or  Kelvin. 

y  s  molecular  density  of  anisotropic  gas  at  liquid  surface  in  mole¬ 
cules/cm.* 

V*  »  drift  velocity  of  anisotropic  gas  at  liquid  surface  in  cm. /sec. 
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T|  «  temperature  of  gat*  in  its  final  iHotropic  state  in  degrees  absolute, 
or  Kelvin. 

n  »  molecular  density  of  gas  in  its  final  isotropic  state  in  mole¬ 
cules/cm.* 

Pi  ~  pressure  of  gas  in  its  final  isotropic  state  in  dynes/cm.* 

Ui  ~  drift  velocity  of  gas  in  its  final  isotropic  state  in  cm. /sec. 

Xi  »  mean  free  path  of  gas  in  its  final  isotropic  state  in  cm. 
u«  a  velocity  of  sound  in  gas  in  its  final  isotropic  state  in  cm. /sec. 
p  has  no  dimensions,  and  is  used  merely  as  a  parameter  in  the  adjoin¬ 
ing  tables  and  curves.  See  Section  8. 

Pi  has  no  dimensions,  and  is  discussed  in  Section  8. 
y  has  no  dimensions,  and  is  a  measure  of  the  balance  between  the 
internal  and  the  external  energy  of  the  anisotropic  gas  at  the 
liquid  surface.  See  Sections  2  and  5. 

/  is  the  number  of  squared  terms  in  the  expression  for  the  total  energy 
of  a  molecule  under  the  classical  concept  of  a  gas.* 
m  >  mass  of  molecule  in  gm. 
fh  »  molecular  weight. 

k  —  Boltzman’s  constant  —  1.371  •  10.““  ergs/degree. 

R  ~  gas  constant  »  8.314  •  10.*  ergs/degree  per  mole. 

A  ■«  A vogadro’s  number  —  6.064  •  10.**  molecules  per  mole, 
f  «■  base  of  natural  system  of  logarithms  >  2.71828  •  •  >  . 
r  ratio  of  circumference  to  diameter  of  a  circle  »  3.14159  •  •  •  . 

A  bar  used  with  any  letter  except  m  indicates  that  that  letter  refers 
to  the  limiting  state  of  the  gas  as  /  — *  « 

The  word  “critical”  shall  have  that  meaning  assigned  to  it  in  Section 
8,  except  where  it  is  expressly  stated  otherwise. 

Throughout  this  paper  all  units  are  C.G.S.,  and  all  temperatures  are 
in  degrees  absolute,  or  Kelvin,  except  where  it  is  expressly  stated 
otherwise. 
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TABLK  I 


The  Data  Given  in  Thia  Table  Is  Independent  of  / 


Tl 

T, 

r 

1^ 

M 

Mi 

P. 

P* 

.  3 

j  +  •m 

(KNXX) 

0 

1  (NNMIO 

1  (MX)  000 

2  500  (XK) 

.97132 

.96261 

10089 

93668 

1 .029  .529 

2.5.32  981 

.94338 

.92759 

.19163 

.88137 

1.060  018 

2  .568  889 

.90727 

.88430 

.23859 

.81834 

1 . 102  212 

2  621  .382 

.86391 

83513 

.41275 

.7.5394 

1.1.57  531 

2  694  .540 

.79087 

.50651 

.70251 

1.215  841 

2.776  241 

.78291 

.58887 

i  .66143 

1.277  282 

2  866  667 

.74516 

.71491 

.65630 

.62861 

1.341  998 

2.966  001 

.70915 

.71288 

60240 

1.410  134 

3.074  433 

.67484 

.65277 

.78036 

.58147 

1.481  839 

3.192  154 

.64215 

.62597 

80019 

..56477 

1 .557  362 

3.319  359 

61104 

.60164 

.83358 

.55144 

1.636  554 

3.456  342 

.55330 

.55938 

.88500 

.5323.5 

1.807  342 

3.759  831 

.50115 

.52429 

.92099 

.52024 

1.995  402 

4.104  493 

.45415 

.49504 

.94609 

.51259 

2.301  906 

4.491  770 

.41186 

.47067 

.96349 

.50778 

2.427  989 

4.923  150 

.37387 

.45004 

.97549 

.50478 

2.674  710 

5.400  036 

.30922 

.41821 

.98926 

.50176 

3  233  911 

6.495  372 

.25732 

.39543 

.99550 

.50062 

3.886  170 

7.786  466 

.21569 

.37895 

.99820 

.50021 

4  636  390 

9.279  582 

.18222 

0 

.36688 

.99932 

.50007 

5.487  768 

10.978  604 

.15523 

33791 

.99976 

..50002 

6.442  076 

12  885  444 

0 

\/w 

1 

i 

00 

00 
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TABLE  II 

The  Data  Given  in  This  Table  Was  Computed  for  /  —  5 


1.00000 

1.00000 

1.00000 

l.OOtXX) 

1.00348 

1.00544 

1.00722 

i.o^r^ 

1.00497 

1.01061 

1.01431 

l.CS5:» 

1.00632 

1.01783 

1.02354 

1.111^ 

1.01253 

1.02641 

1.03474 

1.17204 

1.01678 

1.03477 

1.04557 

1.^24 

1.02105 

1.04292 

1.05605 

1.30417 

1.02534 

1.05066 

1.06617 

i.srea 

1.02964 

1.05856 

1.07595 

1.45193 

1.03395 

1.06611  . 

1.06541 

1.5^15 

1.03827 

1.07343 

1.09453 

1.616^ 

1.08891 

1.07461 

1.00687 

1.62588 

1.04258 

1.06056 

1.10334 

l.Tl^ 

1.05117 

1.09422 

1.12004 

1  SSS^ 

1  05968 

1.10712 

1.13558 

2.11449 

1.06806 

1.11928 

1.15001 

2.35177 

1.07626 

1.13071 

1.16338 

2.61315 

1.06424 

1.14145 

1.17577 

2.900)4 

1.09940 

1.16090 

1.19780 

3  55537 

1.11330 

1.17781 

1.21651 

4.3^7 

1.12579 

1.19238 

1.23233 

5.21958 

1.13682 

1.20484 

1.24565 

6.2^ 

1.14644 

1.21543 

1.25682 

7.^44 

(z  - 

V  V 

4^2  4) 

®  \ 

*  This  row  contains  data  for  the  critical  point,  at  which  the  isotropic  kss 
moves  with  its  sound  velocity.  See  Sections  8  and  9. 


TABLE  III 


The  Date  Given  in  this  Table  Waa  Computed  for  /  —  5 


0 

Ti 

T, 

Pi 

#1 

0 

1.00000 

l.OOOIN) 

1.00000 

0 

1.00000 

.03 

.98841 

.94593 

.93497 

.030264 

1.01173 

.06 

.97708 

.89536 

.87484 

.061078 

1.02345 

.10 

.96230 

.83269 

.80130 

.10312 

1.03917 

.16 

.94412 

.76082 

.71831 

.15750 

1.05919 

.20 

.92593 

.69473 

.64327 

.21458 

1.07999 

.35 

.90728 

.63291 

.57423 

.27555 

1.10220 

.30 

.88743 

.57370 

.50912 

.34257 

1.12685 

.35 

.86503 

.51474 

.44527 

.42006 

1.15603 

.40 

.83665 

.45130 

.37758 

.51961 

1.19524 

.45 

.78248 

.36014 

.28181 

.70856 

1.27799 

V4874M  •• 

.74486 

.81470 

.88441 

.88606 

1.84888 

t.45 

.69661 

.27108 

.18884 

.99770 

1.43553 

t.40 

.55165 

.19392 

.10698 

1.48920 

1.81274 

t.35 

.38275 

.14823 

.05673 

2.19294 

2  61270 

t.30 

.13185 

.11167 

.01472 

4.56592 

7.58460 

*  This  row  contains  data  for  the  critical  point,  at  which  the  isotropic  gas 
moves  with  its  sound  velocity.  See  Sections  8  and  9.  The  critical  value  of 
m/m;  for  /  -  5  is  .806M. 

t  The  portion  of  this  table  lying  below  the  double  horisontal  line  corresponds 
to  the  unstable  region  beyond  the  critical  point,  which  cannot  exist  physically. 
See  Sections  8  and  9. 

TABLE  IV 


The  Data  Given  in  this  Table  Waa  Computed  for  the  Limiting  State  /  —  « 


0 

T, 

p0  ^8 

7| 

# 

•qiMtioD  (§4) 

0 

1  OOtXX) 

1.00000 

1.00000 

0 

1.00000 

.03 

1.01434 

1.00000 

.93495 

.03044 

1.04429 

.06 

1.02831 

1  00000 

.87460 

.06180 

1.09003 

.10 

1.04637 

1.00000 

.80062 

.10521 

1.15332 

.15 

1.06805 

1.00000 

.71608 

.16260 

1.23630 

.20 

1.08876 

1.00000 

.63800 

.22484 

1.32376 

.25 

1.10854 

1.00000 

.56348 

.29480 

1.41592 

.30 

1.12742 

1.00000 

.48819 

.37924 

1.51300 

.35 

1.14542 

1.00000 

.40039 

.50226 

1.61520 

•.8778  •• 

1.166 

1.00000 

.896 

.707 

1.678 

*  This  row  contains  data  for  the  critical  point,  at  which  the  isotropic  gas 
moves  with  its  sound  velocity.  See  Sections  8  and  10. 
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THE  TRIANGULATION  OF  SURFACES  AND  THE  HEAWOOD 
COLOR  FORMULA* 

Bt  I.  N.  KAQNOt 

Introduction.  In  this  paper  we  prove  a  number  of  theorems  on  the 
triangulation  of  surfaces  by  graphs.  We  shall  show  that  if  a  connected 
graph  G  can  be  mapped  on  a  surface  so  as  to  triangulate  the  surface, 
then  no  matter  how  G  is  mapped,  it  triangulates  the  surface.  We  shall 
apply  the  special  case  where  G  is  a  complete  AT-point  to  the  map  coloring 
problem. 

The  Heawood  color  formula*  gives  an  upper  bound  [P*],  (where  [i] 
means  the  greatest  integer  in  x),  for  the  number  of  mutually  touching 
regions  which  can  be  mapped  on  a  surface  of  given  characteristic,  and 
hence  for  the  number  of  colors  sufficient  to  color  such  a  map.  Hea¬ 
wood  did  not  show  that  that  many  colors  actually  are  necessary.  In 
fact  Philip  Franklin*  has  given  an  example  where  the  number  of  colors 
indicated  by  the  formula  are  not  necessary.  The  question  naturally 
arises  as  to  whether  the  same  may  happen  in  other  cases.  Now  for 
those  surfaces  of  even  characteristic  K,  for  which  the  corresponding 
[Pjtl  *  Pjt,  the  maps  consisting  of  P*  mutually  touching  regions  are 
regular.*  We  shall  show  that  for  all  such  cases,  an  example  in  which 
the  Heawood  limit  is  attained  fails  to  exist  either  for  the  orientable 
surface  of  characteristic  K,  or  for  the  non-orientable  surface  of  char¬ 
acteristic  K. 


Part  1.  TrUngulation  of  Surfaces 

Definitiom.  By  a  loop  of  type  a  we  shall  mean  an  arc  with  coincident 
endpoints.  By  a  loop  of  type  b  we  shall  mean  a  circuit  formed  by  two 
arcs.  By  a  simple  loop  we  shall  mean  a  loop  of  t3rpe  a  or  6. 

By  a  complete  iV-point  we  mean  the  graph  obtained  by  joining  each 

*  Presented  to  the  American  Mathematical  Society,  April  10,  1936. 
t  Columbia  University. 

‘  P.  J.  Heawood,  Quarterly  Journal  of  Mathematics,  Vol.  24  (1890),  p.  332. 
Also  Heffter,  Math.  Ann.,  Vol.  38  (1801),  p.  477. 

*  Philip  Franklin,  ‘*A  Six  Color  Problem,"  Journal  of  Math,  and  Physics, 
Vol.  13  (1034),  p.  363. 

*  See  definition  below. 
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of  N  vertiooH  to  each  of  the  othere.  A  trianKular  2-cell  is  a  2-ceIl 
bounded  by  a  nimple  cloaed  curve  compoeed  of  three  arcs  and  three 
verticee.  A  2-ceil  whoee  boundary  in  a  Himple  (i.e.  non-aingular)  closed 
curve  is  called  regular.  A  2-cell  whose  boundary  is  a  singular  closed 
curv’e  is  called  irregular.  A  graph  is  said  to  triangulate  a  surface,  if 
when  mapped  on  the  surface  it  separates  the  surface  into  2-oells,  each 
of  which  is  triangular.  A  graph  G  is  said  to  separate  a  surface  S,  if. 
(5  —  (7)  is  not  connected.  We  shall  denote  a  surface  of  characteristic  K 
by  the  symbol  0jr.  . 

In  the  sequel,  let  (7  be  a  connected  graph  containing  no  simple  loops, 
and  no  vertices  of  degree  less  than  three.*  I^et  be  the  number  of 
vertices  of  degree  i  in  G,  (t  »  3,  4,  •  •  •  ,  a«  —  1). 

Lemma  1.  Let  G  be  mapped  on  a  surface  0,  of  characteristic  r,  in 
such  a  way  as  to  triangulate  the  surface,  if  such  a  mapping  is  possible 
for  the  given  graph.  Then  the  number  of  2-cells  is  given  by 


Pnmf :  Since  G  contains  no  simple  loops,  the  triangular  2-cells  must 
all  be  regular,  for;  the  boundary  of  an  irregular  2-cell  must  contain  as 
subset  a  simple  loop.  At  each  vertex  of  G  there  abut  t  2-cell8,  where 
t  is  the  degree  of  that  vertex.  Hence  the  total  number  of  abutments 
at  all  vertices  is 

(2)  X  -  •£' 

t  -s 

But  in  this  enumeration  each  2-cell  has  been  counted  three  times,  once 
at  each  one  of  the  vertices  on  its  boundary.  Hence  the  number  of 
2-cells  is  A/3,  which  is  precisely  that  given  in  (1). 

Definition.  Let  G  separate  a  surface  into  2-cells  and  a  be  one  of 
these.  Let  P  be  an  arbitrary,  but  fixed,  vertex  of  P(a).  Starting  at  P 
trace  a  closed  path  w  around  P(a),  so  moving  that  a  is  always  to  the 
right,  and  traversing  the  whole  of  P(a)  terminate  the  path  at  P.  By 
the  number  n,  of  sides  of  a,  we  mean  the  number  of  arcs  in  r,  where 
in  this  enumeration  each  arc  of  G  is  counted  as  many  times  as  r  passes 
throuf^  it. 

Lemma  2.  Let  G  be  mapped  on  an  0i ,  and  suppose  G  separates  0i 

*  By  the  degree  of  s  vertex  we  mean  the  number  of  arcs  with  which  it  ia  incident. 
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into  2-oell8  not  all  of  which  are  triangular.  Let  at  be  the  number  of 
2-oellB.  Then 


(3) 


Proof:*  Let  be  the  number  of  2-cell8  of  n  sides.  Then  at  »  2at, 
n  ^  3.  At  each  vertex  of  G  there  abut  a  number  of  ^-cells,  (where  a 
given  2-cell  a  may  abut  more  than  once  at  the  same  vertex,  if  a  is 
irregular).  For  each  abutment  of  a  2-eell  a  with  a  vertex  P,  two  sides 
of  a  are  incident  with  P.  If  i  is  the  degree  of  P,  there  are  i  abut¬ 
ments  at  P,  and  hence  2t  sides  are  incident  with  P.  Hence  the  total 
number  of  such  incidences  for  all  vertices  is  P  2£uii.  But  in  this 
enumeration  each  side  has  been  counted  twice,  once  at  each  of  its  ends, 
hence  since  the  total  number  of  sides  is  Ina, , 


(4) 


- 1  - 


Since  by  hypothesis  n  >  3  for  at  least  one  2-cell, 

>  3y!a?  —  3aj 

whence  from  (4)  the  lemma  follows. 

Lemma  3.  If  the  graph  &  triangulates  a  surface  0,,  and  if  G  is 
mapped  on  a  surface  0i  which  it  does  not  triangulate,  then  r  >  t. 


Proof:  On  0,,  r 

On  0,,  t 


oo  —  Ol  +  £«|. 
oo  —  ai  -t-  o*. 


By  lemmas  1  and  2, 


3 


«ii 


therefore  r  >  t. 

Theorem  1.  If  a  graph  G  when  mapped  on  an  0x  does  not  separate 
0K,  then  it  can  be  mapped  on  a  surface  of  greater  characteristic. 

Proof:  Case  I,  0»  is  orientable;  We  trace  a  simple  closed  curve  X 
on  0x  which  passes  through  a  vertex  P  of  G,  but  has  no  other  point 
in  common  with  G  as  follows;  We  start  at  P,  then  trace  a  closed  path 
near  P(0jr  —  G),  following  an  arbitrary,  but  fixed,  direction  until  we 
first  return  to  P.  We  then  terminate  the  path  at  P.  The  path  X 


*  Thia  aimple  proof  was  auggeated  to  the  author  by  Prof.  Franklin  in  place  of 
the  original  proof,  which  waa  cumberaome. 
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followH  alonii;  a  circuit  of  G,  and  can  obviously  be  deformed  into  this 
circuit.  X  does  not  separate  since  if  it  does,  the  circuit  into  which 
it  is  deformable  separates  3jr .  Cut  Sc  along  X.  There  results  a  sur¬ 
face  I*  with  two  holes  bounded  by  Xi  and  Xt  respectively,  each  X< 
corresponding  to  X.  Xi  and  Xt  contain  the  vertices.  Pi  and  Pt  respec¬ 
tively,  each  corresponding  to  P.  If  we  span  these  holes  by  2-cells,  we 
obtain  a  closed  surface  Sl  on  which  is  mapped  the  graph  (7*  + 
where  G  can  be  formed  from  G*  by  coalescing  the  vertices  Pi  and  Pt. 
Now  since  X  did  not  separate  Sc,  Pi  must  be  accessible  to  Pt  on 
(St  —  G*).  Hence  the  vertices  Pi  and  Pt  can  be  brought  arbitrarily 
close  and  made  to  coalesce.  When  this  is  done  we  shall  have  mapped 
G  on  St.  By  comparing  characteristics  we  see  that  L  >  K. 

Case  II,  Sc  is  non-orientable;  The  proof  is  analogous  to  the  proof 
of  case  I. 

Definition.  A  surface  S  is  called  maximal  for  a  given  graph  if  it  is 
the  surface  of  greatest  characteristic  upon  which  the  graph  can  be 
mapped. 

Corollary.  If  Sc  is  maximal  for  G,  then  G  separates  Sc. 

Theorem  2.  A  necessary  and  sufficient  condition  that  Sc  be  maximal 
for  G  is  that  G  separate  Sc  into  2-cells  no  matter  how  G  is  mapped 
on  Sc. 

Proof:  A,  If  the  surface  is  orientable:  The  condition  is  necessary,  for 
suppose  Sc  is  maximal  for  G.  The  surface  is  then  separated  into  a 
number  of  regions.  If  one  of  these  regions  is  not  a  2-cell,  it  is  a  2-cell 
with  handles  affixed.  W'e  could  then  remove  a  handle  and  close  the 
resulting  holes,  and  G  would  then  be  mapped  on  a  surface  of  greater 
characteristic,  which  gives  a  contradiction. 

The  condition  is  also  sufficient,  for  if  G  could  be  mapped  on  an  Sc+»  , 
we  can  affix  n  handles  to  one  of  the  regions  into  w’hich  Sc+»  is  sepa¬ 
rated  by  G.  When  this  is  done  we  shall  have  mapped  G  on  an  3c 
in  such  a  way  that  one  of  the  regions  into  which  it  separates  this  surface 
is  not  a  2-cell,  contrary  to  hypothesis. 

B,  If  the  surface  is  non-orientable.  The  proof  is  similar  to  that  of 
case  A,  the  words  “cross  cap”‘  replacing  “handle”  in  the  discussion. 

Theorem  3.  If  G  can  be  mapped  on  an  3c  in  such  a  way  as  to  tri¬ 
angulate  3c ,  then  3c  is  maximal  for  G. 

*  A  rroM  cap  is  a  hemisphere  with  a  circular  hole,  diametrically  opposite  points 
of  the  edge  of  the  hole  being  identified.  A  non-orientable  surface  is  repre¬ 
sentable  by  a  sphere  with  p  cross  caps  affixed,  where  p  —  2  —  1C.  (See  v.  Kerek- 
jarto,  “Vorlesungen  uber  Topologie,”  p.  151.) 
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Proof:  By  lemma  1,  if  at  ia  the  number  of  2-eellA  into  which  is 
separated,  then 


(5) 


Suppose  3*+,  is  maximal  for  G.  Then  G  separates  into  2-oells 
no  matter  how  it  is  mapped  on  the  surface.  Now  these  2-eells  are 
either  triangular,  or  for  some  mapping  of  G  on  3*+,  one  of  these  is  not 
triangular.  If  the  latter  were  tnie,  then  by  lemma  3  we  would  have 
K  1  <  K,  which  is  absiird.  If  the  former  were  true  then  by  lemma  1, 
if  a't  is  the  number  of  2-cells  into  which  3*+,  is  separated,  oi  »  2fa,/3 
hence  by  (5)  ay  “ay.  Since  ay  “  ao,  aj  “  ai  we  have  K  t  ^  K, 
That  is,  3x  is  maximal  for  G. 

Definition.  Let  there  be  a  map  of  q  countries  on  a  surface  3k  . 
3x  shall  be  called  maximal  for  the  map  if  it  is  the  surface  of  greatest 
possible  characteristic  on  which  there  exists  a  map  of  q  countries  having 
the  same  incidence  relations  among  them  as  in  the  given  map.  Con¬ 
sider  the  graph  formed  by  the  boundaries  of  the  countries  in  the  given 
map.  If  each  vertex  of  this  graph  is  of  degree  three,  the  map  is  called 
regular. 

Theorem  3'  (dual  of  theorem  3).  If  on  3k  there  exists  a  regular  map 
of  q  countries,  each  country’  touching  at  least  two  others,  then  3k  is 
maximal  for  the  map. 

Theorem  4.  If  G,  when  mapped  on  an  3k,  triangulates  3k,  then  G 
does  so  no  matter  how  it  is  mapped  on  3k. 

Proof :  3k  is  maximal  for  G.  Hence  no  matter  how  G  is  remapped 
on  3k  the  surface  is  separated  into  2-cells.  Suppose  for  some  remap¬ 
ping  of  G,  one  of  these  2-cells  is  not  triangular.  Let  ay  be  the  number 
of  2-cells  in  the  original  map,  and  ay  be  the  number  of  2-cells  in.  the 
remapping.  By  lemma  3, 


whereas  by  the  Euler  Formula,  ai  *  ay.  This  contradiction  proves 
the  theorem. 

Theorem  4'  (dueU  of  theorem  4).  If  there  exists  a  regular  map  of  q 
countries  on  a  surface,  then  any  other  map  of  q  countries  on  the  same 
surface,  having  the  same  incidence  relations  among  them  as  do  the  q 
countries  in  the  original  map,  is  also  regular. 

Corollary.  If  a  complete  N  point  triangulates  a  surface  3k,  it  does 
80  no  matter  how  it  is  mapped  on  the  surface. 
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The  map  of  a  complete  N  point  on  a  surface  which  it  triangulates  ia 
thus  essentially  unique.* 

Corollary:  {dual  of  above  corollary).  If  a  given  map  of  N  mutually 
touching  countries  on  is  regular,  then  any  map  of  iV  mutually 
touching  countries  on  the  same  surface  is  regular. 


Part  n.  The  Heawood  Formula 


Let  (^xl  *  (i(7  +  v^40  —  24IC)],  where  [r]  means  the  greatest  integer 
in  X.  Heawood  has  shown  that  (Pc]  is  an  upper  bound  to  the  number 
of  mutually  touching  countries  which  can  be  mapped  on  a  surface  of 
characteristic  K.  Whenever  (Pc)  —  P»  the  map  of  (P«]  mutually 
touching  countries,  if  it  exists  on  3c,  is  regular.^  Heffter’s  calcula¬ 
tions  for  such  nutps  may  be  summarised  in  the  theorems  5  and  5'. 

Definition.  Let  3c  be  a  surface  of  characteristic  K.  By  the  genus 
of  3c  we  mean  the  integer  p  —  (2  —  K)/2  when  3c  is  orientable,  or 
the  integer  q  ^  2  —  K  when  3c  is  non-orientable.  In  the  former  case 
we  denote  3c  by  the  symbol  S,,  in  the  latter  case  by  the  symbol  iS, . 

Theorem  5.  A  necessary  condition  that  a  regular  map  of  N  mutually 
touching  regions  exists  on  a  surface  of  genus  p,  is  that  N  and  p  satisfy 
the  relations 


(1) 


N 


7  ±z 
2 


fz  -  24y  ±  1,  24v  ±  7 

•  1/  -  0,  1,  . .  . 


when  the  surface  is  orientable,  or 


(2)‘ 


N 


7  +  z 

2 


(z  -  12y  ±  1,  I2y  ±  5 

I  y  -  0,  1,  . .  . 


when  the  surface  is  non-orientable. 


*  For,  let  P  be  a  complete  AT-point  which  triangulates  Map  H  on  another 
surface  01  of  the  same  characteristic.  H  also  triangulates  01.  Then  there  is  a 
1-1  continuous  correspondence  between  the  points  of  0.  and  those  of  01  so  that 
if  a  is  a  2-cell  of  0.  corresponding  to  a'  on  01  then  F{a)  corresponds  to  F{a'). 
In  other  words,  if  P  is  mapped  on  0.  and  if  the  vertices  of  P  are  numbered 
1,  2,  ■  *  *,  »!  then  any  other  map  of  P  on  0.  is  equivalent  to  the  original  map  with 
the  numbers  assigned  to  the  vertices  permuted. 

’  Heffter,  loc.  cit. 
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Theorem  5'  (dueU  of  theorem  5).  A  neoemary  condition  that  a  complete 
iV-point  triangulate  a  surface  of  genus  p  is  that  N  and  p  satisfy  rela¬ 
tions  (1)  when  the  surface  is  orientable  and  (2)  when  the  surface  is  non- 
orientable. 

A  table  of  values,  up  to  /C  »  —68,  is  given  below. 


Orientable 

Non-orientable 

K 

V 

N 

V 

N 

2 

0 

3,4 

1 

1 

6 

0 

I 

7 

2 

7 

-1 

5 

9 

-4 

7 

.  10 

-10 

6 

12 

12 

12 

-13 

15 

13 

-30 

11 

15 

23 

15 

-24 

13 

16 

26 

16 

-33 

35 

18 

-38 

30 

19 

40 

19 

-49 

51 

21 

-56  • 

57 

22 

-08 

35 

24 

70 

24 

Examining  this  table  we  see  that  the  values  of  N  which  do  not  appear 
are  5,  8,  11,  14,  17,  •  •  •  that  is, 

A  necessary  condition  that  a  complete  N  point  triangulate  a  surface, 
(or  that  a  map  of  N  mutually  touching  regions  is  regular)  is  that 
N  5  +  3m,  (m  »  1,  2,  •  •  •  )• 

A  complete  ^-point  will  triangulate  a  surface  if  and  only  if  its  dual 
map  is  regular.  A  necessary  condition  for  such  nutps  is  [Pk\  «  Pk. 
We  now  show  that  this  condition  is  not  sufficient. 

Theorem  6.  The  upper  bound  [P*]  given  by  Heawood  and  Heffter 
for  the  number  of  mutually  touching  countries  which  can  be  mapped 
on  a  surface  of  characteristic  K,  cannot  be  attained  for  one  of  the 
surfaces;  (a)  the  orientable  surface  of  characteristic  K,  (b)  the  non- 
orientable  surface  of  characteristic  K,  when  K  is  even  and  [Pc]  Pc- 

Proof :  For  every  even  value  of  K,  there  are  both  orientable  and  non- 
orientable  surfaces  of  characteristic  K.  Suppose  K'  is  an  even  value 
of  K,  such  that  a  complete  AT-point  exists  on  0c’ ,  triangulating  the 
surface.  (The  value  of  N  can  be  computed  from  theorem  5.)  By  the 
corollary  to  theorem  4,  this  map  of  the  complete  iV-point  on  3c'  is 
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PHHentially  unique.  That  ia,  the  triangular  2-oellH  into  which  the  sur¬ 
face  ia  aeparated,  have  an  eaaentially  unique  incidence  relationship 
among  them.  These  2-cella  thua  piece  together  into  an  essentially 
unique  surface  which  is  either  orientable  or  non-orientable.  If  ia 
orientable,  then  for  the  non-orientable  surface  of  characteristic  K*  there 
does  not  exist  a  map  of  a  complete  AT-point  which  triangulates  the  sur¬ 
face.  Under  duality  there  does  not  exist  a  map  of  N  mutually  touching 
countries  which  is  regular,  on  the  surface.  If  is  non-orientable, 
then  for  the  orientable  surface  of  characteristic  K'  there  does  not  exist 
a  map  of  a  complete  JV-point  triangulating  the  surface.  Under  duality 
there  then  does  not  exist  a  map  of  N  mutually  touching  countries, 
which  is  regular,  on  the  surface. 

Example.  K  «  0.  The  complete  7-point  triangulates  a  torus,  i.e., 
orientable  surface  of  characteristic  xero.  The  dual  map  consists  of 
seven  mutually  touching  hexagons.  Therefore  the  map  of  seven  mu¬ 
tually  touching  hexagons  cannot  exist  on  a  non-orientable  surface  of 
characteristic  lero.  This  was  6rst  shown  by  Philip  Franklin.* 


*  P.  Franklin,  loc.  eit. 


A  GEOMETRICAL  INTERPRCTATION  OF  THE  METHOD  OF 
SYMMETRICAL  COMPONENTS 


Bt  B.  HorniANN,  Winston  E.  Kotk,  and  M.  H.  L.  Pntcn' 

Introduction.  The  method  of  symmetriral  components  is  a  process 
for  finding  the  distribution  of  currents  and  voltages  in  an  unbalanced 
three-phase  electrical  system.  By  resolving  the  unbalanced  compo¬ 
nents  of  the  known  currents,  voltages,  and  impedances  into  three  sets 
of  symmetrical  components,  the  negative  sequence,  the  positive 
sequence,  and  the  aero  sequence  elements,  the  problem  is  reduced  to  one 
of  finding  the  distribution  of  currents  and  voltages  in  a  balanced  system, 
and  the  solution  is  thereby  greatly  simplified. 

Krbn  has  recently  shown*  that  the  three  sequence  operations  may  be 
reduced  to  one  matrix  operation.  It  is  the  purpose  of  this  paper  to 
consider  more  in  detail  the  characteristics  of  such  matrix  operations  and 
to  discuss  their  geometrical  representation. 

General.  The  voltage  equations  of  a  three  phase  generating  system 
(transformer  or  alternator)  may  be  written  as 

e,  -  Z^i-  -I- 

(1)  e»  ■*  Zhmi*  -f-  ZuP  -b  Zhti*, 

c«  »  Ze.»*  +  Zcki*  +  Z..t*, 

where  the  three  windinpt  a,  6,  c,  possess  impedances  Zm>  Zm,  and  Zc, 
respectively,  and  mutual  reactances  Z^,  Z„,  etc.  The  currents  are 
written  with  superscripts  to  show  the  tensor  character  of  the  equations. 
In  general  all  quantities  will  be  complex. 

The  standard  method  of  solution  is  to  operate  with  the  three  sequence 
operators  S*  «  (1,  1,  1),  <S*  *  (1,  a*,  a),  and  S*  «  (1,  o,  a*),  where  1,  a, 
and  a*  are  the  three  cube  roots  of  unity.  However  it  is  to  be  observed 
that  the  equation  (1)  can  be  written  in  the  matrix  form 

e  =  Zi 

'  The  Institute  for  Advanced  Study,  Princeton,  N.  J. 

*  G.  Kron,  Gen.  Elect.  Rev.,  38,  242  (1036). 
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I 


1 


% 


,9 


and  that  the  sequence  operations  are  equivalent  to  the  matrix  trans¬ 
formation 


S-^ZSi', 


that  is  to 


Z'  -  5-'ZS, 


1,  1,  1 


\l,  «,  oV 


S  is  unitary  since  SS*  »  1,  the  unit  matrix.  (S*  is  the  transposed 
conjugate  (rf  S.) 

The  most  important  case  arises  when  the  generator  impedances  are 
balanced,  i.e.  when  the  impedance  matrix  has  the  special  form  given  by 
Z,m  »  Z»k  «  Z„,  and  Z.c  »  Z.t  Z..,  etc.  A  great  simplification 
then  results  because  of  the  property  of  the  matrix  S  of  transforming  any 
matrix  of  the  form 


P,  Q,  9 


9.  P,  9 


9f  9,  PI- 


into  a  diagonal  matrix  of  the  type 


lx,  0,  0\ 
A'-(o,  y,  oj, 
\o,  0,  y/ 


A’  -  S-‘AS. 


When  the  above  condition  holds,  the  impedance  matrix  Z  is  of  the  form 
A  and  the  method  of  symmetrical  components  is  seen  to  be  equivalent  to 
a  principal  axis  transformation 

Z'  -  -S-‘  Z  S,  • 


3 
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Z' 


^Zaa  -I"  2Z#<,  0,0 

0  ,  Z^-  Z^,  0 

0,0,  Zm  —  Zm 

The  geometrical  significance  of  this  principal  axis  transformation 
becomes  evident  when  we  observe  that  the  matrix 


\9.  9,  P/ 

is  a  linear  combination  of  the  unit  matrix  and  the  matrix 


B 


'1.  1,  l\ 

1,  1,  1|; 


1,  V 

A  ^  (p  -  q)  I  ^  qB. 

The  transformation  that  brin^  B  to  diagonal  form  will  also  bring  A 
to  diagonal  form.  B  itself  has  a  simple  geometrical  interpretation,  for 
when  it  operates  on  any  vector  x  »  (x‘,  x*,  x*)  it  changes  it  into  a 
multiple  of  the  vector  x[  —  (1, 1,  \)/y/Z'. 

Bx  —  (x*  -I-  X*  +  X*)  y/Z  x[. 

In  particular,  any  vector  orthogonal  to  x|  is  reduced  to  zero  by  B, 
since  for  such  a  vector  x*  -|-  x*  +  x*  —  0.  The  principal  axes  of  B  are 
therefore  the  line  parallel  to  x(,  and  any  two  directions  orthogonal  to 
each  other  and  to  x|.  Orthogonality  of  two  vectors  x,  y  is  here  under¬ 
stood  in  the  unitary  sense 

(x,p)  -  0. 

To  preserve  symmetry  with  respect  to  the  three  original  axes  we  want 
the  two  new  axes,  which  lie  in  the  plane  x^-f-x*4>x*«0,  to  make  equal 
angles  with  the  projections  of  the  three  axes  on  this  plane.  These 
projections  are  three  lines  making  angles  of  I2(f  with  each  other,  and 
it  is  easily  proved  that  the  vectors  (1,  a,  a*),  (1,  a',  a)  do  indeed  make 
equal  angles  with  them.  Further,  they  are  orthogonal  since 

l.T  a.d*  -I-  a*.d  «  1.1  -I-  a.a  -J-  a*.a* 

«  1  -f  a*  a 

»  0. 
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The  new  axes  must  therefore  be  given  by  the  unit  vectors 

x;  -  -4(1. 1. 1) 

V3 


1 


V3 


(1,  a*,  a) 


x;.^  (■!,<,,  a’). 

The  factor  1/V3  is  required  in  order  to  make  these  vectors  unit  vectors 
in  the  sense 

(x,  f)  «  1. 

The  transformation  of  Xt  «  (1,  0,  0),  x*  *  (0,  1,  0),  Xa  —  (0,  0, 1)  into 
i**  (‘kftrly  given  by  the  nuitrix  equation 

x'  -  Sx, 

with  S  given  by  (2). 

Now  we  have  in  particular 

Bxl  -  3x1. 

Bxf  «  0, 

BXf  »  0, 

which  can  be  written  as 

S~^BS  xi  “  3xj , 

S-»B5x,  -  0, 

S-«BSx, -0. 

The  matrix  S~^BS  is  therefore 

'  /3,  0,  0^ 

s-ws  -  I  0,  0,  0 

\o,  0,  oj 

and  the  matrix  S“MS  is  accordingly 

S-MS  -  (p  -  g)  1  +  g 
(p  +2?,  0  ,  0 

0  ,  p  -  q,  0 

0  ,  0  ,  p  -  ql 


AN  EXTENSION  OF  GIBBS’  VECTOR  ANALYSIS  TO  A’-SPACE 
By  I.  M.  Hostetter' 


m 

1.  The  systems  of  vector  analysis  for  4-space  as  developed  by  Som- 
merfeld,*  ^^^Ison  and  Lewis,*  Weatherbum,*  and  others,  have  grown  out  ■'?| 

of  Minkowski’s  conception  of  a  space-time  vector.  However  valuable  || 

they  nmy  be  in  the  treatment  of  the  theory  of  relativity  they  do  not 
readily  admit  of  extension  to  n  dimensions.  In  treating  the  four- 
dimensional  problem  Minkowski*  introduced  three  different  types  of  f 

vectors,  namely,  directed  line  elements,  directed  surface  elements,  and  t 

directed  volume  elements,  w’hich  were  designated  by  him  as  vectors  of  4 

the  first,  second,  and  third  kind,  respectively.  Sommerfeld  called  vec-  1' 

tors  of  the  first  and  third  type  four-vectors  and  those  of  the  second  type 
six-vectors,  vectors  of  the  first  tyjje  being  represented  as  the  set  of  four  If 

numbers  designating  the  lengths  of  the  projections  of  the  line  element  ^ 

upon  the  four  axes,  those  of  the  second  type  being  represented  by  the 
set  of  six  numbers  measuriilg  the  areas  of  the  projections  of  the  surface 
element  upon  the  six  coordinate  planes,  and  those  of  the  third  type 
being  represented  by  the  set  of  four  numbers  measuring  the  volumes  of  i 

the  projections  of  the  volume  element  u|^n  the  four  coordinate  planoids.  V 


Wilson  and  Lewis  classified  the  three  types  as  one-vectors,  two-vectors,  1 

and  three-vectors,  in  accordance  with  the  dimensionality  of  the  space 
occupied  by  each.  Whatever  the  point  of  view,  the  combination  and  • 

manipulation  of  these  different  types  of  vectors  is  at  least  confusing.  '  ' 

The  difficulties  incident  to  the  extension  to  a  greater  number  of  dimen-  f 

sions  is  obvious. 

From  the  point  of  view  which  regards  a  vector  as  an  entity  in  itself, 
distinguished  by  the  properties  magnitude  and  direction,  and  not 
primarily  as  a  representation  of  a  set  of  numbers,  exception  might  be  *  , 

taken  to  the  classification  of  the  surface  elements  in  4-8pace  as  vectors.  . 

A  surface  element  determines  a  definite  direction — the  normal  to  the 

‘  Institute  for  Advanced  Study.  ;{ 

*  Ann.  der  Physic.,  Bd.  32,  S.  749  (1910);  Bd.  33,  S.  649  (1910).  '| 

*  Proc.  Am.  Acad.,  Vol.  48,  p.  380.  I 

*  Quart.  Jour.,  Vol.  48,  p.  30;  also  Mess.  Math.,  Vol.  49,  p.  155;  Vol.  50,  p.  49.  «  j 

*  Gott.  Nach.  (1908),  8.  53;  Math.  Ann.,  Bd.  68,  S.  472  (1910).  ‘ 

191  t 


192 


I.  M.  H08TETTER 


surface — only  in  one  case,  that  of  three  dimensions.  In  2-8pace  it 
indicates  no  direction  whatever,  and  in  4-space  not  a  single  direction, 
but  oc'  directions  normal  to  the  surface  element.  The  three-dimen¬ 
sional  element  in  4-space  does  determine  a  vector  normal  to  the  ele¬ 
ment,  but  it  would  appear  to  be  simpler  to  resolve  this  normal  along 
the  four  axes  than  to  project  the  element  on  the  four  coordinate  planoids. 

2.  Inner  and  outer  products  defined.  We  recognize  with  Gibbs 
two  functions  of  the  indeterminate  product  AB  of  two  vectors,  namely 
the  inner  and  outer  products.  The  inner  or  scalar  product  is  defined  by 

A*B  »  AB  cos  (A,  B), 

where  A  and  B  are  the  magnitudes  of  the  vectors  A  and  B  and  (A,  B) 
is  the  euclidean  angle  between  the  two  vectors.  Discarding  the  idea 
of  six-vectors,  the  outer  product  A  X  B  for  4-space  is  no  longer  a  vector 
whose  magnitude  is  the  area  of  the  parallelogram  determined  by  A 
and  B  as  defined  by  the  above  writers,  but  rather  a  two-dimensional 
quantity — a  dyadic — which  can  be  reduced  to  a  form  wherein  all  of 
its  antecedents  and  consequents  are  normal  to  the  plane  of  A  and  B. 
Further,  if  we  wish  the  product  to  conform  to  the  re(|uirement  of  3-space 
that  AXB*  — BXA,  the  dyadic  must  be  antisymmetric. ,  We  can 
therefore  express  the  product  A  X  B  in  terms  of  two  vectors  normal 
to  A  and  B. 

A  X  B  »  Im  —  nil. 

If  we  further  specify  that 

AB  sin  (A,  B)  ~  Im  sin  (1,  m) 

the  definition  is  complete.  If  we  select  the  vector  1  so  that  it  is  or¬ 
thogonal  to  m,  then  We  can  write  the  product  in  the  convenient  form: 

A  X  B  -  e(W4  -  U,)AB  sin  (A,  B), 

where  ii  and  i4  are  mutually  orthogonal  unit  vectors  normal  to  A  and  B, 
and  e  has  the  value  -|- 1  or  —  1  depending  upon  the  order  of  selection 
of  the  vectors  it  and  i4 .  The  value  of  e  will  later  be  defined  analytically. 
The  above  definition  of  the  outer  product  admits  of  immediate  generali¬ 
zation  to  n-space. 

We  will  adopt  the  notation  of  the  tensor  analysis,  where  a  repeated 
index  indicates  summation  on  that  index.  has  the  value  -f  1 

or  —  1  depending  upon  whether  the  number  of  inversions  from  the 
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order  1,  2,  •  •  •  ,  n  is  even  or  odd  and  vanishes  for  any  repeated  values 
of  these  indices,  and  i)  has  the  value  4-1  or  —  1  according  aa  i  j 
or  i  ^  j.  It  is  to  be  noted,  however,  that  subscripted  quantities  in 
heavy  type  are  vectors  and  not  the  scalar  components  of  vectors. 

We  define  the  outer  product  of  two  vectors  in  n-space  by  the  relation 

(1)  Ai  X  Aj  *  ccti,', ...  i,',  •  •  •  ii4f  sin  (A|,  At),  (j*  *  3,  •  •  •  ,  a), 

where  i,-  are  again  mutually  orthogonal  unit  vectors  normal  to  A| 
and  At,  that  is,  vectors  such  that 

(2)  -0,  i,/A, -0. 

The  symbols  i,  will  in  the  sequel  always  indicate  such  a  set  of  mutually 
orthogonal  unit  vectors.  From  (1)  it  follows  that 

A|  X  At  —  At  X  Ai,  A<  X  A<  «  0,  (i  not  summed), 

and  if  Ai  and  At  are  the  orthogonal  vectors  i,,  and  i/, , 

(3)  i,,  X  i|,  “  c*,-, ...  >,  iy,  •  •  iy, ,  0*  “  ‘  «  ^)’ 

3.  Polyadic  products.  We  now  extend  the  notation  of  Gibbs*  for 
double  dot  and  double  cross  products.  According  to  Gibbs 

ab:cd  »  a*cb>d,  abxcd  a  X  cb  X  d. 

Likewise  the  double  dot  or  double  cross  product  of  two  dyadics  ♦  :  ♦ 
or  ♦x^t  indicates  the  corresponding  products  arising  from  formally 
expanding  these  dyadics  according  to  the  distributive  law.  We  extend 
the  meaning  of  this  notation  to  include  the  triple,  quadruple,  etc., 
products  of  any  numl)cr  of  vectors,  dyadics,  or  polyadics,  the  factors  of 
the  polyad  of  lower  order,  as  they  appear,  to  be  applied  in  order  to  the 
polyad  of  higher  order.  Thus: 

abed  :efg  «  ab  *ec  ’fd  ‘g,  ab  :  edefg^hk  «  a  *cb  *def  X  hg  X  k, 
and 

abc  :  r.Tfl  «  ab  •  r,c  •  Fj,  a  •  F.bx  r5C  -  a  •  F,  X  F^b  X  c. 

where  Fy  is  a  polyadic  of  order  i. 

From  (3)  we  can  now  write  with  the  aid  of  (2) 

!*,•••  1*,  •  iy,  X  ly,  •  iy,  •  •  •  ii„  *  •  •  •  **ir  •  •  •  yVi  •  •  •  i>r  *  '  ’  i»« » 

(r  »  p  -f  3,  «  »  n  -  ^). 

*  Gibbs-WUaon,  Vector  Analysia,  pp.  306-309. 


194 


I.  M.  H08TETTER 


The  value  of  the  right  member  evidently  does  not  depend  upon  the 
position  of  the  crost>  in  the  left  member  except  for  sign.  Expressing 
any  p  vertors  Kg  in  terms  of  the  n  vectors  i,  , 


Aj  “  “  If  ’  *  *  »  P>  J  “  ^f  '  *  ‘  f  ^)i 

we  have  with  the  aid  of  (4) 

Ai  X  Aj :  Ai  •  •  Kp  »  at/,atp,aii,  •  •  <*»>,  if,  X  S  i/,  •  •  •  V,  f 

(P  ^  n), 

“  •••  I,  i»i  •  *  •  i|,  ®lf«i  •  •  ®w»t 

(»  -  n  -  p). 

The  latter  result  can  be  expressed  in  the  determinant  form 


(5) 


(6) 


Ai  X  At  s  Aj 


Ap-e|  ii 


i. 


it 

it 


i, 

i. 


Oil  oit  •  •  •  •  au 
Opt  Opt  •  •  •  •  Opn 


It  follows  immediately  from  consideration  of  the  subscripts  of  (4) 
and  (5): 

In  any  polyadic  product  (including  polyadics  of  order  one,  i.e.,  vectors) 
formed  by  the  dotible.dot  multiplication  of  the  cross  product  of  any  two 
vectors  with  m,  (m  »  n  —  2),  other  vectors,  arranged  in  any  way  as  pre¬ 
factors  and  postfactors,  the  value  of  the  polyadic  without  regard  to  sign  is 
indeperideni  of  the  position  of  the  cross.  If  the  number  of  vector  factors  s 
in  each  term  of  the  ‘resulting  polyadic,  i.e.,  s^n  —  2  —  m,  is  even, 
changing  the  position  of  the  cross  does  not  change  the  sign;  if  s  is  odd 
the  sign  is  changed  or  not  changed  depending  upon  whether  the  number  of 
vectors  crossed  over  is  odd  or  even. ' 

According  to  the  definition  of  the  cross  product  it  is  at  once  evident 
that  if  any  vector  kg  in  the  product  (5)  is  repeated,  or  if  any  of  these 
vectors  are  linearly  related,  the  pnxluct  will  vanish.  If  the  polyadic 
pnxluct  is  of  order  one  the  result  is  a  vector  orthogonal  to  each  of  the 
vectors  kg.  It  is  accordingly  called  the  vector  product.  If  the  polyadic 
product  is  of  order  sero,  that  is,  if  n  —  p  0,  the  product  is  a  scalar 
which  we  will  call  the  n-fold  scalar  product. 
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4.  The  »-fold  scalar  product.  If  thr  vtH'torH  Af  are  expressed  in 
terms  of  any  set  of  n  linearly  inde|)end(‘nt  vectors  b, , 

kg  »  ag/hi, 

we  have  for  the  n-fold  scalar  pnKluct 

(7)  At  X  Ai :  A.1  •  •  •  A.  =  I  agj  I  bi  X  bi :  ba  •  •  •  b., . 

Since  the  cross  may  l>c  placed  in  any  {H)sition  in  this  product  without 
alti'rinfr  its  value,  wc  will  write  it,  in  analogy  with  the  triple  scalar 
product  of  S-space,  in  the  form 

A|  X  Aa :  A.1  •  •  •  A,  =  (AiA*  •  •  •  A,]. 

The  cross  in  the  n-foUi  scalar  product  may  be  placed  between  any  two 
vectors  without  altering  the  scalar's  value;  if  the  facUtrs  are  interchanged 
the  sign  of  the  product  alone  may  be  changed,  the  sign  of  the  new  product 
being  determined  by  the  number  of  inversions  necessary  to  restore  the 
product  to  its  original  form.  If  the  vectors  b,  are  the  unit  vectors  i,- 
then 

(8)  [A|Ai  •  •  •  Ak]  *  e  I  ora,  I- 

Wc  will  now  select  the  vrtluc  of  e  so  that 


[AiAiA«Ak_i  •  •  •  Aa]  =  flAiAa  •  •  •  An), 

which  defines  e  as 


c-(-l)  * 


5.  Reciprocal  vectors.  Let  any  vector  B  be  expressed  in  terms  of 
the  n  linearly  independent  vectors  b{, 

B  =«  /3,b, . 

To  determine  the  coefficients  /3<  multiply  Imth  mcml>ers  by 

i  b,+i  X  b,+j :  b,>a  •  •  •  b,b|  •  •  •  b,  i. 

All  the  terms  of  the  right  memlier  will  vanish  except  the  one  for  which 
I  »  j;  hence,  solving  for  ft, 
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Siilwtituting  thb*  value  bark  in  the  al)ove  equation,  we  obtain 


B  - 


(10) 


2 


(Bb,.,, 


(b/ 


The  set  of  n  veetors 


b,b,  ...  b,_,]. 
b,b,b,  ,l  ■  ' 

-  Z 

i 


.  b,_i  Bb,>i  . . .  b.] . 
(b,b,--b,) 


(II) 


b,+i  X  b/.)i:b/.n  . . .  b,bi  . . .  b,_i 
(b^  . . .  b«bi  •  •  •  b/_ij 


b;, 


(n.>  2), 


will  1)0  railed  the  vector  reciprocalH  of  the  set  b,  and  will  bo  denoted 
by  by.  ObviouHly  the  vectors  b,  are  also  the  reciprocals  of  the  set  b,-. 
We  may  now  write  equation  (10)  in  either  of  two  wa)r8 

(12)  B  -  B-byb;,  B-B.b'b,. 

The  dyndic  b,by  or  byb,  is  therefore  the  idemfactor  of  the  space  and 
will  Im*  denote<l  by  I.  A  supers<*ript  to  the  left  w'ill  lie  added,  thus, 
"I,  when  it  is  desirable  to  indicates  the  dimensions  of  the  space  for 
which  it  is  the  idemfactor.  From  (11)  it  is  evident  that  iy  “  i,  ,  hence 
I  ean  l>e  written 

(13)  i-b,b;  -b;by.i,i,. 

The  last  expression  for  I  is  easily  shown  to  hold  for  n  =  2,  and  we  can 
now  define  the  reciprocal  vectors  to  bi  and  b*  for  2-s|)ace. 


(14) 


./  IXb,  ./  I  X  b, 

^'“b,  Xb,’  *“b,Xb,- 


It  is  to  1)0  recalled  tHat  the  cross  product  is  in  this  case  a  scalar.  Equa¬ 
tions  (12)  and  (13)  thus  hold  for  n  —  2.  It  follows  at  once  from  the 
definition  of  fe<-ipnK'al  vectors  that 


b..by  =  a;. 

Let  Aa(a  =  1,  . . .  ,  m)  be  a  .set  of  m  linearly  independent  vectors 
lying  in  a  space  F*  immersed  in  a  space  F,.  Then  any  reciprocal 
vector  of  this  set,  .say  Ai,  is  given  by 


!  "(Af  X  Ai) :A4  ...  a, 
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where  the  Huperticript  to  the  left  of  an  exprefwion  axain  indieateti  the 
space  for  which  the  relation  holds.  Designate,  by 

«  m  +  1,  •  • .  ,  n) 

a  set  of  vectors  in  V,  such  that 

Btf- A.  =»  0,  -(B«., ,  X  B.^,):B^.  •  •  •  B„  0 

then  the  n-fold  scalar  product, 

[Ai  •  •  •  A„Bm4.i  •  •  •  B»], 

does  not  vanish  and  then*  (‘xists.  a  n*ciprocal  ve<‘tor 

>  "(Aj  X  Ai);A4  •  •  •  AwB*+i  •  •  •  B, 

‘  "  Tkr-  •  a«b:;. ^  -itr  “  * 

From  the  definition  of  the  enjss  product  the  numeraUjr  of  the  right 
meml)er  must  be  a  vector  u  which  lies  in  Vm  and  is  orthogonal  to  the 
vectors  A«(a  ^  1).  The  denominator  is  At  •  u.  Likewise  the 
numerator  of  the  expression  for  "A'  is  a  vector  v  in  Vm  orthogonal  to 
the  vectors  Aa  (a  ^  1)  and  is  therefore  parallel  to  u.  The  denominator 
is  A|*v.  It  follows  at  once  that 

(15)  ■  -a:  -  -a:. 

Since  the  vwtors  i,  of  (5)  can  be  express€*d  in  terms  of  any  set  of 
n  —  p  vectors  orthogonal  to  A^  (/5  »■  1,  •  •  •  ,  p),  it  follows  that  this 
polyadic  product  can  l)e  expressed  in  the  form 

A#  4- 1  X  Aa  4  I  •  A«4.S  •  •  •  Aa  ™  CCa,  • , .  "  "  ILtj  I  (®  ™  p), 

where  Aj-Ua  *  0  and  the  u’s  are  not  necessarily  orthogonal  to  each 
other.  It  therefore  follows,  since 

Aj  •  •  •  A<!A«4.|  X  *  •  A,  *  (A|  •  •  Aa], 

that 

(16)  At^  I  X  •  •  A,  ™  *ai«,  Aa,  •  •  Aa,[At  •  •  Aa], 

(a  »  1,  .  . .  ,  «). 

Likewise 

(17)  A.\,  X  a:^,:A:^,  •  •  •  a:  »  . - a..  . . .  A..IA;  . . .  a:1. 

If  the  product  [A|  •  •  •  A,)  be  ex|)anded  by  the  use  of  (11)  and  (5), 
we  obtain  after  simpli6cation 

(18)  [a;  ...  a:i(a,  ...  a,i  - 1. 
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By  meatiH  of  this  relation  it  may  be  Hhown^  that 

(19)  [A,  ...  A,I(bi  =  |A,  .  b>|,  (»,i  =  1,  .n). 

6.  The  outer  product  redefined.  For  2-8puce 

1  X  m  =  fm  sin  (1,  m)  =  [Im], 

and  we  could  have  defined  the  outer  product  for  4-space  by  the  relations 

A  X  B  =  Im  —  ml,  [Im]  ««  [AB]. 

For  5-space  we  would  then  have 

AXB  =  e.v*U,U,  |1,1,1,]  =  [AB], 

and  thus  by  the  inductive  process  we  can  define  the  outi'r  product  for 
n-space  by  the  equations 

(20)  A,  X  A,  -  .  h,,  -  *1U  • . .  U1  -  (A,A,I. 

This  definition  agr(‘<*s  w'ith  that  given  by  (1)  for,  placing  I,  = 

A|  X  At  =  '  iy*  *=  I  an  | ««*,...*, U,  ...  i*,, 

and  with  the  aid  of  (8) 

I  an  I  *  e[lj  . . .  K]  =  e(AiA|]  *  eAiAt  sin  (Ai,  At). 

7.  Functions  of  a  dyadic,  the  invariants.  We  now  defitie  n  —  1 
functions  of  a  dyadic  <1>,  which  are  extensions  of  Gibbs’  second  and 
third*  of  a  dyadic.  Let 

‘l»  =  b.c,,  (i  =  1,  ...  ,  m  ^  n), 

then  the  fdh  of  4»  is  defined  by 

(21)  '  4>,  =  (l/pD+J*:*"-*, 

where  *  indicates  <M>  . . .  to  a  total  of  p  —  2  factors.  When  the 
right  nieml)er  is  expanded,  this  l>econies 

(22)  <l>p  -  (l/p!)(b,,  X  b<.:b..  . . .  b.^c.,  X  c.,:c..  . .  •  c.,), 

(i*  1,  . . .  ,  m). 

In  particular  for  the  nth  of  d*  we  have  the  scalar 

4>«  =  (l/n!)<l»x  *  [bi  • . .  b,l(ci  .  •  •  c,J, 

’  Gibbs-Wilson,  p. 

*  GibbH-Wilson,  pp.  310-31 1 . 
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and  if  the  conacquentM  of  «l>  are  selected  as  the  vectors  U  we  have 
from  (8) 

(23)  «  c[b,  . . .  b,l  -  I  fty  I,  .  b.  -  , 

which  identifies  4i.  as  the  determinant  of  the  dyadic.  If  we  define  the 
rank  of  a  dyadic  as  numerically  equal  to  the  least  number  of  dyads  in 
which  it  may  be  expressed,  it  follows  at  once  from  (22): 

Theorem.  The  neceeaary  and  sufficient  condition  that  a  dyadic  <t>  be 
of  rank  m  is  that  ^  0,  =  0. 

If  we  select  c,  =  i,  and  b*  =  /3„iy  then  (22)  l>ecome8  with  the  aid 
of  (6)  and  (4) 


4>,  - 

i. 

it  •• 

•  i. 

«t,...i,y,...y,h,  •  •  •  h, , 

i. 

ij  •• 

•  i. 

/3...  •• 

•  Ay. 

(s  =  n  -  p), 

(i,j  =  1,  •  ••  ,  «). 

^p/,  * 

• 

which  can  vanish  only  if  ail  the  p-rowed  determinants  in  the  ^’s  vanish. 
*  Hence  it  follows  at  once  with  the  aid  of  (23)  that  the  rank  of  a  dyadic 
0  is  identical  with  the  rank  of  its  determinant. 

We  have  for  the  pth  of  a  linear  combination  of  two  dyadics 

p!(X4>  4-  u^)p  »  (X4>  4-  fJi*)  X  +  m4'):(X«J>  +  ^4')'“*. 

Since  the  order  of  the  dyadic;  factors  and  the  double  dot  and  double 
cross  may  obviously  be  interchanged  in  any  manner,  the  right  member 
may  l)c  expanded  into  the  form 

4>x  4-  ^  +  •  •  • 

'*”(p  ^  +  4'x4':4'*^V'. 

whence 

^  1 

(X*  -I-  M^)p  »  4»pX'’4-  L  4-  +  ♦pM”. 

f-i  r! 

For  X  -■  1,  M  “  —  X,  *  I,  p  =  n,  we  have  the  so  called  characteristic 
dyadic 

VU*  f— IV  f_lV-' 

(4,  _  XI), »  ♦.  4-  £  L_^4,,_,:rx'  +  ^  i--‘x--«  +  (-1)-I,X-, 

r>i  r!  n  —  1 


1.  M..H08TETTER 


2(N) 


since  I,_i  «  l/(n  —  I)!*"*.  The  coefficient  I.  is  etiual  to  unity;  the 
remaining  ctx'fficients  of  the  right  member  constitute  n  scalar  invariants 
of  the  dyadic  4>  and  will,  with  the  exception  of  4>.,  be  designated  thus, 
(<*>,),,  where  w’e  have  adopted  the  notation  of  Gibbs,*  since  they  are 
obvious  generalizations  of  .the  three  principal  invariants  pointed  out  by 
him.  Let  n  —  r  =  p;  then  by  the  aid  of  (13)  and  (22)  for  m  *  n  these 
iiivariuiits  expH'ssed  in  terms  of  the  vectors  b<  and  Ct  are 

(24)  ‘h.  “  Ibi  ...  b„l(Ci  c,l. 


^2!jJ  (4*p)«  =  f.!p!^^''  "  "  *  ‘ 

(i,j  -  1,  ...  ,n). 

When  (16)  is  applied  to  the  lattc‘r  e<{uation  it  can  be  written 
(25)'  (<l>p),  *  (c,.  X  . . .  Ci,)  :(b<,  X  b<,:bi, . . .  b^,), 

p! 

or  if  we  apply  (17)  and  (18)  instead  of  (16),  we  obtain 
(25)"  ^***'’^*  *  '  ’  ‘ 

(p  «  1,  . . .  ,  n  -  r;  I,  j  -  1,  • . .  ,  n). 


The  characteristic  <>(|uation  may  now  be  written  in  the  form 
(4,  _  XI).  =  (-l)-X-  -h  "i;  (-1)'(‘I>,).X-'  +  4*.. 

p-i 

I'liis  ndation  can  be  shown  to  be  satisfietl  when  X  is  replaced  by  «l> 
giving  the  Hamiltot]-C'ayley  (H|uation  for  n-s|)ace. 

(26)  4-  +  Z  (-l)'’(4>p).4»-»  4».I  -  0, 

p-i 

where  now  4>"  ■»  ...  to  a  total  of  n  factors. 


8.  The  derivatives,  divergence,  curl.  We  define  the  gradient  of  a 
scalar  function  ^  by  the  relation 

«■  dr.V0 


•  Gibha-Wilwm,  pp.  319-320. 
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from  which  it  followH  that  i«  normal  to  any  direction  of  dr  for 
which  ^  in  conHtant;  that  is,  it  in  normal  to  the  hyi)emurface  ^(r)  »  c 
through  the  current  point.  The  unit  normal  n  in  the  direction  of  V<^ 
in  given  by 

^  ai  X  a}:ai  •  •  •  a.-i 

O  *  f  if 

[t,a,  •  •  •  a,_,l 

where  a.  are  any  n  —  1  indei)endent  vectors  tangent  to  this  hyijer- 
surface.  The  dyadic  derivative  VF  of  a  vector  function  F  of  a  vector  r 
is  defined  by  the  relation 

(27)  dF  =»  dr-VF. 

The  derivatives  and  VF  thus  defined  hold  for  any  space  and  are 
independent  of  any  eoordinate  .system.  They  can,  however,  be  easily 
ex(>ressed  in  terms  of  such  systems.  Since  any  dyadic  of  rank  n  may  be 
expressed  as  the  sum  of  n  dyads  of  which  either  the  antecedents  or  the 
consequents  may  be  arbitrarily  chosen,'®  we  select  as  the  consequents 
the  vector  functions  d¥/dUi  ft  =  1,  •  •  •  ,  n),  where  u<  are  the  curvilinear 
coordinates  of  the  space.  VF  and  its  conjugate  FV  thus  l)ecome 

(28)  VF  -  a,  dF/du,  ,  •  FV  »  aF/  dM.a,  , 

where  the  vectors  a,  are  determined  by  the  relations 

dF  =  dr-VF,  dr  dr/du,dui. 

It  is  evident  that  the  vectors  a<  are  the  reciprocal  vectors  to  the  .set 
dr/dUi.  Likewise  the  gradient  can  be  written 

(29)  V0  -  tiid4>/dUi. 

The  divergence  V*F  and  the  curl  V  X  F  of  the  vector  function  F(r) 
are  define<l  as  those  functions  of  VF  which  are  obtained  by  taking  the 
scalar  and  the  cross,  respectively,  of  VF.  Thus 

(30)  V-F  -  (VF),  =  a.-aF/aii,, 

(31)  V  X  F  «  (VF)x  »  a<  X  aF/du,. 

From  (27)  we  see  that  dr  »  dr«Vr  for  any  direction  of  dr.  Hence 
Vr  «  I,  V*r  «  I,  «  n. 


••  Gibbs-Wilson,  p.  271. 
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where  I  w  the  idemfaetor  of  the  spare  to  which  r  is  limited.  If  r  is  a 
vector  c  (*onstant  in  magnitude  hut  variable  in  direction  then,  since 
in  the  notation  dc  *  dc*VcC"  dc  is  everywhere  orthogonal  to  c, 

(32)  VjC  =  "“'I  =  "I  —  cc/c*,  Ve*c  =  n  —  1, 

where  •~'I  is  the  idemfaetor  of  the  n  —  1  space  over  which  c  varies. 

9.  Vector  and  dyadic  derivatives  in  a  subspace.  Let  us  consider  the 
m-spac<*  Vm  determine<l  by  the  intersection  of  the  p,  {p  ^  n  —  m), 
hypersurfaces 

«-(r)  »  c,,  (a  =  1,  • .  •  ,  p  <  n  -  1), 

immersed  in  an  n-space  V,.  Construct  m  inde|)endent  scalar  functions 

^4(r)  »  U4,  (/3  -  P  +  1,  •••  ,  «), 

which  are  uniform  and  continuous  and  possess  continuous  gradients  and 
for  which  the  scalar  product 

(3:1)  A(r)  =  (V.^,  . . .  ,  •  •  ■  V0,1  ^  0 

in  the  neighborhood  of  the  current  point  r.  The  n  equations  =  c, , 
=  Us,  according  to  the  WTiter’s  theorem'*  on  implicit  functions  of 
vector  variables,  may  now  be  .solved  for  r  in  this  neighborhcKKl. 

(34)  r  =  r(ci,  ■  ,Cp,  u,+,,  •  •  •  ,  «,). 

If  the  c’s  as  well  as  the  u’s  are  considered  as  independent  variables,  this 
equation  defines  the  space  V, ;  if  the  e'e  are  regarded  as  constants 
then  (34)  defines  the  space  ,  in  which  case  the  vector  r  will  be  written 
with  a  bar,  thus 

(35)  f  »  r(M,+i,  ...  ,  M,). 

Evidently 

(36)  *  I,  Vff  «  Vit  *  -I, 

The  nutation  VcF,  etc.,  will  be  used  when  U  is  desired  to  call  attention 
to  the  particular  independent  variable  with  respect  to  which  the  derivative  is 
taken,  as  is  done  in  ordinary  scalar  differentiation.  The  notation  ft,  /r.,  etc., 
will  be  used  to  denote  partial  differentiation. 

Existence  Theorem  on  implicit  vector  functions,  Jour.  Math.  A  Physics, 
Vol.  XV,  p.  97  (1936). 
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where  I  is  the  idemfactor  of  V.  and  ’*1  the  idemfactor  of  the  V*. 
Differentiating  r  and  r  with  respect  to  we  have 

where  r«  »  dr/dc.,  tg  «■  dr/dn^,  and  t  is  the  unit  tangent  to  any  curve 
in  F.  and  t  the  unit  tangent  to  any  curve  in  F« .  With  t  and  t  thus 
defined  we  have  from  (32) 

V,t  -  I  -  tt,  Vjt  -  -I  -  tt. 

Since  both  antecedents  and  consequents  of  "I  lie‘*  in  F.  it  is  evident 
that  V;r  and  Vft  xohen  applied  as  prefactor  or  postfactor  to  any  vector  act 
as  annihilators  to  any  component  of  such  vector  which  is  orthogonal  to  Vm. 
Let  P  be  any  vector  in  F, ;  then  Vfr*P  «  P-Vff  is  the  projection  of  'P  on 
F...  Vtt  in  addition  annihilates  all  components  parallel  to  t.  Vtt*P  » 
P'V'tt  is  thus  the  projection  of  P  upon  the  m  —  1  space  orthogonal  lo 
t  and  lying  in  Vm . 

We  wish  to  express  these  operators  in  terms  of  the  functions 
(i  —  1,  •  •  •  ,  n),  or  their  derivatives.  Carrying  out  the  differentiation 
of  the  equations  (34)  and  (35)  with  respect  to  r  and  f  respectively,  we 
have 

(38)  »  I  »  V,-r  -  -I  «  *  rgVi<t>a, 

from  which  it  is  evident  that  the  vectors  r*  are  the  reciprocals  of  the 
set  in  F,  and  the  vectors  Tg  are  the  reciprocals  of  the  set  Vf^g  in 
Vm,  and  consequently 

Vr^i-  Tj  »  6)  ,  •  Ty  *  , 

(39) 

(t,  j  -  1,  • . .  ,  n;  /3,  7  «  p  1,  . . .  n). 
The  vectors  Tg  thus  lie  in  F«  orthogonal  to  .  The  system  of  vectors 

F01,  •  •  •  ,  Vt^p,  CiKfl,  •  •  •  ,  Tn 

owing  to  (18)  and  (33)  therefore  possesses  a  reciprocal  system  Tg , 
and  we  can  write 

I  -  +  TgTg  , 

The  expression  "lie  in"  or  "belong  to"  as  used  herein  is  to  be  understood  to 
include  those  vectors  which  are  commonly  spoken  of  as  being  tangent  to  the 
space. 
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whence,  nnre  Xf  as  shown  in  Sec.  5  are  also  reciprocals  to  the  set  x$ 
in  Vm,  we  have  with  the  aid  of  (38) 

(40)  ViX  -  "I  -  xgx't  -  I  - 

(41)  V,t  -  "I  -  tt  -  I  -  -  tt. 

If  we  multiply  (38)s  by  and  apply  (39) i  we  obtain 

VfX-Vf^fi  * 

With  the  aid  of  this  we  have  for  any  vector  or  scalar  function  F  of  r 
where  r  is  defined  by  (35) 

V}F  »  V}^gdFfdug  *  VfX’Vf^gdF/ dUg. 

Now  considering  F  as  a  function  of  r  defined  by  (34),  wherein  the  c’s 
are  regarded  as  variables,  and  adding  Vfr*V,^.dF/dc«  »  0  to  the  right 
member  we  have 

(42)  ViF  «  Vjr- (V,^.dF/ac.  +  V^it^gdF/dug)  -  Vjr-V,F. 

Similarly  we  obtain,  for  F  a  scalar  or  vector  function  of  t, 

(43)  V,-F  »  Vit-V,F 
and  for  F  a  function  of  both  r  and  t 

(44)  F,  .  V,-r.F„  Fi  =  Vit-F,. 

The  results  (42),  (43),  and  (44)  are  exactly  those  we  would  obtain  if 
we  proceeded  to  differentiate  F  implicitly  regarding  r  as  a  function  of  f 
and  t  as  a  function  of  t. 

FlrCr)),  F[t(t)),  Flr(r),  t(t)l. 

If  we  let  c,  *  M,  in  (34)  we  can  immediately  express  the  derivative 
V,F  in  terms  of  the  purvilinear  coordinates  Uj  of  T,  by  substituting  the 
value  of  V^i  in  terms  of  the  reciprocal  set  r<.  Thus,  since 

V,F  -  Vit>idF/dUi,  (,•  -  1,  . . .  ,  „), 

it  follows  at  once  that 


(46) 


X  Xi^i  •  Xi^ 


r»  r, 


r,  fi  >  •  •  r.-i  dF 
*  •  ri-il  9ui 


This  is  a  generalization  of  the  expression  obtained  by  Weatherbum*^ 
for  curvilinear  coordinates  for  3<space.  By  appl3dng  (42)  and  (40) 
to  (45)  V  F  can  be  obtained  in  terms  of  the  coordinates  Ug  of  Vm. 

C.  E.  Westherburn,  On  triple  ■ystems  of  eurfscee  and  non-orthogonal  curvi* 
linear  coordinates,  Proc.  Royal  Soc.  Edin.,  Vol.  44,  (1926),  pp.  194-205. 


THE  STABILITY  OF  QUADRATIC  VELOCITY-DISTRIBU¬ 
TIONS  FOR  AN  INVISCID  LIQUID  FLOWING 
BETWEEN  PARALLEL  PLANES 

Bt  J.  L.  Stnob' 

This  paper  contains  a  proof  that  the  steady  flow  of  an  inviscid  liquid 
with  a  velocity-distribution  Uo(y)  between  fixed  planes  y  ^  ±b  is  stable 
if  Ut(y)  is  a  quadratic  function  of  y.  It  is  true  that  this  result  is  given 
by  Rayleigh’s  condition  for  stability,*  vis.,  that  d*uo/dy*  shall  be  of  one 
sign  in  the  liquid,  but  the  method  by  which  that  condition  was  derived 
is  of  such  doubtful  validity*  that  the  present  proof,  which  is  very 
simple  and  direct,  may  be  of  interest.  The  present  method  is  based 
on  a  quantity  called  the  “measure  of  turbulence”  of  a  disturbed  motion, 
related  to  (and,  in  the  case  of  the  small  disturbance  of  a  quadratic 
velocity  distribution,  differing  only  by  a  constant  factor  from)  a  geo¬ 
metrical  quantity  called  the  “deviation”  of  a  disturbed  motion.  The 
paper  concludes  with  a  criticism  of  the  characteristic  value  method  so 
widely  employed  in  the  theory  of  hydrodynamical  stability:  it  is  shown 
that  the  method  leads  to  a  contradiction  under  certain  circumstances. 

Let  us  consider  the  disturbance  of  a  steady  flow  of  an  inviscid  liquid 
between  parallel  planes  y  »  ztb.  The  disturbance  is  assumed  to  be 
either  periodic  in  x  or  localised  in  the  sense  that,  if  w'  represents  the 
vorticity  of  the  disturbance,*  then  the  integral 

j  j  u’*dxdy, 

taken  over  the  whole  region  between  the  planes,  converges.  The  dis¬ 
turbance  may  be  infinitesimal  or  finite. 

Let  us  write  for  the  velocity-components  and  the  vorticity  of  the 
disturbed  motion 

y,  t)  =  «o(y)  +  u'(x,  y,  t), 

y,  t)  -  v'(x,  y,  t),  J(x,  y,  t)  =  uo(y)  +  «'(x,  y,  t), 

>  Profeasor  of  applied  mathematica,  University  of  Toronto. — Ed. 

*  Lord  Rayleigh,  Proc.  London  Math.  Soc.,  11  (1880),  pp.  57-70.  (Sci.  Papers, 
1,  474~t87.) 

*  For  a  criticism  of  the  method,  see  J.  L.  Synge,  Phil.  Trans.  Roy.  Soc.  A  234 
(1934),  43-78. 

*  That  is,  the  excess  (at  the  point  z,  y)  of  the  vorticity  of  the  disturbed  motion 
over  the  vorticity  of  the  steady  motion. 
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where  w«  refer  to  the  undisturbed  motion,  and  u',  v',  u  to  the  super¬ 
imposed  disturbance.  We  have  then 


(2) 

(3) 

(4) 


«0  *  — 


1  dxH 


2  dy’ 

,  _  1 

*  2  \dx  dy  y 

ax  dy  “  ■ 


du  du  ,  9u  ,  du  . 


We  have  also  the  equation  of  conservation  of  vorticity, 

(5) 

or 

Let  us  define  the  measure  of  turbulence  of  the  disturbed  motion  as 
(7)  Mit)  -//«'* 

where  tS  is  a  fixed  area.  When  the  disturbance  is  periodic  in  x  with 
period  2a,  we  shall  take  iS  to  be  the  rectangle  bounded  by  x  »  ±a, 
y  »  d:b;  when  the  disturbance  is  localised,  we  shall  take  iS  to  be  the 
whole  region  between  the  planes  y  »  ±6. 

Let  us  consider  first  the  case  of  a  disturbance  periodic  in  x.  We  have 


(8) 

dM 

dt 

or,  by  (6), 

(9) 

dM 

dt 

where 

m  o  f  f  ^  ^ 


I,  -  -2j f^^'u.^dxdy. 


M 
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/.-  -2/ 

-2/ <(»<». 
I,  -  -2 11^  ^V^dxdy. 


Now,  integrating  with  respect  to  x,  we  obtain 

(11)  /i  -  -  dy  -  0, 

on  account  of  the  assumed  periodicity  of  the  disturbance,  and  also 


for  the  same  reason.  Substituting  for  w'  from  (3)  in  the  expression 
for  /t,  and  integrating  by  parts,  we  have 

The  first  expression  vanishes  from  the  periodicity  of  the  disturbance, 
and  the  second  vanishes  since  v'  »  0  for  y  ±6;  the  third  integral  also 
vanishes  since,  if  we  substitute  —du’Idx  for  dv'/dy  from  (4),  we  get 

-!!.  t  ■  /i  ^ 


-Ji 
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For  It  we  have 


“//“'I 


Adding  our  renulte,  and  noting  that 

/i  4*  A  “  0, 

by  virtue  of  (4),  we  have 


Thm  if  uo  i»  of  the  form 

(17)  Uo  »  Ay*  4-  fly  4-  C, 

M  ia  a  constant. 

Kxcept  for  a  trivial  velocity  of  translation  parallel  to  the  wall»<,  the 
dintrihution  of  vorticity  determines  the  distribution  of  velocity.  If 
3/  *  0,  then  w'  *  0,  and  hence  the  disturbance  vanishes.  In  the 
case  of  a  finite  initial  disturbance,  u  is  finite  initially  and  so  are  u' 
and  v\  It  is  difficult  to  see  how  stability  is  to  be  precisely  defined  in 
the  case  of  a  finite  disturbance:  it  seems  that  it  would  be  as  good  a 
definition  as  any  to  say  that  the  motion  is  stable  if  the  mean  value 
of  fa)'*  remains  less  than  an  assigned  value.  In  this  sense,  flow  with  the 
quadratic  profile  (17)  is  stable  with  respect  to  a  finite  disturbance. 

In  the  case  of  an  infinitesimal  disturbance,  we  can  examine  the  situa¬ 
tion  more  closely.  If  the  disturbance  was  originally  of  the  order  of  < 
(that  is,  if  u'  and  v'^were  originally  of  this  order),  then,  if  the  velocity 
profile  is  as  in  (17),  M  is  permanently  of  the  order  of  «*.  Hence  u 
is  permanently  of  order  c,  except  perhaps  in  a  small  region  in  which 
it  becomes  finite:  the  area  of  this  region  will  be  of  the  order  of  «*. 
Now  (omitting  from  consideration  a  trivial  velocity  of  translation  paral¬ 
lel  to  the  walls)  u'  and  v’  are  determined  by  w';  the  part  of  the  region 
in  which  w'  is  of  order  c  gives  contributions  of  order  c  to  u'  and  v', 
where&s  tbe  small  region  only  gives  contributions  of  the  order  of  e*. 
Hence  the  quadratic  profile  (17)  is  stable  with  respect  to  small  disturbances 
in  the  usual  sense,  u'  and  v'  remaining  small. 

If  the  disturbance  is  not  periodic,  but  localised,  we  may  follow  exactly 
the  same  line  of  argument,  putting  o  »  ».  Square  brackets  which 
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formeriy  vanuihed  on  account  of  periodicity,  now  vanish  on  account 
of  the  localisation  of  the  disturbance. 

The  significance  of  the  result  is  more  clearly  .seen  by  considering  a 
quantity  which  we  may  call  the  deviation  of  the  motion,  and  which  we 
shall  now  define.  In  the  undisturbed  motion  the  lines  of  constant 
vorticity  are  straight.  Consider  one  of  them  (L)  on  which  the  vorticity 
has  the  value  C,  and  consider  the  moving  curve  (L')  in  the  disturbed 
motion  for  which  the  vorticity  has  this  same  value.  The  relation  of  the 
S3r8tem  of  straight  lines  L  to  their  correspondents  L'  gives  us  a  graphical 
picture  of  the  extent  of  the  disturbance.  Let  y,y  fi  he  the  ordinates 
on  L,  U  respectively  corresponding  to  a  certain  abscissa  x  and  time  t. 
We  define  the  deviation  of  the  motion  at  time  I  to  be 


(18) 


m 


[jlix,  y,  01*  dxdy, 


where  the  region  S  is  defined  as  above  for  periodic  and  localised  dis¬ 
turbances.  If  the  disturbance  is  finite,  it  may  well  happen  that  there 
is  no  curve  L'  in  the  disturbed  motion  having  the  assigned  vorticity  C. 
Our  definition  is  not  valid  for  such  a  case,  but  it  will  be  valid  if  the 
disturbed  state  is  one  which  may  be  obtained  from  the  steady  motion 
with  conservation  of  the  vorticity  point-by-point.  In  the  case  of  an 
infinitesimal  disturbance,  this  difficulty  does  not  arise,  since  we  may 
omit  an  infinitesimal  layer  next  each  wall  from  the  region  of  integra¬ 
tion  of  (18),  an  error  of  only  the  third  order  arising  thereby. 

Now 


(19)  ’  "o(y  +  v)  +  “'(-Tj  y  +  v,t)  ^  (a»iy), 

and  hence,  confining  our  attention  to  infinitesimal  disturbances. 


(20) 


o'jx,  y,  t) 
duo  'dy 


This  is  the  Cartesian  equation  of  L',  the  running  coordinates  being  x,  q. 
Although  the  measure  of  turbulence,  defined  in  (7),  is  not  in  general 
equal  to  the  deviation,  defined  in  (18),  they  differ  only  by  a  constant 
factor  when  the  velocity-distribution  is  of  the  form  (17).  Hence  when 
the  velocity-dietrihution  is  a  quadratic  function  of  y,  the  deviation  of  the 
disturbed  motion  remains  constant,  the  disturbance  being  infinitesimal. 

A  remark  may  be  added  in  criticism  of  the  characteristic  value 
method.  The  basis  of  the  method  is  to  assume  a  solution  as  a  super¬ 
position  of  terms  of  the  type 


(21)  u'  »  fiy)  exp  ia(x  —  ct),  »  giy)  exp  ia(x  -  ct),  (c  9^0), 
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each  pair  of  exprewions  of  this  type  separately  satisfying  the  equations 
of  motion  and  the  boundary  conditions.  Now  let  us  suppose  that  there 
is  superimposed  on  a  steady  motion  which  has  sero  velocity  on  the  walls 
a  disturbance  whose  initial  vortidty  does  not  vanish  on  the  walls,  and 
let  us  assume  for  the  subsequent  motion  a  superposition  of  solutions 
of  the  type  described  above.  The  vorticity  corresponding  to  (21)  is 

(22)  u  «  \h{y)  exp  io(x  -  ct),  hiy)  -  iagiy)  —  df/dy. 

When  we  substitute  in  the  approximate  form  of  (6),  namely, 


(23) 


dw'  ,  dw'  ,  ,  ditto 

-rr  -f  «o  — 
dt  dx  dy 


0, 


the  above  expressions  for  v\  and  remove  the  exponential  factor, 
we  get 

(24)  ia(uo  -  e)h(y)  -  g(y)  d*Uo/dy*  »  0. 


Now,  as  stated  above  (and  it  is  the  very  essence  of  the  characteristic- 
value  method)  the’p'  of  (21)  is  to  satisfy  the  boundary  conditions: 
r'  »  0  for  y  —  ±b.  Thus  g(y)  -  0  for  y  -  ±6.  Also  by  hypothesis, 
tt»  —  0  for  y  »  ±b,  and  c  #  0.  Therefore  h(y)  »  0  for  y  »  ±b. 
But  we  deliberately  choose  a  disturbance  whose  vorticity  did  not  vanish 
on  the  walls.  Hence  we  arrive  at  a  contradiction  and  must  conclude 
that,  in  this  particular  instance  at  any  rate,  the  search  for  “typical 
solutions”  such  as  (21)  is  useless,  and  conclusions  based  on  their  sup¬ 
posed  existence  are  not  necessarily  true. 


CONSISTENCY  OF  INDEPENDENT  COUNTINGS  AS  A 
CRITERION  FOR  COMPLI-TENI-SS 

By  Thobnton  C.  F*t* 

1.  Orifin  of  tiie  Problem.  The  statistical  problem  here  considered 
arose  in  connection  with  the  proof-reading  of  a  set  of  mathematical 
tables,  and  for  the  sake  of  clarity  can  perhaps  best  be  expressed  in  the 
language  of  that  problem,  although  the  results  are  obviously  applicable 
to  any  situation  in  which  a  number  of  independent  mechanisms  (ob¬ 
servers)  are  exposed  to  the  same  sequence  of  stimuli  and  are  supposed 
to  react  to  (count)  them.  It  is  conceivable  that  the  results  may  be 
of  value  in  many  fields  of  biology  and  biophysics,  as  well  as  in  con¬ 
nection  with  the  reliability  of  the  data  of  gangs  of  counting  relays  when 
used  under  conditions  where  failures  of  individual  members  of  the  gang 
may  be  expected  to  be  frequent. 

The  proof~»heet»  of  a  set  of  mathematical  tables  were  compared  with 
copy  by  eight  different  proof-readers.  As  a  group  they  located  34  errors 
(hereafter  referred  to  as  the  **known  errors”).  Individually,  however,  they 
missed  14,  13,  12,  7,  6,  4  and  4  of  these  known  errors  respectively. 

What  degree  of  confidence  is  warranted  in  the  assertion  that  the  proof  does 
not  contain  “unknown”  errors  which  all  the  observers  missed? 

The  question  is  evidently  one  of  inverse  probabilities  and  may  there¬ 
fore  conceivably  be  solved  either  by  means  of  Bayes’  theorem  or  by  a 
consistency  criterion  of  the  kind  commonly  known  as  “goodness  of  fit.” 
The  former  of  these  methods  would  have  the  merit  of  giving  an  un¬ 
qualified  answer;  that  is,  it  would  result  in  a  statement  of  the  form  “The 
probability  that  an  undiscovered  error  exists  is  so-and-so.’’  But  it 
requires  a  preliminary  estimate  of  certain  existence  probabilities,  the 
estimation  of  which  in  the  present  instance  would  be  mere  uneducated 
guesswork.  By  contrast  a  pronouncement  of  the  consistency  type  is 
much  less  direct.  It  reads  in  the  form  “The  probability  of  an  undis¬ 
covered  error  does  not  exceed  so-and-so  unless  the  consistency  of  the 
records  of  the  various  proof-readers  is  a  most  unusual  accident.” 

Since  in  the  present  instance  the  less  direct  pronouncement  appears 
to  be  satisfactory,  the  argument  will  be  framed  along  this  line.  Spe- 

*  Bell  Telephone  Lsborstories,  New  York,  N.  Y. 
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cifirally,  wc  Hhall  do  the  following  thingH:  We  shall  assume  a  set  of 
values  Pi  which  are  tentatively  supposed  to  measure  the  individual 
chances  of  the  various  readers  missing  a  particular  error.  On  the  basis 
of  this  assumption  we  compute  two  probabilities: 

(1)  The  probability  that  as  a  group  the  m  readers  will  discover  N 
and  miss  n  of  the  N  n  ern>rs.  For  brevity  we  call  this  “the  proba¬ 
bility  of  event  A"  and  denote  it  by  P{A). 

(2)  The  probability  that,  if  the  event  A  occurs,  the  findings  of  the 
various  readers  would  be  distributed  in  a  manner  less  likely  than  that 
which  was  ol)served.  This  we  call  “the  probability  of  event  B”  and 
denote  it  by  Pa{B). 

With  these  two  probabilities  known  as  functions  of  [pH  we  seek  for 
that  set  |py)  which  will  make  P{A)  as  large  as  possible  (say  M)  subject 
to  the  limitation  that  Pa{B)  shall  not  fall  below  a  preassigned  magni¬ 
tude  M.  We  shall  then  be  in  a  position  to  make  the  following  assertion : 

If  there  are  n  undiscovered  errors,  no  possible  assumption  regarding 
[Pi\  can  make  the  probability  of  the  event  A  exceed  M,  without  at 
the  same  time  making  the  probability  of  event  B  less  than  M. 

2.  Mathematical  Formulation  of  the  Problem.  We  begin  by  view¬ 
ing  the  problem  as  it  would  appear  before  the  proofs  were  read  and 
thus,  divested  of  any  foreknowledge  of  its  result,  lay  down  as  our 
fundamental  pustulate  that  there  is  a  certain  well-defined  though  un¬ 
known  pmbability  p/  that  the  j’th  man  will  miss  an  error,  and  a  proba¬ 
bility  Qi  »  I  —  Pi  that  he  will  find  it.‘  As  the  men  read  independently 

it  follows  that  the  probability  that  all  m  of  them  will  miss  a  certain 
error  is 

»■  »  II  Pi  ;  (1) 

I  i-> 

and  the  probability  that  they  will  discover  N  and  miss  n  of  any  specified 
group  of  AT  -1-  n  errors  is 

PiN,n;Pi)  -  Cr"r-(1  -r)\  (2) 

This  is  what  we  have  called  above  “the  probability  of  event  A." 
Either  (1)  or  (2)  might  be  used  in  estimating  in  advance  the  confi- 

*  We  do  not  contemplate  the  poasibility  that  the  errors  belong  to  classes  which 
differ  widely  in  difficulty  of  detection — a  problem  with  which  little  of  value  could 
be  done  on  the  basis  of  the  meager  evidence  available,  and  which  is  perhaps  of 
greater  academic  than  practical  importance. 
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dence  which  would  be  warranted  in  the  results  of  our  proof-reading  if 
we  knew  the  individual  probabilities  [p,],  which  of  course  we  do  not. 

Next  we  raise  the  question,  also  viewed  as  asked  before  the  proof  b 
read,  “What  is  the  probability  that  the  individual  results  of  the  m 
readings  will  be  so  distributed  that  (a)  a  preassigned  group  of  n  errors 
are  missed  by  everyone;  (b)  the  j’th  man  misses  o/  and  6nds  b,  of  the 
remaining  N;  (c)  none  of  these  N  is  missed  by  everyone?”  The  prob¬ 
ability  of  this  we  denote  by  P(iV,  n;a,;  p,).  It  is  readily  found  to  be* 

PiN.n-.nf.pi)  -  £  (-i)*c:  n o) 
*-•  1-1 

If  N  is  fairly  large  and  p,/?/  reasonably  small,  this  can  be  replaced  by* 

- -5  *  »<  a. 

PiN,  n;  a, ;  p,)  -  -  Z  (-  (4) 

VlOt  •  •  •  Om  *-0 

where  y,  »  o*  »  iVp,(l  _  p,). 

We  next  fix  our  attention  on  a  particular  set  of  values  [Af]  of  the 
[ay].  (This  set  will  eventually  be  identified  with  the  results  obtained 
by  the  proof-readers.)  Viewed  from  our  a  priori  point  of  view  there 
is  a  certain  probability  of  the  experiment  leading  to  this  set  of  ay’s. 
Equation  (4)  can,  therefore,  be  used  to  classify  all  possible  sets  [ay]  into 
two  classes  according  as  the  probability  of  their  occurrence  does  or 
does  not  exceed  that  of  [^y].  We  now  ask  for  the  probability  of  a  result 
belonging  to  the  second  class:  that  is,  the  probability  that  our  experi¬ 
ment,  viewed  as  still  to  be  performed,  will  result  in  the  discovery  of  the 
N  errors  and  the  failure  to  discover  n,  but  with  the  set  of  individual 
results  [oy]  less  probable  than  [i4y].  The  result  is* 

P{N,  n;  Ai ;  p,)  -  £  Cl  (-e-'V)*. 

»  k-O 

To  find  the  equivalent  probability,  subject  to  the  condition  that 
some  N  (not  some  particular  N)  out  of  AT  -|-  n  errors  are  known  to  have 
been  found,  we  must  multiply  by  and  divide  by  (2).  This  gives 

•’  *’>  -  ® 

*  S«e  Appendix  for  derivation.  Om  ia  the  sniallest  of  [ayl. 

'  Fry,  “Probability  and  Its  Engineering  Uses,”  pp.  280-283. 

*  Fry,  “Probability  and  Its  Engineering  Uses,”  pp.  285-280. 
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which,  as  the  notation  indicates,  depends  on  the  variables  [p^]  only 
thrdugh  the  functions* 


tip,. 

1-1 

(1) 

ft  y/Npiii  -  Pi), 

(6) 

U,  -  Nvi)' 

ATpyd  -  Pi)' 

(7) 

Obviously  equation  (6)  gives  the  probability  which  we  refer  to  above 
as  “the  probability  of  event  B." 

We  have  now  completed  that  part  of  our  study  which  involves  the 
concept  of  probability.  From  this  point  on  our  purpose  will  be  to 
find  how  large  the  probability  (2)  can  be  made  subject  to  the  limitation 
that  (5)  does  not  fall  below  some  preassigned  limit.  As  it  is  not  diflicult 
to  show  that  the  maximum  value  of  (2)  b  a  monotonic  decreasing 
function  of  the  limit  thus  assigned,  we  can  throw  the  algebraic  state¬ 
ment  of  the  problem  into  a  somewhat  simpler  form:  namely,  that  we 
seek  the  maximum  value  of  (2)  subject  to  the  limitation  that  (5)  shall 
be  a  known  constant. 

For  algebraic  convenience  in  treating  this  problem  we  introduce  the 
notation  F(r)  m  P{N,  n;  pi)  to  indicate  that  the  probability  (2)  depends 
upon  the  variables  [pj]  only  through  r.  Our  problem  is  then  to  maxi¬ 
mise  the  function  F(r)  —  X/C(r,  «,  x*)  with  respect  to  the  variables  [pi). 
This  requires  that 


Ldr  dr  J  Pi  2pi{\  -  pi)  dx*  dp, 


0. 


(8) 


Multiplying  this  equ'ation  by  py  and  subtracting  it  from  the  equivalent 
equation  in  pw. ,  we  readily  arrive  at  the  set  of  m  —  1  equations 


1  -  2p,  p:(>  x»)  dx»  _  1  -  2p«  Pio  X*)  ax*  (Q. 

2-2py  '''P,(>x*)ap,  2-2p«  ^"P«(>x*)ap»’  ^ 


which  must  be  satisfied  by  [py]  if  our  maximum  is  to  be  attained. 


3.  Method  of  Numerical  Calculation.  In  developing  a  process  of 
numerical  calculation  we  first  assign  any  convenient  value  to  the 

*  It  will  also  be  noted,  though  the  matter  is  of  no  consequence  in  the  present 
connection,  that  k  depends  on  the  variables  Ay  only  through  x*. 
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function  Pmi>  From  its  tabulated  values*  we  can  readily  obtain 
the  corresponding  value  of  x*  nnd  hence  also  the  value  of 


Thus  we  obtain  a  value  of  PI(>  x*)/Pmi>  x*)»  which  we  may  denote 

dx* 

by  q.  Using  this  value  and  the  derivative  — ,  as  obtained  from  (7), 

dp, 

the  left-hand  side  of  (9)  is  found  to  be 

_  1  -  2p,  ,  q  (Ai  -  Npi)  (A,  -b  Npi  -  2A,i>i) 

+  - -  <'*> 

in  which  all  quantities  are  known  except  the  single  variable  py.  A  set 
of  m  curves  can  therefore  be  drawn  to  represent  the  m  functions  /(pi), 
/(Pi)»  •  •  •  » fiPm).  But  the  equations  (9)  now  take  the  form 

/(p.)-/(Pi)^ - /(P.);  (11) 

hence  the  abscissae  obtained  by  taking  one  and  the  same  ordinate  on 
all  these  curves  constitute  a  solution  of  (9).  They  do  not  however 
necessarily  satisfy  (7) ;  for  it  must  be  remembered  that  the  value  of  x* 
has  already  been  specihed.  But  by  choosing  various  ordinates  in 
succession  and  computing  the  corresponding  values  of  the  right-hand 
member  of  (7)  we  may  eventually  find  that  one  for  which  the  equation 
is  satisfied. 

By  this  process  we  arrive  at  a  set  [py]  which  makes  the  probability 
(2)  as  large  as  possible  for  some  fixed  value  of  (5),  and  it  is  obvious  that 
the  maximum  value  and  fixed  value  in  question  are  easily  calculated 
once  [py]  is  known.  In  practice  almost  any  pair  of  results  which  are 
reasonably  small  may  be  regarded  as  an  acceptable  solution  of  our 
problem;  that  is,  the  maximum  value  of  F  for  any  sensible  value  of  K 
is  normally  answer  enough.  In  stating  our  problem,  however,  we  have 
placed  the  matter  somewhat  differently  in  that  we  have  required  the 
maximum  of  F  for  a  preastigned  K.  Even  this  may  be  obtained  if 
desired  by  a  further  process  of  cut-and-try;  namely,  by  beginning  with 
varioas  values  of  P(>  x')>  computing  through  to  /C  as  explained  above 
for  each  of  them,  and  by  interpolation  from  the  set  of  values  thus 
obtained,  determining  that  set  (p,]  which  yields  the  desired  K. 

*  E.g.,  “Probability  and  Its  Engineering  Uses,”  Table  VIII. 
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4.  Numerical  Results.  We  return  now  to  the  specific  numerical 
problem  presented  in  Section  1.  Computations  were  made  using 
i\r  »  34  and  n  1  and  starting  with  the  four  values  0.001,  0.1,  0.9 
and  0.99  for  P(>  x*)-  The  results  are  shown  below. 


POx*) 

M  -  P(34,  1;  Pi) 

M  -  A(r,  «,  X*) 

0.001 

0.020 

8.8  X  10-« 

0.1 

0.007 

2.3  X  10-* 

0.9 

0.002 

4,1  X  10-< 

0.99 

0.001 

5.5  X  10-« 

The  last  entry  is  perhaps  the  only  one  of  interest,  the  others  being  the 
results  of  “false  starts.”  It  states  that:  no  matter  what  the  (p,]  may 
have  been,  it  must  either  be  true  that  the  probability  of  having  over¬ 
looked  an  error  is  less  than  1  in  1000,  or  else  that  the  chance  of  getting 
results  as  bizarre  as  the  proof-readers  actually  did  is  itself  less  than  1 
in  1800. 

A  high  degree  of  confidence  in  the  accuracy  of  the  tables  would  there¬ 
fore  appear  warranted. 

The  amount  of  time  required  to  secure  a  result  is  of  importance  in 
appraising  the  practical  merits  of  any  cut-and-try  solution.  It  may, 
therefore,  be  of  interest  to  state  that  the  above  computations  required 
about  twelve  hours,  using  an  electrical  computing  machine  and  a  skilled 
operator. 


Appendix 

We  shall  derive  formula  (3)  from  a  difference  equation  which,  in 
effect,  expresses  a  relationship  among  the  values  taken  by  (3)  for  various 
values  of  n.  To  do  this  we  shall  assume  the  group  N  divided  into  two 
subgroups  of  and  r  errors,  respectively,  as  shown  schematically  in  the 
diagram.  It  will  be  helpful  to  regard  the  subgroup  r  as  a  hypothetical 
enlargement  of  the  group  of  undiscovered  errors.  As  this  enlargement 
is  made  at  the  expense  of  the  group  which  we  have  characterized  as 
“discovered,”  it  of  course  violates  the  specific  conditions  of  our  problem. 
In  effect  it  introduces  a  class  of  similar  problems  in  which  the  rdles 
of  N  and  n  are  taken  by  m  and  n  -f-  s,  respectively. 

We  also  introduce  two  closely  related  probabilities  which  we  may 
denote  for  the  time  being  by  P(m)  and  P*{n),  respectively.  Piji)  is  the 
exact  analog  of  (3)  in  our  extended  class  of  problems :  that  is,  it  is  the 
chance  of  all  n  i*  being  missed  by  everyone,  6/  of  the  m  being  found 
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by  the  fth  man,  all  of  the  ft  found  by  someone.  P*itt)  differs  only  in 
that  the  last  condition  is  not  implied,  so  that  distributions  bi,  6|,  — ,6. 
will  be  accounted  favorable  whenever  each  is  contained  in  ft,  even  though 
in  the  aggregate  they  do  not  contain  ft. ' 

Obviously,  then,  the  situation  contemplated  by  P*(m)  includes  the 
following  possibilities: 

Either  no  member  of  the  group  m  is  overlooked,  the  probability  of 
which  is  P(m); 

Or  else  some  one  of  the  group  m  is  overlooked,  the  probability  of 
which  is  CiP(ft  —  1); 

Or  else  two  of  the  group  m  are  overlooked,  the  probability  of  which 
is  C;P(m  -  2); 

Or  else  •  •  •  . 


Assembling  these  results  are  obtain  the  equation 

P*(m)-P(m)  +  C?P(m-1)+CSP(m-2)+  ...  +C:_».P(6J,  (A) 

where  b.  is  assumed  to  be  the  largest  of  the  b’s. 

However,  it  is  also  easily  seen  that 

P*(m)  -  n  (B) 

y-> 

Furthermore  the  distinction  between  P(m)  and  P*(m)  becomes  trivial 
when  M  *  bm.  Hence 

P(b,)  -  P*(b,).  (C) 

If  now  we  write  down  the  set  of  equations  (A)  for  all  values  of  ft 
from  bm  to  N  and  solve  for  PiN)  we  get,  with  the  aid  of  (B)  and  (C), 

p(N)  -  2  (-  i)*c:  n  c:7*pr"  (d) 

*  -  0  >  -  1 

Obviously,  however,  in  the  simplified  notation  here  used  P{N)  has  the 
same  meaning  as  the  PiN,  n;  Of;  pi)  of  the  text.  Hence  (3)  is  verified. 
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Introduction 

The  general  theory  of  m-dimenHional  manifolds  (Fm)  with  a  Rieman- 
nian,  positive  deSnite  metric  (ox.)  which  are  imbedded  in  n-dimensional 
ordinary  Euclidean  space  (/f,)  has  been  studied  by  Ricci,  Ktihne, 
Sohouten,  Struik,  Eisenhart,  Burstin,  Mayer  and  others.  Schur, 
Bianchi,  Banal  and  Cartan  have  investigated  the  theory  of  deformable 
manifolds;  while  Segre,  Bompiani,  Togliatti,  Terracini  and  others  have 
contributed  to  the  projective  theory  of  such  manifolds. 

In  this  paper,  w'e  shall  offer:  (1)  a  method  of  studying  Vm  in  an  A.  ; 
(2)  a  study  of  a  class  of  Vt  in  an  Rt  which  are  immediate  generaliza¬ 
tions  of  developable  Ft  in  an  . 

I  desire  to  thank  Prof.  D.  J.  Struik  for  the  considerable  time  which 
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he  haH  npent  with  me  in  supervising  my  thesis,  contained  in  the  first 
six  sections  of  this  work.  Prof.  Struik  has  also  offered  helpful  sug¬ 
gestions  in  connection  with  the  latter  part  of  this  paper. 

1.  Notation  and  Method 

A.  Notation.  We  shall  use  the  general  notation  of  Schouten-Struik.‘ 
In  ordinary  Euclidean  sixspace  (A«),  that  is  a  six  space  with  positive 
definite  fundamental  tensor,  we  use  the  Euclidean  orthogonal  coordi¬ 
nates  denoted  by: 

(1)  y*,  • 

In  the  Rt ,  we  introduce  a  three  dimensional  manifold  by  the  equations 

(2)  y*  -  y*(u-),  (o,  6  -  1, 2, 3). 

If  the  tangent  three-spaces  of  this  manifold  have  no  special  position 
with  respect  to  the  cone  of  lero  directions,  a  Riemannian  metric  is 
induced  in  this  manifold  and  it  may  accordingly  be  denoted  by  Pi . 
The  (u*)  form  a  system  of  intrinsic  coordinates  of  the  P| . 

For  the  unit  tangent  vector  field  of  congruences  of  P| ,  we  write 

(3)  t*mi^  (c,d...  -  1,2,3); 

for  the  unit  tangent  vector  field  of  congruences  in  the  normal  Pj~* 

(4)  t*  ■  (p,  7  •  •  •  -  4,  5,  6). 

P 

For  the  first  fundamental  tensor  of  the  Pt  we  write 

(5)  ^  aL,  (X,  1  ...  (). 

For  the  unit  affinor  of  the  Pt ,  we  use 

(6) 

<  « 

for  the  second  fundamental  tensors, 

(7)  hxk  m  h\M  ^  Bx*  I.  , 

9  P 

for  the  Riemann-Christofel  affinor, 

(8) 
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and  for  the  vectors  entering  into  the  Codassi  relations, 


(9)  • 

■  Px  - 

p 

P  f 

B.  Method. 

From  a  theorem  of  Eisenhart:* 

quantities 

(a) 

VX, 

(10) 

(b) 

p 

p 

f 

(c) 

t 

(p,  9  -  4,  6,  6). 


(a) 

kU-( 

'p  p  \ 

h,x  “  hpg  1 

k  e  p  f 

/«  \ 

(b) 

F[xX,ix  - 

(  »I»A,ilx  ),  * 

P 

\p  %  / 

f’ 

/r  f  t 

(c) 

»  1 
p 

I  +  h*l,hx], 

'  P 

satisfying  the  following  equations  known  as  the  Gauss,  Codazsi  and 
Ricci  relations  respectively,* 


(11) 


then  a  Ft  in  an  is  determined.”  Our  method  of  analysis  depends 
upon  a  classification  of  (10,  a,  b)  and  the  determination  of  a(.  con¬ 
sistent  with  (11). 

The  geometric  meaning  of  this  tjrpe  of  classification  will  now  be 
considered.  The  (hu)  offer  no  difficulty  as  their  meanings  are  known. 
By  (9),  we  see  that  when  any  set  of  mutually  orthogonal  F»~*  vectors 

et 

(it)  are  given  then  (px)  are  determined.  We  shall  show  the  converse 

P 

is  valid — namely,  each  set  of  ^Px^  corresponds  to  a  unique  set  of 

In  order  to  do  this,  we  study  rotations  in  the  space  of  normals  Vj~*. 
Under  a  rotation  any  set  “  transformed  by  the  orthogonal 

transformation  ^a(u*)J, 


(12) 


t 

a  u  . 

p  t 
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From  (9)  we  derive  the  equation: 
(13) 


f  p  •  r  • 

ZaVxa-f-Soot'x* 

r  f  P  $  1  p  r 


Upon  multiplying  both  sides  of  (13)  by  a  and  summing  on  (q), 


(14) 
Or 

(15) 


If  Ir  r  It  r  t 

a'v\  ^  S  via  -i-  6  a  Vi^. 

f  P  P  P  r 


•  t 

a  'vx 


avx 

P  r 


Let  us  briefly  write  the  first  integrability  conditions  of  (15): 

I 

(16)  .  Vivl\  a  -  0. 

p 

By  means  of  (15)  we  can  reduce  these  equations  (16)  to 

(17)  ~  ~ 

If  we  write 

(18) 


w  w  t  w 

v^x  »  -  Pu^xj , 

p  p  p  I 


we  see  that  the  CJ  matrices  v^x 
becomes, 


i'‘] 


are  antisymmetric  and  (17) 


(19) 

or  in  matrix  language: 

(20) 


a  ^  Vpxa, 

*  p  •  p 


a  P„x  *  v^xa 


Theorem  I.  Each  set  of  vx  corrcsponda  to  a  unique  set  of  ix . 
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For  assume  the  contrary,  then  an  orihogontd  matrix  a  exists  such  that 

(21)  VkO  »  aPx  —  Vxa, 

(22)  a»„x  —  Vpxa, 

and 

(23)  Px)  ~  rxj  • 

Since  the  matrix  (a)  is  symmetric,  a  real  orthogonal  transformation 
exists  which  reduces  (a)  to  canonical  form.  I^et  (7^  be  this  trans¬ 
formation  and  09)  the  canonical  form  matrix.  Then 

(24)  TaTT^  - 
And  using  the  equation  (22), 

(25)  0iTv,xT-')  -  {Tv,xT^)fi. 

Thus  0  is  canonical  and  (rt>„xT“‘)  is  antisymmetric.  But  if  two 
matrices  commute  then  they  can  both  be  reduced  to  canonical  form 
simultaneously  (same  T).  Thus  since  (Tv^x  T~^)  is  antisymmetric 
and  in  canonical  form 

(26)  Tv^xT"^  -  0. 

By  multiplication  with  (r“‘),  (T),  we  conclude 

(27)  •  p,x  »  0. 

Thus  only  if  (27)  is  satisfied,  can  (22)  exist.  We  shall  call  normal 
spaces  for  which  i^x  *=  0  “isotropic.**  Theorem  I  is  valid  for  all 
normal  spaces  except  isotropic  normal  spaces  (note  n  —  m  ^  2,  3, 
for  f:^). 


where  vx  is  the  matrix 


I 

1 


1 


II.  Some  Imbedment  Theorems 

Before  proceeding  to  a  direct  study  of  F|  in  an  ,  it  is  necessary 
that  we  determine,  when  Vi  in  an  degenerate  into  F*  in  an  Ra  or 
Ft  in  an  R% . 

Theorem  II.  The  necessary  and  sufficient  condition  that  any  F|  in 
an  Rthe  a  Fa  in  an  Ri  is  that  for  some  set  of  mutually  orthogonal  normal 
vectors  ^*x^. 


(1) 


rx  -  0, 


h\,  *  Ax,  »■  0. 
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Consider  a  V|  in  an  R%  for  which  our  condition  is  satisfied.  In  this 
case,  the  Gauss,  Codaszi  and  Ricci  relations  (I,  11)  reduce  to  those 
satisfied  by  a  Vt  in  an  .  Hence  by  (I,  10),  a  F|  in  an  Rt  is  actuaUy 
determined.  Thus  our  V$  lies  in  an  Rt .  Conversely,  if  our  Vt  in  an  Rt 
is  a  F|  in  an  Rt ,  select  the  normals  as  perpendicular  to  the  Rt. 

f 

It  is  evident  from  the  definitions  of  Px  and  Ax«  that 

p  p 

(2)  Jx  -  0,  Ax.  -  Ax.  -  0.  Q.E.D. 

P  4  i 

Theorem  III.  The  neceetary  and  eufficient  eondUion  that  aVt  in  an 
Rt  be  a  Vt  in  an  Rt  it  that  for  tome  tet  of  mutiuiUy  orthogonal  normal 
vectort 

•  • 

(3)  px  -  Px  »  0,  Ax.  -  0. 

4  »  t 

The  proof  is  exactly  the  same  as  the  previous  theorem. 

III.  Vt  IN  AN  Rt  or  [1,  1] 

We  shall  study  Vt  in  an  Rt  whose  normal  spaces  are  isotropic  and 
whose  (3)  second  fundamental  tensors  are  of  rank  (1).  These  Vt  in 
the  Rt  shall  be  denoted  by  [1,  1];  the  first  index  denoting  the  classifica- 

f 

tion  of  Px  ;  the  second  index,  the  classification  of  Ax. .  Hence 

p  p 

t 

(1)  Px  m  0;  Ax.  ««  A*. t'x ;  Ax.  —  At’xt. ;  Ax.  ■>  At'xt.. 

p  4  411  »  1*1  (  til 

The  Gauss,  Codazsi  and  Ricci  relations  become 


(2) 

»  0, 

(3) 

V(.A,ijx  —  0, 

p 

(4) 

p 

A^(^Axj»  *  0. 

f 

From  (2),  we  see  that 
into  (4),  we  find 

Vt  are  ‘‘applicable”  to  Rt. 

Substituting  (1) 

(5) 

(o,6- 1,2,3). 
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S 


0 


There  are  Cj  equations  and  all  solutions  to  these  equations  can  be 
obtained  by  placing  either  of  the  above  factors  equal  to  sero.  Placing 
the  first  factor  equal  to  lero,  we  find  that  is  perpendicular  to 

Placing  the  second  factor  equal  to  sero,  we  find  that  is  in  the 

direction  of  Thus  we  have  three  tjrpes  of  solution, 

(6)  .  lx  -  lx  -  lx  ; 

1  I  t 

(7)  I'x  -  lx ,  lx  is  orthogonal  to  tx ; 

111  1 

(8)  i'x  ,  tx  I  tx  arc  mutually  orthogonal. 

lit 

We  shall  denote  the  V$  which  satisfy  (1),  (6)  by  [1,  1],  ;  those  which 
satisfy  (1),  (7)  by  (1,  IJx ;  and  those  which  satisfy  (1),  (8)  by  [1,  1), . 

IV.  Vt  IN  Rt  or  (1,  1], 

The  Vt  of  this  class  satisfy  the  conditions 


f 


(1) 

rx  »  0, 

P 

(2) 

hpx  “  hi^ix 

4  4  11 

(3) 

Apx  *  A  i'x 
1  111 

(4) 

hpx  ^  hi^  i’x 

•  111 

We  must  determine  whether  these  F|  in  an  Rt  are  Vi  in  an  Rt  or  Rt . 
Under  the  orthogonal  transformation  (I,  12),  the  h^x  transform  as 
follows:  ' 

« 

(5)  ^  a 

*  p  f 

Now  let  us  assume  that  these  Vt  He  in  an  Rt .  Then  by  Theorem  II, 
a  set  of  ^'ix^  exist  for  which 

-  'V  -  0. 

4  • 


(6) 

Thus  by  (I,  15) 
(7) 


'ex  -  0, 


a  -  0. 
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The  only  solution  of  this  system  in  terms  of  surface  variables  (u*)  is 

« 

(8)  a  >■  constant. 

p 

Upon  substitution  of  (6)  and  (2),  (3),  (4)  into  (5),  we  obtain 

(9)  a  A  K  0, 

4  * 


(10)  aA-0. 

»  * 

Hence  conditions  (8),  (9),  (10)  must  be  satisfied  by  the  h  in  order  that 

« 

Vt  lie  in  an  Ri .  By  use  of  Theorem  III,  we  can  similarly  show  that 
these  Vt  lie  in  an  Rt  only  when 


(11) 


(12)  aA-0. 

•  « 

We  shall  show  in  the  future  that  h  can  always  be  chosen  so  as  to  satisfy 

t 

the  Gauss,  Codazzi,  and  Ricci  relations  yet  not  (9,  10)  nor  (II,  12). 

We  return  to  the  general  analysis  of  [1,  IJ, .  For  the  curvature 
vector,  we  find,  where  (t^)  is  an  arbitrary  unit  vector  in  the  tangent  Rt 
at  each  point  P, 

(13)  'V  - 

' 

For  asymptotic  directions 

(14)  -  0. 

•  1 

For  conjugate  directions  ^i*,  t*^, 

(15)  .  'V  -  -  0, 

(16)  -  0,  -  0. 
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We  can  Hummarise  these  results  by  the  following  description  of  the 
curvature  properties  of  the  V»  :  the  V*  have  axial  points;  the  sym¬ 
metric  cones  of  directions  about  have  the  same  normal  curvature; 

at  any  jx)int  P  in  the  F* ,  the  Rt  peri)endicular  to  contains  all  the 

asymptotic  directions;  all  directions  in  this  Rt  are  asymptotic;  any 
direction  in  this  Rt  is  conjugate  to  any  other  direction  in  the  tangent 
/?j  ;  no  other  conjugate  directions  exist. 

In  order  to  analyse  the  Co<lazzi  relation.s  (I,  11,  6),  we  use  the 
formulae  of  Struik* 


(17) 

(18) 

(19) 

(20) 
(21) 


(6,c-2,3), 

h  1 

f  r  ** 

v;,*xi  -  0, 

k  «  I 

-  0, 

h  k  I 

+  hiU^vli,  =  0. 

k  p  F I  I  k 


These  results  may  be  summarize<l  as  follows:  t'x  ,  i\  are  any  two  mu- 

>  I 

tually  orthogonal  vectors  in  the  Rt  perpendicular  to  i\  ;  these  vector- 

1 

fields  ^t'x,  ix^  are  Fj-normal;  ^tx^  is  Frnormal,  from  (20),  we  see  that 

the  Vi-component  of  normal  curvature  of  any  vector  in  the  Rt  is  zero. 
This  last  means  that  the  Vt  built  by  the  vector  fields  ^t'x ,  ix^  are  geo¬ 
desic  in  the  Vi .  Since  any  vector  ^t'x^  lies  in  the  nulldomain  of 
its  components  of  normal  curvature  along  ^I'x^  are  zero.  But  the  only 

Ft  in  an  Rt  which  have  zero  normal  curx'ature  are  flat  /ft’s  or  planes. 
Thus,  the  Ft  consist  of  planes  and  admit  »*  triply  orthogonal 
systems  of  Ft . 

If  we  write  our  linear  element  in  terms  of  some  triply  orthogonal 
net  in  the  Ft  as 

(22)  «  auidu')*  -f  (htidu)*  +  Ou(du*)’, 

ds^  ■  aUdu*  du^,  a'tt  »  Oii  s  1, 


I 

j 

I 


1 
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,1^ 


then  the  equations  (21)  become 


dh 

(23) 

dh 

(24) 

A 

> 

2an 

A 


3oii 

du* 


f  don 
2oii  du* 

Upon  integration,  these  equations  become 

(25)  In  A  -  In  (a,',)-*  +  /,(u*). 

Or  in  other  words, 

(28)  »  - 

e  (Oii) 

where  the  functions  gp(u')  are  arbitrary.  Since  A  must  satisfy  only 

p 

this  condition  in  order  that  the  Codassi  and  Ricci  relations  be  satisfied 
and  since  the  Gauss  relations  impose  no  conditions  on  A  (as  we  shall 

show),  then  conditions  of  the  form  (9,  10)  or  (11,  12)  are  not  satisfied. 
The  theorem  which  summarises  these  results  is: 

Theorem  IV.  //  and  only  if  the  gp(u')  acUisfy  trvo  linear  relatione 
vfith  conetani  coefficiente 

p  p  *  p  p 

(27)  agp  »  0,  agp  »  0,  ^  aa  ^  0 


Zaa 

p~4  4  I 


does  the  Vt  lie  in  an  Rt. 

If  and  only  if  the  9^(u')  aaliafy  one  linear  relation  toith  conatant 
coefficiente 


(28) 


agp 

I 


0, 


doea  the  Vt  lie  in  an  Rt . 

We  can  give  an  interesting  geometric  interpretation  of  (9,  10)  and 
(11, 12).  Let  ^A,  A,  A^  denote  the  components  of  a  vector  in  the  normal 

Vj“*.  Then  if  this  vector  has  a  fixed  direction  with  respect  to  the 

Vt  lies  in  an  Rt  ;  if  this  vector  has  a  two  dimensional  domain  (Rt) 
then  the  Vt  lies  in  an  ;  if  at  any  three  pmints  of  Vt ,  this  vector 
assumes  three  independent  positions  ^with  respect  to  then  Vt  lies 

in  an  Rt . 
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The  Gauss  relation  (I,  11,  a)  becomes 
(29)  KU  -  0. 

In  order  to  complete  our  direct  study  of  the  Vt  of  [1, 1].  ,  we  must  show 
that  a  linear  element  of  the  type  (22),  which  is  equivalent  to  the  propertiea 
(17)  to  (20),  is  a  solution  of  (29).  Using  the  conditions  (22)  and  the 
formulae  of  Eisenhart,*  the  system  (29)  reduces  to 


(30) 


3*0  3*0  3*0 

_ L  ^  0  _ L  —  0  *  _  n 

^**  ’  ^  ’  3u*3u* 


Where 

(31)  oi  «  \/ Oil » 


A  solution  of  the  system  (30)  is  given  by 

(32)  Oi  -  1  +  u*3,(u‘)  4-  u*3,(u‘)  , 

where  3| ,  3|  are  arbitrary  functions  of  the  variable  (u')* 
To  summarize,  if  we  take 


(33)  ow  -  0,  ’  b  9^  c);  (6,  c  -  1,  2,  3), 

(34)  011  ■■  [1  +  w*3i(tt*)  +  u*3i(u*)]*, 

(35)  Ott  ■■  0|i  ■■  1, 

(36)  All  -  A  oil ,  (p,  7  -  4,  5,  6), 

p  p 

(37)  A«  -  A«  -  A, 

p  p  p 

(38)  h  - 

p 

(39)  A*.  -  0,  c), 

P 

(40)  I.  -  0, 

p 

where  0,  ,  Ot ,  are  arbitrary,  then  the  Gauss,  Codaszi  and  Ricci  rela¬ 
tions  (written  in  Vt  coordinates)  are  satisfied  and  a  Va  in  an  of  type 
[1,  !]•  is  determined. 

We  have  shown  that  these  Vt  contain  planes  (Ra)  and  these  Vt 
are  applicable  to  an  Ra  •  By  bending  these  Vt  into  Rt ,  the  «*  planes 
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go  into  planes  and  thus  intersect  in  » ‘  72,  (lines).  These  lines  are  of 
course  the  tangents  to  a  curv'e  V\\  the  planes  are  the  osculating 
planes  of  this  V".  Hence  the  Ft  is  the  envelope  of  the  osculating 
Rt  to  the  curve  F,\ 

We  shall  show  in  the  next  section  that  the  «>*  planes  perpendicular 
to  an  arbitrary  Fi  in  an  Rt  and  such  that  two  adjacent  planes  inter¬ 
sect  in  an  72,  (line),  are  of  the  type  [1,  1], .  Of  course  the  Vi  can  be 
drawn  thru  a  given  oc‘72j  such  that  adjacent  72j  intersect. 


(1) 

(2) 


V.  IN  72*  Generated  by  x*  Planes  Intersectino  in  x‘  72, 
Let  us  consider  a  curve  Ft  in  an  72* , 


-  x*(u‘), 


since  u*  measures  arc  length  along  Fi .  Let  t^(u‘)  be  two 

1  I 


i\u\  t^(u‘) 

I  I 

mutually  orthogonal  vectors  in  the  *‘72*.  Then  we  define  the  F*  by 


(3) 

(4) 

(5) 


x‘  4-  u*t-  +  u**", 

I  I 


A./  ^  ^ 

du‘  i  ^  du‘  ^  dw‘  ’ 


9y’  _  ^ 
du*“ 


ay' 

du* 


t . 

I 


As  yet  we  have  not  completely  determined  the  fields  t*^.  All  that 

we  have  said  is  that  they  lie  in  an  72* .  We  fix  the  field  V  at  the  plane 

s 

P'  infinitesimally  removed  from  the  plane  P  such  that is  orthogonal 

t 

to  the  field  i*  at  plane  P.  This  means 


(6) 


dx 

Et*  — 
.  *  du‘ 


Now  let  us  calculate  the  first  fundamental  tensor  of  the  F* . 


¥ 


(7)  a;, 
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^  dy" 

.  dw'  d«‘  ’ 


/  di’  dTX  /  dt^  d»*\1 


(9) 

(10)  au  =  0, 

(11)  an  =  oil  -  1. 


In  virtue  of  (6),  we  can  write  B  arbitrary  functions  of  (u')^, 


dt 

(13) 

3m‘  1  I 

It  should  be  noted  that  we  could  condition  our  fields  by  (6) 

because  of  the  fact  that  successive  planes  intersect.  The  geometric 
interpretation  of  (12),  (13)  is  the  fact  that  successive  planes  intersect. 
Upon  substituting  (12),  (13)  into  (7),  the  latter  becomes 


Oil  =  ^1  u*tf  -b 


where  tf(u‘),  fl(u‘)  are  arbitrary  functions.  We  note  that  (12),  (13) 

s  I 

give  a  geometric  interpretation  of  the  functions  B,  B  which  also  enter 

1  I 

into  (IV,  34).  In  fact,  B  is  the  angle  between  successive  i*  vectors 

t  s 

along  the  Vi  ;  likewise  B  is  the  angle  between  successive  vectors 

I  * 

along  the  Vi . 


ii 


U 
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We  shall  next  determine  the  these  Vt  in  an  Rt .  To  do  this, 

we  use  the  generalised  Weingarten  formulae: 

(15)  -  h:^\ 

Upon  reduction  to  Vt  coordinates,  this  becomes: 


dtt'du* 


We  shall  consider  all  of  these  formulae  except  those  for  which  c  b  1. 
By  means  of  (3,  4,  5)  of  this  section  and  some  formulae  of  Eisenhart,* 
the  system  (16)  becomes 


6  ^  1). 


(18)  A*  -  0, 

p 

for  all  c,  b  except  c  «  6  «■  1. 

Upon  expanding  het  in  terms  of  the  orthogonal  3-nuple  f  t*,  i*,  C\ 
p  Vi  I  I  / 

and  using  (18),  we  find 

(19)  /)*  - 

p  p  I  I 
f 

We  shall  finally  show  that  «  0  for  these  F* .  From  the  equa- 

P 

tions  of  (19),  it  follows  that 

(20)  h*.lafU]e  “  0. 

<  « 

And  the  Ricci  relations  in  conjunction  with  these  give 

(21)  V(e»fcJ  —  ■■  0. 

p  p  f 

From  (1, 17)  we  see  that  if  we  take 

(22)  %  -  0, 

p 

then  the  integrability  conditions  of  (15)  are  identically  satisfied  and 
there  exists  an  orthogonal  transformation  such  that  (22)  is  satisfied 
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for  some  set  of  normal  vectors  f’o*'  this  of  vectors,  the  corre¬ 

sponding  'Act  become 

(23)  'Act-aAc*, 

P  Ft 


»  'hit it. 

t  >  t 


It  is  evident  that  'h  satisfies  the  Codazzi  relation 

< 

(24)  Vl/htja  »  0, 

and  hence  is  equal  in  value  to  the  ^A^  of  section  IV,  formula  (38). 

Since  the  fundamental  quantities  of  the  surface  (V)  coincide  with 
those  of  [1,  l]a  ,  these  former  surfaces  belong  to  the  class  [1,  1].  .  Thus 
we  have  the  general  theorem. 

Theorem  V.  All  the  developable  (applicable)  Vi  in  an  Rt  which  can 
be  generated  by  flat  Rt  are  those  of  class  [1,  1],.  Conversely  every 
Vi  of  [1,  !]•  is  developable  and  can  be  generated  by  Rt  such  that  consecu¬ 
tive  Rt  intersect.  These  Vt  are  the  envelopes  of  <»*  osculating  Rt  to  a 
V\  in  an  Rt  and  conversely.  This  result  is  valid  for  Vt  in  an  R^ . 

VI.  V,IN«,Oir(l,  1], 

The  V|  of  this  class  satisfy  the  conditions 


t 


(1) 

-  0, 

p 

(2) 

A^x 

»  At„tx 

4 

4  1  1 

(3) 

A^x 

-  At„ix 

»  1  1 

(4) 

h^ 

1 

“  At,itx 
•  t  1 

(5) 


t'x  is  orthogonal  to  tx . 
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We  must  determine  whether  thene  Vt  in  an  lU  are  V>  in  an  Rt  or  an  A* . 
AuHume  that  the»w  Vi  lie  in  an  .  Then  by  Theorem  II,  a  set  of 
exist  for  which 


'rx  -  0, 


-  0. 


Thus  by  (I,  15) 


V/a  -  0. 


The  only  solution  of  this  system  is 


constant. 


Upon  substituting  (6),  (2),  (3),  (4)  into  (IV,  6)  we  obtain 


a  h  »■„  ix  +  ah  -f  a  A  t’x  -  0, 
4411  4»11  4(lt 


a  A  t„  t'x  -f-  a  A  l„  t'x  -f  "  A  t„  t'x  “  0. 

*411  t»ll  tilt 


From  (5),  these  equations  become 


(11)  ah  ah  ah  =  0, 

4  4  4  1  4  • 

4  I  • 

(12)  ah  -{-  ah  »  ah  »  0. 

14  II  II 

Conditions  (8),  (11),  (12)  must  b<*  satisfied  by  the  A  in  order  that  Vi 

t 

lie  in  an  Ri .  The  only  solutions  of  (11),  (12)  are 

(13)  A  0,  A  -=  A  =  0, 

•  4  1 

(14)  A  -  0,  A  0,  A  0. 

14  1 

Thus  Vt  of  (1,  l]i  cannot  lie  in  an  Rt  under  any  condition.  This  is  a 
unique  feature  as  V’l  of  [1,  IJ,  could  be  imbedded  in  an  Rt  by  proper 
selection  of  the  principal  curvatures  ^A^  By  use  of  Theorem  III,  we 

can  show  that  these  Vj  lie  in  an  Rt  only  when 


(15) 


a  —  constant, 


(?  -  4,  6.  6), 
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4  I  • 

(16)  ah-\-ah^ahm,0, 

•  4  (I  •  • 

where  of  course,  we  must  have: 

(17)  h,h,kfi  0. 

4  •  « 

We  shall  show  in  our  study  of  the  Codaizi  relations  that  h  can  always 

t 

be  chosen  so  as  to  satisfy  the  Gauss,  Codazsi,  and  Ricci  relations  yet 
not  satisfy  (15),  (16). 

We  return  to  the  general  analysis  of  [1,  1]».  Let  (i*)  denote  an 
arbitrary  unit  vector  in  the  tangent  Ri  at  each  point  P.  The  curvature 
locus  Lb  given  by 

(18)  'V  - 

For  asymptotic  directions 

(19) 

la  la 

For  conjugate  directions  ^i*,  i*^, 

(20)  'V- 

(21)  0, 

(22)  (fiOCr:')-® 

Let  us  study  (18),  curvature  locus.  Let 


(23) 

(25) 


r 


At-  +  Ai- 

4  4  I  > 


» 


I*  be  orthogonal  to  f,  t-, 

»  4  4 


•-(f  •*)■?• 


(26) 

(27) 


X 


I 
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'V  -  xV  +  x't" 


If  we  select  a  direction  t*  in  tangent  Rt  such  that 

t 

(29)  »*  is  orthogonal  t*,  i*, 

I  1  <  • 


+  x  +  (f-*)’ 


Thus  from  (26),  (27)  and  (31)  we  see  that  the  curvature  locus  appears 
as  follows  in  the  plane: 


Furthermore,  we  see  that  to  each  direction  in  the  tangent  Rt  there 
corresponds  a  unique  point  in  the  curvature  locus.  To  each  point  in 
the  curvature  locus,  there  corresponds  (2*  =«  8)  directions  in  the  tangent 

Rt .  The  direction  t*  which  is  orthogonal  to  t*,  t*  is  the  only  asymptotic 

1  1  > 

direction.  This  direction  t*  is  conjugate  to  every  direction  in  the  Rt . 

t 

Any  direction  in  the  Rt  of  ^i*,  is  conjugate  to  any  direction  in  the 
Rt  of  ^i*,  These  are  the  only  conjugate  directions. 


MANIFOLDS  IN  EUCLIDEAN  8IXSPACE 


237 
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We  next  analyie  the  Codazii  relations  (1, 11,  b).  By  use  of  equations 
similar  to  IV,  (17-21),  we  find  that:  »*,  i*,  »*  built  triply  orthogonal 

1  1  t 

sets  of  Vj  (nets)  in  the  Fa ;  the  «*  Fi  determined  by  ^i*,  are  geodesic 
in  the  Fi;  the  Ft  determined  by  ^i*,  are  geodesic  in  the  Fi; 

hence,  i*  being  asymptotic,  must  be  a  geodesic  of  an  Rt  i.e.  a  straight 

« 

line.  If  we  adopt  the  net  as  a  coordinate  system,  the  linear  element 
becomes 


(33)  ds'  -  a'niduy  +  o;,(dtt*)*  +  (du*)*. 

And  the  conditions  on  the  h  become 


(34) 

(35) 


dh 

p  ^ 

-h 

1 

dan 

dti* 

p 

2o;, 

du* 

dh 

• 

-h 

1 

datt 

du‘  “ 

« 

2a» 

du 

(p-4,5),  (c  =  2,3), 
(c  -  1, 3). 


Upon  integration,  we  find 


(36) 

h  -  (an)  *^p(ti‘), 

p 

P  =  4,  5, 

(37) 

Where  the  functions  Qp  ,  ft  are  arbitrary.  Since  h  need  only  satisfy 

P 

these  conditions  in  order  that  the  Gauss,  Codazzi,  and  Ricci  relations 
be  satisfied,  then  conditions  (15),  (16)  need  not  be  satisfied.  The 
theorem,  covering  this  imbedment,  is: 

Theorem  VI.  If  and  only  if  the  j7p(u')  of  the  above  satisfy  a  linear 
relation  with  constant  coefficients 

4  » 

(38)  ag*{u^)  -f-  aili(w*)  =  0, 

4  6 


does  a  Ft  o/  [1 , 1]»  lie  in  an  Rt . 

We  next  study  the  Gauss  relations  (I,  11,  a).  Let 

(39)  oi  =  »  o*  -  V^i . 

Then  by  the  formulae  of  Eisenhart,*  the  Gau.ss  relations 

(40)  =  0, 
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become 

(41) 

(42) 

(43) 

(44) 

(45) 


d'ot 


0. 


aoi\  . 

d 

/ 

1  doi\ 

du‘ 

V 

1 

dot  dai 

au'du* 

aj 

du‘  du*  " 

d'ai 

1 

doi  dot 

du*dtt* 

Of 

dti*  " 

doi  doi 


0, 


From  (41),  (42),  we  have 

(46)  Oi  »  a  +  bu\  Of  —  c  -f  dtt*, 

where  a,  b,  c,  d  are  all  functionfl  of  the  variables  (u‘,  u*).  If  we  use 
the  subscripts  (1,  2)  to  denote  differentiation  with  respect  to  u‘,  u* 
in  the  symbols  a,  b,  c,  d,  then  (44)  and  (45)  become 

d(a  bu*)  -  bt 


(47) 

(48) 


6(c  +  du*) 


+  f“> 


By  simplification,  (47)  and  (48)  become 


(49) 


da  cb, 

1  1 


(50) 


be  »  ad. 

t  1 


The  set  (43)  becomes 


0. 


If  the  equations  (49),  (50),  (51)  possess  solutions  for  a,  b,  e,  d  then  a 
linear  element  of  type  (33)  exists  which  satisfies  the  Gauss  relation  (40). 
The  following  fact  is  very  important.  The  fact  that  the  linear  element 
is  of  type  (33)  means  that  the  Codaizi  relations  similar  to  IV,  (17-20) 
are  satisfied.  Hence  if  a  solution  of  (49),  (50),  (51)  exists  then  Vi  of 
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[1,  1]»  actually  exist.  We  shall  show  that  quantities  (a,  b,  c,  d)  can 
be  found  so  as  to  satisfy  (49),  (50),  (51).  In  order  to  do  this,  we  shall 
study  the  geometry  of  the  Vt  of  [1,  !]» . 

VII.  Geometry  or  V|  or  (1,  1]» 

Since  the  Vt  built  by  and  are  geodesic  in  the  V| , 

they  are  developable.  Furthermore  since  the  Vt  is  developable,  we 
can  bend  the  Vt  into  an  Rt.  The  straight  line  congruence  goes 

into  a  straight  line  congruence  and  hence  the  Vt  of  the  above  are  formed 
by  the  tangents  to  space  curves  in  the  Vt .  Thus  under  bending,  the 
Vt  of  fields  in  the  Vt  go  into  parallel  Vt  in  an  Rt ;  the  Vt  of 

become  the  principal  surfaces  of  the  rectilinear  congru¬ 
ence.  The  linear  element  of  such  a  system  of  surfaces  is  well  known. 
Since  this  element  is  unaltered  by  bending,  it  goes  into  the  linear 
element  of  the  Vt .  Thus  we  find  this  linear  element,  using  the  work 
of  Weatherbum.*  Let  us  fix  one  of  the  parallel  Vt  as  base  surface. 
Let  p(u‘,  u*)  denote  the  principal  curvature  of  this  surface  along  the 
(u')  variable  coordinate  line.  Let  ff(u‘,  u*)  denote  the  principal  curva¬ 
ture  along  the  (u*)  coordinate  line.  Let  E  denote  the  dn  of  this  Vt  ; 
let  G  denote  the  dtt  of  this  Vt.  Then  the  linear  element  is: 


(1) 

da*  -  (pu*  -  1)*  £(du‘)*  -f  (<rw*  ■ 

-  l)*G'(dw*)* 

+  (du‘)‘. 

By  comparing  this  with  VI,  (33),  (39),  (46),  we 

see 

(2) 

a  -f  bu*  »  E^(tu* 

- 

(3) 

c  -f-  du*  “ 

-  G*. 

Thus 

(4) 

a  «  — £*, 

b  - 

pE^ , 

(5) 

c  -  -0*, 

d  > 

oG*. 

Then 

(6) 

6  -  -pa , 

d  - 

—  9C  . 

Let  us 

eliminate  (6,  d)  in  VI,  (49),  (50), 

,  (51)  by  use 

of  the  variables 

(o,  c,  p,  <r).  The  set  (49),  (50),  (51)  becomes 
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(8)  po  +  (p  —  ff)a  -  0, 

<  * 

where  we  have  aanumed  that  no  one  of  the  quantities  (a,  c,  p,  p)  are  zero. 

Since  a  Vt  in  an  Ri  is  determined  when  (a,  c,  p,  e)  of  (4),  (5)  satisfy 
the  Gauss,  Codazzi  relations,  we  know  that  (a,  e,  p,  p)  must  satisfy 
these  relations  and  (7),  (8),  (9).  Except  for  these  conditions  (a,  e,  p,  p) 
may  be  arbitrary.  We  shall  calculate  these  relations. 

The  fundamental  quantities  of  the  Vt  in  an  Rt  are  given  in  terms 
of  (a,  c,  p,  p)  by  the  following  equations: 

(10)  <!„■£»  o*,  <Ju  -  0,  dn  ■  0  -  c*, 

(11)  Xu  ■■  Z<  pa*,  Xu  *  0,  Xti  ■  ^  “  PC*. 

Substituting  into  the  Gauss,  Codazzi  relations,  these  become 

(12)  <rc  (a  —  p)e  «  0, 

i  1 


(13) 


(14) 


po  4-  (p  —  <r)a  «  0, 

t  < 


du* 


ppo*c*  «  0. 


Thus  conditions  (7),  (8),  (9)  and  the  condition 


(15) 


form  a  complete  sy^m  of  conditions  on  the  variables  (a,  c,  p,  p),  all 
of  which  are  functions  of  (u*,  u*).  We  can  now  easily  show  that 
(a,  c,  p,  p)  can  be  found  as  functions  of  (u',  u*).  In  fact,  take  (p,  p) 
as  arbitrary  functions  of  (u‘,  u*),  then  (7)  determines  (c)  to  within  a 
function  of  (u*).  Likewise  (8)  determines  (a)  to  within  a  function 
of  (u').  Equation  (15)  gives  a  relation  between  these  two  unknown 
functions.  Upon  substituting  in  (9),  we  have  a  differential  equation 
(partial)  of  the  first  order  to  solve  for  one  of  these  functions.  The  other 
unknown  function  is  then  determined  by  (15).  Then  from  (6),  (b), 
(d)  can  be  found.  Thus,  we  have  shown  that  quantities  (a,  b,  c,  d) 
satisfying  VI  (49),  50),  (51)  always  exist.  Hence  the  Vi  of  [1,  I)* 
always  exist. 


MANIFOLDS  IN  EUCLIDEAN  8IX8PACE 


241 


VIII.  Vt  IN  Rt  Genebated  bt  a  Special  Ft  in  R«  and  a  Nobmal 

CONOBUENCE 

In  thin  section,  we  follow  the  ideas  of  V,  and  consider  geometric 
methods  of  generating  F*  of  (1,  1]» .  Consider  a  Ft  in  an  Rt  whose 
linear  element  is  given  by 

(1)  *’  .  oV«‘)*  + 

and  a  congruence  (»*)  normal  to  Ft  and  such  that  the  consecutive 

I 

congruence  generators  intersect  along  (u*)  and  (u*)  coordinate  lines. 
Then  for  the  Ft  generated  by  this  congruence, 


(2) 

(3) 

(4) 

(5) 

Since 


y"  -  x*(m‘,  u*)  +  M*  u*), 


^  4.U*— , 

du‘  du'  ^  du>' 


dl" 

.1  I 


du*  du*^  du*’ 


du* 


y'  dx*  dx‘  - 

V  dir*  dir*  “  ’ 


y'  dx‘  dx*  1 

X  dir*^*  “ 


(7) 


dr 

I 

du* 


dx* 

^dii*’ 


dt^ 

I 

du* 


dx* 


du*‘ 


(9) 

(10) 


On 


Then  the  linear  element  of  the  Ft  becomes 

(8) 

^  ^  ^  In  _  ^/*i* 

Ot«  -  0, 


Oil 


■  du*  du*  a* 

y^  ^  ^  , 

V  du*  du*  *  ' 


b  9^  c. 


i 
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Thus  the  linear  element  of  these  Vt  coincides  with  that  of  the  V»  of 
type  (1,  1)*. 

We  next  study  the  second  fundamental  tensors  of  these  Fj  in  an  Rt . 
First  we  study  the  second  partial  derivatives  of  (x*). 

(12)  T  /fl  ?£!  -  _  V  ^ 

^  ^  V  (du«)*  dti*  V  du‘  du*  d«‘  ’ 

V  (du^*  “  .aw'  dw*  au*  ’ 


Ea*x‘  dx‘ 

r(att*)>i  ' 

Y'  a*  I*  dx‘  _  „  ^ 

.  a«' au*  dw* 

^  a*x‘  ax‘ 

.  aw* aw*  aw*  ’ 

^  aw'  aw*  I 


(•-S' 


The  Weingarten  formulae  for  a  V»  in  an  Rt  can  be  written  as  follows 
(using  a  bar  to  denote  V»  quantities): 


a*x‘  n*  ax* 
dw*aw*  **  aw 


(p-3,4,5,6). 


t"  -  R.*,  (o,  6  -  1,  2),  (p  -  3, 4, 6, 6). 

«  ou  otr  9 
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We  next  list  the  second  partials  of  (3),  (4),  (5)  obtained  by  differentia¬ 
tion.  Subscripts  on  a,  c,  p,  v  denote  differentiation. 


(22) 

(23) 

(24) 

(25) 

(26) 

(27) 

(28) 


a*i/‘ 


d  z  I  o* 

(du*)'*  “  (^*  '  “  '’i 

d*I/*  d*x*  I  dx‘ 

du'du*  “  “^du*’ 


dx‘ 


a*/ 


(di4*)*  (dtt*) 


d*x‘  iv  1  dx‘ 

iY,(l  -<n.)  -u.-,. 


dx* 

‘'du*’ 

dx‘ 

'’du*’ 


ay* 

du'du* 

a*y* 

du‘du* 

a*y‘ 

(au»)* 

-  -1*-  (1  -  .m*)  -  U*a  — . 
dv?dv}  du*dtt*  1  du* 


0. 


a*x*  /,  lx  a  dx‘ 


As  in  (21),  we  find  from  the  Weingarten  formulae 


(29)  Z  t'  -  Am  ,  (6.  c  -  1, 2, 3),  (p  -  4,  5, 6). 

By  studying  (21),  (29),  and  (11-19),  we  conclude 


(30)  Xu-pa‘, 

1 

Rb  *  0, 

t 

hn  *  ffC*, 

1 

(31)  An  ■“  Xii(l  ~ 

p  p 

P«*), 

Ab  “  0, 

p 

Ab  —  Kb(1  —  ff«*), 

A«i  *  0, 

p 

p  s  4,  5, 6, 

o  -  1,2,3. 

If  we  require  that 

(32) 

P 

0,  p  « 

4,  5, 

(33) 

K..  - 

0,  p  « 

6, 

then  evidently  the  second  fundamental  tensors  of  these  Vt  coincide  with 
those  of  [1,  l]k . 
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From  the  geometric  propertiett  of  these  V»,  we  know  that 

(34)  -  0, 

P 

iH  satisfied.  Hence 

« 

(35)  a(«A«)a  ■»  0. 

p  • 

By  expanding  these  relations,  using  the  results  obtained  for  the 
we  find 


(36) 

Since 

(37) 

Thus  from  (36) 

(38) 


Pk  «  0. 


(a  -  1,2,3). 


-  0, 

•  f  p 


Thus  for  the  Vt  in  an  f?* 
(39) 

From  the  equations 


fik  -  0, 


o- 1,2,3,  g,p-4,6,6. 


iq,  p  -  4, 5, 6). 


(40) 

(41) 

(42) 

we  conclude 


X  -  I  U, 


0-1,2, 


h  =»  — 


-  -pT,  t'Vat*  - 
1  a  I  t  a  t 
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Theorem  VII.  The  Vt  of  [1,  1]»  are  generated  by  a  Vi  in  an  Rt 
with  linear  element  ^ 

*•  _  oW)’  + 

a* 

and  a  congruence  normal  to  Vt  with  consecutive  congruence  lines 

along  (u‘,  u*)  coordinate  lines  intersecting.  Furthermore,  we  must 
require  that  the  second  fundamental  tensors  belonging  to  the  remaining 

three  normals  be  such  that  (32),  (33)  are  satisfied.  It  can  easily  be 

« 

shoum  [39,  43]  that  “  0  for  this  Vt . 

P 

IX.  Vt  IN  Rt  or  [1,  1]« 

The  V|  of  this  class  satisfy  the  conditions 


(1) 

Px  -  0, 

P 

(2) 

h\a  ^  h  I’x  1, 
4  4  11 

(3) 

Ax*  A  lx  1, 

»  III 

(4) 

Ax*  *  A  I'x  1, 

•  *11 

(5)  • 

I*,  1*,  i*  are 

We  determine  whether  these  V|  lie  in  an  Rt  or  in  an  Rt ,  or  an  Rt . 
Assume  that  these  Vt  lie  in  an  Rt .  Then  by  Theorem  II,  a  set  of 
exist  for  which 


(T) 

(6) 


-  0, 


'Ax 


'Ax 


0. 


Following  the  work  of  VI,  7-10,  we  conclude 

t 


(7) 

(8) 


a  A 

4  4 
4 

a  A 

(  4 


» 

a  A 

4  4 
I 

a  A 

I  I 


a  A 

4  • 
( 

a  A 

»  « 


0. 


0. 


246 


NATHAN  KAPLAN 


Since  the  only  solution  of  this  system  compatible  with  h  not  lero  is 

t 

t 

one  such  that  Det.  a  »  0,  we  see  that  the  V|  cannot  lie  in  an  /24. 

p 

Likewise  by  Theorem  III,  we  see  that  the  Vi  lies  in  an  Rt  only  when 


This  is  not  possible,  hence  the  V*  cannot  lie  in  an  .  In  fact  the 
of  [1,  1]«  are  the  first  type  of  V$  that  cannot  be  imbedded  in  an 
Rn  (n  <  6). 

We  return  to  a  study  of  the  curvature  vector, 

(10)  'V  -  h  i‘  +  j  ^  +  A  (tSvy  y 

For  asymptotic  directions 

(11)  ^iSx)-0,  c-1,2,3. 

For  conjugate  directions  ^f*, 

The  solutions  of  (12)  are  of  the  type 

(13)  t*ix  -  t'tx  -  t^ix  -  0. 

a  1  a  I  »  t 

Let  us  study  (10)  in  greater  detail.  Place 

(U, 

Then  the  curvature  locus  becomes 

(15)  'V  -  xU*  +  +  I•l^ 


When  referred  to  the  ^t*,  t*,  axes  as  a  coordinate  system  in  the 
normal  space,  the  locus  becomes 

X*  x‘  X* 

(16)  X  +  I  +  I-‘- 

4  t  • 
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If  we  assume,  h,h>0^  then  geometrically  this  locus  has  following 
shape: 


Evidently  no  asymptotic  directions  exist.  The  direction  is  conju¬ 
gate  to  any  direction  in  the  R  perpendicular  to  it  (a  »  1,  2,  3).  These 

1 

are  the  only  conjugate  directions. 

We  next  analyse  the  Codazzi  relations  (I,  11,  6).  By  use  of  equa- 
sions  similar  to  IV,  (17-21)  we  find:  ^t*,  i*,  built  a  triply  orthogonal 

system  of  V*  in  the  Vt ;  each  such  system  of  surfaces  is  geodesic  in  the 
Vi;  hence  the  fields  which  are  the  intersections  of  these  Vt,  are 

geodesics  of  the  Vi .  If  we  adopt  the  net  as  a  coordinate  s}rstem,  the 
linear  element  becomes^ 

(18)  ds’  -  (du*)*  -I-  (du*)*  -b  du*)\ 

The  conditions  on  h  become 

P 

(19)  A»/(u‘),  h~g{u'),  A-*(u*), 

4  I  ( 

where  all  these  functions  are  arbitrary.  We  note  that  there  are  no 
straight  lines  on  this  Vt .  The  fact  that  these  Vt  exist  follows  from  the 
fact  that  the  (oet)  of  (18)  are  a  solution  of  the  Gauss  relation. 

X.  IHTTEORAL  EQUATIONS  FOR  THE  Vt  IN  AN  Rt  OF  (1,  1]« 

From  the  Weingarten  formulae, 
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we  find 

(2) 

f 

_0 

du'du*  ’ 

(3) 

(4) 

(5) 

From  (2),  we  see  that  the  solutions  for  (y')  are  of  the  form 

(6)  y*  -  0l(u')  +  ^(u*)  -f  ^(u*). 

Substituting  (3),  (4),  (5)  into  the  equations 


a  ^  b. 


(7) 


(9.P 


4,  5,  6,  a 


1,2,3), 


(8) 

«  J»  f  Pn 

which  fix  the  t*,  we  see  that  there  are 

p 

(9)  (3  X  3)  -I-  6  -  15 

conditions  on  the  first  and  second  derivatives  of  the  functions  . 
There  arc  eighteen  such  functions. 
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ON  FOURIER  TRANSFORMS  IN  U  IN  THE 
COMPLEX  DOMAIN 

Bt  Loo-kkng  Hca  and  Shikn-siv  ShO* 

Introduction.  In  this  paper  we  are  concerned  with  functions  belong¬ 
ing  to  as  introduced  by  A.  C.  Offord.*  In  particular,  when 

p  «  2,  the  class  is  identical  with  L*.  R.  E.  A.  C.  Paley  and  N. 
Wiener*  have  obtained  some  very  beautiful  results  in  the  case  of  L* 
on  the  Fourier  transform  of  a  function  vanishing  exponentially,  of  a 
function  analytic  in  a  strip,  of  a  function  analytic  in  a  half-plane,  etc. 
The  purpose  of  this  paper  is  to  extend  those  results  to  H*L*.  A  diffi¬ 
culty  in  making  the  generaliiation  is  that  for  we  have  no  corre¬ 
sponding  Plancherel  theorem 

J^lF(x)l*dx  -  J_jf(u)l'du 

where  F(x)  is  the  Fourier  transform  of  /(u).  The  main  results  may  be 
summariied  as  following: 

1)  If  f(u)  is  a  function  belonging  to  L'  in  any  finite  interval  and 


/(*) 


0(e-rK(u)) 

K(u)) 


(U  -»  oo), 
(U  -  oc  ) 


where  K(u)  is  a  constant  or  a  function  of  u  belonging  to  L'  (—  x,  x) 
then  /(u)  belongs  to  H^L',  p  ^  2  (Theorems  1  and  2). 

2)  If  F(a)  is  analytic  in  a  strip,  if  F(«)  belongs  uniformly  to  L'  in 
the  strip  and  if  F(«)  belongs  to  //'  on  the  boundaries  of  the  strip, 
then  for  any  interior  point  «,  F(s)  can  \ye  expressed  by  the  associated 
Cauchy  integrals,  and  F(s)  belongs  to  in  the  strip  (Theorems 

3  and  5). 


'  National  Tsing  Hua  University,  Peiping,  China. 

'  A.  C.  Offord,  On  Fourier  Transforms  III,  Trans.  Amer.  Math.  Soc.  38  (1835), 
pp.  250-266. 

'  Paley  and  Wiener,  Fourier  Transforms  in  the  Complex  Domain,  1934,  Amer. 
Math.  Sor.  Colloquium  Publication,  vol.  19. 
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3)  The  conclusions  of  2)  are  valid  if  we  replace  the  condition  that 
F(s)  belongs  uniformly  to  L'  in  the  strip  by  the  requirement  that 

«.) 

(Theorem  of  Phragm^n-Lindeldf  type;  Theorem  7). 

4)  If  F(»)  is  anal3rtic  over  the  right  half-plane  if  F(t)  belongs  uni¬ 
formly  to  L'  or 

lim  -  log  I  Fire**)  \  —  0 

r—m  T 

uniformly  over  the  right  half-plane  and  if  F(tf)  belongs  to  ff',  then 
for  any  interior  «,  F(«)  can  be  expressed  by  an  associated  Cauchy 
integral  and  F(«)  belongs  to  H*L*.  (Theorems  8  and  10.) 

5)  The  two  following  classes  of  entire  functions  are  identical: 

(a)  the  class  of  entire  functions  F(«)  belonging  to  H*U  along  the 
real  axis  and  satisfying  the  condition 

F(.)  - 

nu)e*-du, 

where  /(u)  belongs  to  L'  over  (— A,  i4)  (Theorem  11). 

6)  If  Fit)  is  an  entire  function  such  that 

^  t 

lim  -  log  I  Fire**)  |  —  0 
r 

and  does  not  vanish  identically,  it  can  not  belong  to  H’^L^  along  any 
line  (Theorem  12). 

We  are  indebted  to  Prof.  N.  Wiener  for  his  lectures  on  Fourier  Trans¬ 
forms  at  Tsing  Hua  University  and  we  must  take  this  opportunity 
to  express  our  deep  gratitude  for  his  many  valuable  suggestions.  . 


(b)  the  class  of  all  entire  functions  of  the  form  F(«) 


/: 


§1.  In  this  section  let  us  assume /(u)  to  be  a  function  belonging  to  L' 
in  any  6nite  interval,  p  ^  2,  and 


(1.1) 


/(u) 


Oie-^Kiu)) 
,0(e"-  Kiu)) 


iu-*  cc), 

iu—k—  «) 


where  #C(u)  is  a  constant  or  a  function  belonging  to  L'(—  oo,  oo). 
Theorem  1.  Let  4  >  0  and  —  Then 


(1.2) 


Fia.  t) 


fiu)  e' 


du 
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exists  and  is  bounded  uniformly  over  the  strip,  and 
F(a,  -0  “  F{t),  t  ^  r  +  it, 
is  an  analytic  function  of  t. 

Proof.  It  is  not  very  difficult  to  prove  that  belongs  to  L'* 

where  0  <  pt  ^  p.  In  particular,  pi  «  1,  we  see  that  (1.2)  exists. 
Furthermore,  over  — —  i,  we  have 

^  const,  I  K(u)  I  du  +  jT"  I  K(u)  |  du  j 

+  Jl  I  /(u)  I  /(“)  I 


const.  (Independent  of  a  and  0> 


Next  let  us  consider  the  function 


/•  /  (»+A»)»  -»■  \ 

r  t(  1  ‘  A.) 

+  jf  u/(u),^  l)d„. 

We  are  now  going  to  prove  that  when  i*  <  0,  J  R(Az)  |  <  ^,  we  have 

In  fact,  when  |  Aru  |  ^  1, 

I  Giu,  A2)|^e^  -H2e  ^3 


li 
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when  I  Azu  |  <  1 

I  0(u,  Ae)  I  ^ 


uAe  (uAe)* 
2!  31 


*  4.  ^  4. 

^  2i  +  3i  + 


^  e  -  1  <  3. 


Similarly  when  u  >  0,  |  Ii(At)  |  <  have 


Ufling  Lebesgue’s  convergence  theorem  we  have  that  (1.3)  tends  to 
■ero  as  Az  — ♦  0.  Thus 


dz 


e^’du 


u  e”  du. 


Theorem  2.  Under  the  same  hypotheses  as  before,  we  have 


/■ 


I  F(<r,  t)\*<U<C 


where  C  is  a  constant  independent  of  v.  Thus,  by  Offord’s  criterion 
of  /f',  f{u)e’*  belongs  to  Consequently  F(a,  0  belongs  to 

Proof.  Firstly,  let  us  prove  that  there  exists  a  number  T  such  that 

1M>7’ 


I  F{a,  0  I  <  1 

for  any  a  on  ^  o  ^  ft  —  6.  Suppose  this  be  false  when  f  — ►  « . 

Let  tt  <  1*  <  •  •  •  <  1,  •  •  •  be  a  sequence  which  tends  to  infinity. 
Then  for  each  there  is  at  least  one  a<(— X  +  3  US  ^  M  ~  3)  and 
one  T,(>  ti)  such  that 

I  F(vi,  Ti)  I  S  1. 


Let  ffo  be  one  of  the  limiting  points  of  (vj).  (It  does  exist  by  the 
Boliano-Weiertrass  theorem.) 


* 


*  Loc.  cit.  Th.  9. 

*  Loc.  cit.  Th.  12. 
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By  the  Riemann-Lebesque  Theorem  there  etists  a  number  U,  such 
that  when  t  >  Ioi  we  have 

in«r.,0|  <i. 


On  the  other  hand,  since  F{o,  —t)iaaii  anal}rtic  function  of  v  +  tl 
I  F(<r  +  A<r,  0  —  Fiv,  0  I 


/•+A»  I 

fU^,  t)  dt  I 


dt. 


The  integrand  is  uniformly  bounded  over  the  strip  — X  + 
Hence  we  can  choose  such  that  whenever 


we  obtain 


I  <r  —  ffo  I  <  4o 


|F(«r,0  -  f-Cao.OI  <  } 

for  any  value  of  t.  Therefore 

We  can  then  choose  m  great  enough,  such  that  |  v*.  —  vo  |  <  ^  and 
tm>  U,  thus  we  have 

F(,r.,  r,)  I  < 

This  is  a  contradiction. 

Now  let  us  consider 


F(<r,  t)  I'd! 


[jC^ 

s  /I  I 0  r  *  +  [c^n 


The  first  term  is  easily  seen  to  be  bounded,  since  its  integrand  is  bounded 
by  theorem  1.  The  second  term  is  uniformly  bounded  over  the  given 
strip  by  the  Plancherel  theorem  in  L*. 


§2.  Theohem  3.  If  Fi$)  is  analytic  over  — —  <r  +  il  and 


-1-  it)  I'  dt  <  const. 
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over  this  region,  then  When  <  is  an  interior  point  of  this  region,  we  have 


(2.1)  Fit) 


2w 


n  iy  —  t  2v 


P  Fi-\  +  iy) 
-X  +  iy  -  « 


dy. 


The  proof  of  this  theorem  is  quite  similar  to  that  given  in  N.  Wiener 
and  Paley's  book  (pp.  3-5)  this  could  be  done  merely  by  using  Holder 
inequality  instead  of  Schwari  inequality. 

Consequently  we  have 

Theorem  4.  Under  the  hypotheses  of  theorem  3,  P(«)  is  bounded 
over  any  region  —X  +  —  i. 

By  the  Holder  inequality  we  obtain  that 


/;  I  [ji  1 +  -V)  I’  ■<»}’  {/J 


is  bounded  since  2  <  p  <  «  and  q  —  — >  1.  Similarly,  the 

p  —  1 

other  term  of  (2.1)  is  also  bounded. 

Theorem  5.  Besides  the  hypotheses  of  theorem  3,  we  assume 
further  that  Fio  -f  it)  belongs  to  for  »  —  and  —X,  then  there 
exists  a  measurable  function  fix)  such  that 

(2.2)  jT  I  fix)  \'e^dx<M;  jT  |  fix)  |'  dx  <  M, 

and  that  over  the  open  interval  —\<v<n,  Fie  +  it)  and /(x)«'* 
are  Fourier  transforms  of  each  other  in  L'.  Moreover,  for  each  e  on 
this  open  interval 

1 

converges  in  the  ordhiary  sense  to  the  function  Fie  +  t<)  everywhere 
on  —  00  <  t  <  00 . 

Proof.  Since  Fie  +  it)  belongs  to  for  »  and  a  —  —X, 


is  summable  (C,  1)  almost  everywhere  to  a  function  fin,  x)  which  is 
the  Fourier  transform  of  Fin  +  it)  in  L'  and  therefore  it  belongs  also 
to  H*L*.  Similarly  we  define /(—X,  <)•  (Offord,  Theorem  12.) 

Let  us  put 


Qix)  - 


X  <  0; 

X  >  0;  a  >  0. 


* 
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We  obtain 


-  r 


G{x)  e*"  dx 


J  /  '  iMW-im-tt 


''  y/2rh  ^ 

(l(y)  is  bounded  in  any  finite  range.  By  theorems  1  and  2,  G(x)  belongs 


to  H*L*,  q 


By  Offord’s  theon'm  1, 


JL  r  g'”* 

J-m  a  -  i{t  +  y) 


lo  .  J  <  0, 

‘‘O  -  ') 

,  or  >  0. 


J-*  “  -  +  y)  j;  >  0.  ’ 

Again  by  the  use  of  Offord’s  theorem  3,  when  — X  +  — 

and  for  any  value  of  t  we  have 

/’/(m,  I)  «■“  dx~  r  ■  +  ‘‘'>  dy 

Jo  y/2ir  M  +  ty  -  («r  +  it) 

by  putting  a  =  n  —  a.  It  is  easily  seen  that  the  two  integrals  of 
both  sides  converge  in  the  ordinary  sense.  Similarly, 


dx-'  r  /<->+;V)  .,y. 

V^ir  ]-•  —  X  +  ly  —  (ff  +  t<) 


By  theorem  3,  we  get 


=  -J=  r/(-X,x)e''-""’'e*"dx 

J-’* 

+  ~  rny,x)e'--’-e‘-dx  -  r/(x)e"dx 

Jo  V2r  J-^ 


/(-X,  x)e^, 
fin,  X)  e  '" 


ix  <  0), 
ix  >  0) 


and  (2.3)  converges  everywhere  in  t  in  the  ordinary  sense.  By  theo¬ 
rem  1,  for  —  X  <  ff  <  Ml  fix)  e"  and  f’(*)  belong  to  L'/f',  Moreover 

Jl  I  fix)  r  e”*-  dx  -  jT  I  /(-X,  x)  r  dx+  JJ\  fi^,  x)  I'  dx 

^  |/(-X,  x)  I'dx -1-  |/(m,  x)|'dx 


<  const. 
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Similarly 

j  I  /(*)  r  <  const. 

§3.  Theorems  of  the  Phragmdn-Lindelof  type. 

Theorem  6.  If  Fic  -}•  t<)  be  analytic  over  and 

F(<r  +  il)  belongs  to  for  a  *  —  X  and  <r  **  n,  p  ^2,  and  if 

I  F(<r  +  t<)  1  <  M 

uniformly  in  the  strip  then  the  conclusions  of  theorems 

3  and  5  are  valid. 

Proof.  The  conclusion  of  theorem  3  is  easily  verified,  just  as  shown 
in  Paley  and  Wiener’s  book,  p.  9. 

In  the  proof  of  theorem  5,  we  have  only  used  the  facts  that  the 
conclusions  of  theorem  3  is  valid  and  that  F{(r  -f  U)  belongs  to 
for  »  —X  and  a  «■  m-  These  are  true  in  the  present  case. 

Theorem  7.  If  F(«)  is  an  analytic  function  of  a  over  the  strip 
—  X  ^  <r  ^  Ml  if  F(«)  belongs  to  H^L*  (p  ^  2)  for  a  —  —X  and  <r  ^  n, 
and  if 

1  F{a  +  it)  I  -  OG*'  *  ‘  ’)  (—X  ^  (T  ^  m) 

where  p  <  t/(X  +  m)i  then  the  conclusions  of  theorems  3,  4  and  5  are 
valid. 

Proof.  Let  us  consider  the  function 

F.(ff  +  i<)  -  M  F(<r  +  it)  dt 

which  satisfies  the  following  four  properties: 

(1)  F.U  +  it)  -  0(e*'' '  “)  (-X  <  a  <  m). 

I  F.(m  +  it)  I  ^  ~  I  F(m  +  it)  r 

1  r  /’*■*■*  “I-  0  —  1 

I  F.(-X  +  it)  I  n-X  +  it)  r  dtj',  q  - 

«  * 

Thus,  for  each  €  >  0,  F,(ff  +  t<)  is  uniformly  bounded  over  —  X  ^  a  ^  m 
by  the  classical  Phragm4n-Lindeldf  theorem. 
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(3)  F,(m  4-  f<)  and  F,{—\  -f  it)  belong  to  L'  uniformly  in  t.  Since 
by  the  Holder  inequality,  we  obtain 

B/r  F(fi  +  ij/)  dy  I  dt  ^  j  j,  I 

c  « 

-  ;  j[_*.  I  I'  f*  I  1' 

+  jf  dy  J  I  F(m  -b  iy)  I”  dl  <  jf  |  F(m  +  iy)  dy 

^  /]  ■  ■' 

Similarly,  F,(— X  +  it)  belongs  to  L'  uniformly  in  e. 

(4)  For  each  «  >  0,  F,(m  +  it)  and  F,(  — X  4*  *0  belong  to  I^et 
us  put 

F(m  4-  it)  -  -^=  r  /(m,  r)  dx  (C,  1) 

V2t  J-- 

where  /(y,  x)  belongs  to  H'L'.  Therefore 

^ 

as  to  — » 00 .  Thus  we  have 

F.(m  +  .()  -  ^  f'(l-  liJ')/(,,i)C^«'"<b-o(l) 

y-«  \  u>  /  i€x 

almost  everywhere  in  t.  Hence 

F.u  4-  *0  -  r/it^,  x)  dx. 

The  right  integral  converges  everywhere  to  a  function  which  is  finite 
everywhere  and  belongs  to  L  in  every  finite  range,  then  by  Offord's 
theorems  8  and  5,  we  obtain  that  the  function 

t<x 

belongs  to  L*  and  F,(m  4-  it)  belongs  to  //'. 


258 


LOO-KENG  HUA  AND  8HIEN-8IU  SHt? 


Then  by  the  use  of  the  previous  theorem  we  have 
2xJ-mll  ly  —  s  2r  J-m 


dy,  —X  <  a  <n. 


•X  +  ty  -  « 

On  account  of  the  fact  that  both  of  the  integrals  converges  uniformly 
in  €,  let  f  tend  to  lero  we  have 


F(«) 


-  r 

2t  J-. 


F(ii  -f  iy) 


n  iy  -  9 


dy 


_  J_r  P 
2rU  - 


Fi-\  -1-  iy) 


X  +  ty  -  « 


dy. 


Thus,  together  with  the  conditions  that  P'ift  +  it)  and  F(  — X  4-  it) 
belong  to  H^L^,  we  obtain  the  conclusions  of  theorems  4  and  5. 


§4.  The  Fourier  transform  of  a  function  in  a  half-plane. 

Theorem  8.  If  Fia  +  it)  is  analytic  for  a  ^0  and  F{it)  belongs 
to  //',  and  if 


F(a  -4  it)  I'  dt  <  const. 


for  0  ^  a  <  « ,  then  the  formula 


F{s) 


1  Him. 

2t  iy  —  « 


holds  for  R(s)  >  0.  Moreover,  there  exists  a  function  /(x)  which 
vanishes  almost  everywhere  for  x  >  0  and  which  belongs  to  L'(—  * ,  0) 
such  that  for  ff  >  0 


Fiff  =4  *0 


dx 


where  the  integral  converges  everywhere  in  t  in  the  ordinary  sense. 
F{a  -4  t'O  and  /(x)c"  are  Fourier  transforms  of  each  other  in  L'  for 
each  <r  >  0,  and  both  of  them  belong  to 

Proof.  By  theorem  3,  we  establish  the  formula 


F(«) 


_  1  r 

2ir  J-m  iy  - 


dy. 


/: 


F(n  -4  iy) 
M  +  ly  -  * 


dy 


^  const 


/f-  _ = 

\J-m  I  M  +  «y  -  «  I’J 


o(l) 
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Now,  just  as  we  have  done  on  theorrm  5,  we  can  prove  that 

F(«)  -  -4=  r/(0,x)e"^*"dx 

/2t  y-r 


y/2r 

where  /(O,  i)  is  the  Fourier  transform  of  F(il)  in  L*. 
We  define 

/(.) 


0 


(x  <  0), 

(i  >  0). 


Therefore 


/,  I  I**  ^  x)  1'  dx  <  « . 

And  by  theorems  1  and  2,  /(x)  e"  belongs  to  W'L'.  So  is  F(ff  -|-  it) 
for  each  a  >  0. 

Theorem  9.  If  F(«)  is  analytic  over  0  ^  a  <  * ,  if 
I  Fis)  I  <  M 

uniformly  over  <r  ^  0,  and  if  F(it)  belongs  to  then  the  conclu- 

•  sions  of  theorem  8  are  valid. 

Proof.  Just  as  we  have’done  b<‘fore,  for  a  >  0  we  have 

(4.1)  «.)  = ' r  ±i»i  m 

2ir  «-•  J-B  n  ly  —  s  2t  J-m  ty  —  8 

where  ft  is  any  number  greater  than  a.  l.,et  us  consider 
J  rB+i  r  rB-*i  tn+Ai  fAi  rm+t) 

'^L-i 

+ IZ]  /-I 

where  pe*'  =  z  —  it.  In  the  first  plact;, 

w  w 

^  Fipt"-  +  a)  ri«  -  1  jf  ’  F(it)  it 

^  2ir 

> 


F{pe^  +  it)  -  F(i0  .. 


«'‘d0 


F(i0 


+  0(p) 


as  p  tends  to  aero  since  F(z)  is  analytic  at  z  «  H. 
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A»  before,  let  H  tend  to  in6nity  then  (4.2)  beeomeH 

'  ( Hm  r  ,, -I r  +  n  re*)  4 ' 

(4.3)  2t  la..-  j-m  ^  ^  ty  -  tt  "  iJ-B  ^  yi+J  i(y  -  0 

+  i  Fiiy)  +  0{p)  -  0. 

Since  F{iy)  l)elonKH  to  L*,  by  a  theorem  due  to  Ries*,*  when  p  tends 
to  zero,  the  inteKral 


1  r 

2«-  /-•  y  -  f 


dy 


converges  almost  everywhere  in  t  to  a  function  g{t)  which  belongs  to 
1/  (in  the  sense  of  the  principal  value  of  Cauchy).  Again, 


(4.4) 


lim  {"  r  '■‘'i  ’>1  -  Irfy 

■  —  J-b\_p  ty  -  »  n  ^  ty  -  ttj 


^  const 


■/; 


dy 


?  I M  +  fy  -  « 1 1 M  +  *y  -  »<  I 


oil) 


as  p  tends  to  infinity. 

Together  with  (4.1),  (4.3)  and  (4.4),  we  obtain 


(4.5) 


F(,  +  it)  -  const.  -  ^  ~ 

_  1  r 

2ir  J-m  xy  ~  a  —  tt 

Because  g{t)  —  F{il)  belongs  to  L',  the  constant  in  (4.5)  must  vanish 
and  we  have  the  formula 


Fit 


2ir  J-m  ty  —  a  —  \t 


The  other  parts  of  the  conclusion  follow  immediately  as  we  have 
indicated  in  the  preceding  theorem. 

By  an  argument  similar  to  the  one  we  have  used  in  theorem  7,  we 
obtain  the  following  theorem  of  Phragm4n-Lindel5f  type: 

Theorem  10.  If  Fit)  is  anal3rtic  over  0  a  <  «,  if 


lim  -  log  I  Fire*) 
r 


0 


*  M.  Riesz,  8ur  les  fonctiona  conjugu^M,  Math.  Zeita.  27  (1928),  pp.  218-244. 
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and  if  F(ii)  belongs  to  H*L*,  then  the  conclusions  of  theorem  8  are 
valid. 


§5.  Entire  functions  of  exponential  type. 

Theorem  11.  The  two  following  classes  of  entire  functions  are 
identical: 

(1)  the  class  of  entire  functions  F{z)  belonging  to  H*L*  along  real 
axis  and  satisfying  the  condition 

(2)  the  class  of  all  entire  functions  of  the  form 

F(*)-  J"/(u)e‘“du 

where  /(u)  belongs  to  L*  over  (—A,  i4). 

Proof.  The  class  (2)  is  contained  in  the  class  (1).  In  the  first 
place,  F{x)  belongs  to  by  theorems  1  and  2.  In  the  second  place 

I  f («)  I  S  {/ J  /<“)  I’  <‘<‘f  {/]  I  I  ''“p 

»  const,  fj  «*"  ’  *  dnj* 

f  I  I  _  I  n  > 

— ^TTF] — r 

-  Oie*  ' ' '). 


On  the  other  hand,  the  class  of  (1)  is  of  the  form  (2).  In  order  to 
prove  this,  let  us  consider  the  function 

-A,  fB+i, 

0{z)  * -  /  Fiiw)  dw 

which  is  bounded  over  the  imaginary  axis  and  positive  real  axis,  and 
which  is  at  most  of  exponential  growth.  By  the  Phragm^n-Lindeldf 
theorem,  it  is  bounded  on  the  right  haK-plane.  As  we  have  done  for 
theorem  7,  G{it)  belongs  to  H*L*.  Hence  by  theorem  8  there  exists 
/,(i)  belonging  to  L'(—  «,  0)  such  that 

a(z) 


(5.1) 


R(z)  >  0 
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and  Q(t)  belongs  to  for  each  x  *  Hit)  >  0.  Thus  we  have 

'*»+• 


f-.U)  -  1  F{u})dw  -  xG{iz)  e**' 


(/(z)  <  0). 


Similarly,  we  obtain 


(6.2)  i  F{w)dvo  -  i7,(x  +  A)  dx 


for  /(r)  >  0. 

Let  //(r)  -  F,i-iz).  Then 


(5.3) 


Hiz)  -  j ^  iUx  +  A)  e"  dx  (R(z)  >  0), 

-  -  ^)  «‘*  dx  (ft(r)  <  0). 

Since  F{z)  is  at  most  of  exponential  growth,  so  is  //(z);  because  of 
(5.3),  H{z)  belongs  to  H’^L'  for  each  tr  ^  Rz  ^  0.  Thus  by  theorem  7 
H(it)  belongs  to  H*L*  in  t  and  there  exists  a  function  g,{x)  such  that 


g,ix)  -  { 


(6.4)  1  *  F{w)  dw  -  p  g,(u)  e’*“  du 

for  any  z.  Comparing  with  (2.4)  and  (5.3)  we  have 

+  ^)  for  -A  ^  X  <  0, 
t/,(x  —  .4)  for  A  ^  X  >  0, 

^0  for  I X I  >  .4. 

In  particular, 

i  j  F{w)  dw  Mc  J  g,(u)  e'"  du. 

On  the  other  hand  since  F(z)  belongs  to  we  have 

F(x)  -  j^/(u)e*"du, 

-  F(x)dx^  /  /(u)—. - ie*'“du. 

t  J,  J-m  UU 


(C,l) 


(C,l) 


and 
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Hence  comparing  with  {5A)f{u)  must  vanish  outside  (— X,  i4).  There¬ 
fore,  as  c  tends  to  lero,  (5.4)  becomes 

Fit)  -  j_y(u)e^”‘du. 

An  immediate  corollary  is 

Theorem  12.  If  F{t)  is  an  entire  function  such  that 
lim  -  log  I  F{re**)  |  —  0 

r~*m  r 

and  does  not  vanish  identically,  it  can  not  belong  to  along  any  line. 

If  it  does,  we  may  take  this  line  to  be  the  real  axis.  Thus  for  every 
A  >  0,  the  Fourier  transform  of  F{x)  will  vanish  almost  everywhere 
outside  (—A,  A)  by  the  preceding  theorem.  Hence  F(t)  must  vanish 
identically  and  this  contradicts  our  hypothesis. 


ON  THE  NORMALIZATION  OF  THE  SET  OF  FUNCTIONS 

X"  sechx 

Bt  C.  T.  Chuano* 


1.  We  propose  to  normalise  the  set  of  functions, 

x"  sech  X,  n  —  0,  1,  2,  •  •  •  ,  00, 

by  making  use  of  their  Fourier  transforms  ffn(u)  which  are  easily 
proved  to  be  the  following: 


In  fact,  for  n  »  0  it  is  known*  that 

Ay/ ^  sech  ^  —  l.i.m  —j _  f  sechx  e*"  dx, 


and  by  differentiating  this  n  times  we  get  ffniu).  In  carrying  out  the 

differentiation,  we  find  that  ffm(u)  is  of  the  form,  (?,  ^tanh  sech 

where  (7,(y)  is  a  polynomial  in  y  of  degree  n  and  is  an  even  or  odd 
function  according  to  that  n  is  even  or  odd.  We  can  then  express  the 


function 


ion  ^tanh 


sech  as  a  linear  combination  of 
^o(u),  fft(u),  . .  ■  ,  fftm(u) 


or  of  ffi(u),  gt(u),  •  •  •  ,  yt«+i(u)  according  as  n  is  equal  to  2m  or  2m  +  1. 
Let  Pm(y)  be  Legendre’s  p>olynomial  of  degree  n.  We  see  immediately 

that  the  function  P.^tanh  sech  ^  can  be  expressed  as  a  linear 


combination  of  the  functions  gt(u)  in  the  same  manner.  On  the  other 
hand,  from  the  well  known  relations. 


1 0,  (n  m) 

Pn(y)Pm(y)  rfy  -  1  2  ,  V 

\2irrV 

'  National  Tsing  Hua  Univeraity,  Peiping,  China. 

*  Raymond  E.  A.  C.  Paley  and  N.  Wiener,  Fourier  transforms  in  the  complex 
domain,  p.  41. 
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we  have  on  changing  y  into  tanh  — , 

m 


.  2ti  -f-  1 


m). 


Hence  the  normaliiation  of  the  set  of  functions  g^iu),  n  »  0, 1, 2,  •  •  •  ,  <x> 
leads  to  the  functions. 


V^y(2n 


(1) 


2.  By  Plancherel’s  theorem*  we  have  then 

Qn(x)  sechx  -  l.i.m  f  - 

y/2w  J-^  « 

Pn  ^tanh  sech  ^  du, 


where  Q«(x)  is  a  polynomial  in  x  of  degree  n  and  is  an  even  or  odd 
function  according  to  that  .n  is  even  or  odd.  As  we  know,  the  set  of 
functions  Q.(x)  sechx  is  also  normal  and  orthogonal  over(— w,  oo). 
In  order  to  complete  the  normalization  of  the  set  of  functions  x”  sechx, 
it  remains  then  to  find  out  the  explicit  form  of  Qa(x).  We  have 


(2) 


xu 

2 


sech  ^  e 

it 


-tux 


du 


On  changing  e'"  into  t,  the  integral  on  the  right  of  the  above  relation 
becomes 


(3) 

But  we  have 


2* 

k!  (t  +  1)*’ 


*.Loc.  cit.  p.  2. 
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where  the  values  ifc  —  0,  1,  .•  •  •  ,  n,  are  found  to  be 

1  (n  +  fc)! 

•  '  ^  “  2**!(n  -  *)!' 

To  evaluate  the  integral  (3),  it  is  then  sufficient  to  compute  the  value 
of  the  integral, 


(4) 


Jo 


for  ik  0,  1,  •  •  •' ,  n.  On  changing  (1  +  0  '  ^i^to  we  see  that  this 
integral  is  equal  to 

R(n  r(p)r(7) 

"  f(F+V)’ 

tx  ix 

where  p  “  ik  +  i  4-  —  and  0  ”  i - ,  from  which  the  value  of  in- 

T  W 

tegral  (4)  is  found  to  be 

The  integral  (3)  is  then  easily  evaluated.  From  its  value  and  by  (2) 
and  (1),  we  get  finally  the  result: 

The  set  of  functions  Q.(x)  sechx,  n  »  0,  1,  2,  •  •  •  ,  w,  ediere 

is  normal  and  orthogonal  over  (—  «>,  »). 

# 

3.  The  function  ^(x)  »  Q«(x)  sechx  satisfies  a  certain  integral  equa¬ 
tion  which  can  be  obtained  in  the  following  manner:  We  have  the 
relation, 

P.^tanh  sech  ^  ^  j  Q,(x)  sechx  dz, 

.(tanh^), 


or  in  setting  /(u)  *  P, 


/(«) 


/: 


^(x)co8h^e’"  dx. 
It 
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where  c  is  a  constant.  By  the  well  known  differential  equation  of 
Pn{y),  it  is  easily  verified  that  /(u)  satisfies  the  equation, 

(5)  ^  T 

But  we  have 

^  e‘“  cosh  ^  L  n(n  +  1)  sech*  ~  e’"  cosh  y 

-  ^  e*"  cosh  y  +  tanh  y^  4.  (n*  +  n  +  1)  sech*  y|, 

from  this  and  (5),  it  follows  that  ip{x)  »  Qii(x)  sechz  satisfies  the 
integral  equation, 

j  ^(x)  K,(x,  tt)  dx  *  0, 

where  iC«(x,  u)  -  4-  tanh  y^  +  (n*  -1-  n  +  1)  sech*  y . 

The  writer  wishes  to  thank  Prof.  N.  Wiener  for  suggesting  the  prob¬ 
lem  and  his  kind  guidance  during  the  course  of  the  work. 


THREE-DIMENSIONAL  CONTACT  TRANSFORMATIONS  IN 
SOLVED  FORM 

Bt  Charuis  K.  Rorbinh' 

INTRODUCTION 

The  most  general  contact  transformation  in  three  dimensions*  is 
de6ned  by 

x'  -  A(i,  y,  z,  p,  q) 
y'  *  B{x,  y,  t,  p,  q) 
z'  -  C(x,  y,  z,  p,  q) 

P’  -  Pix,  y,  P,  9) 

9'  -  Q{x,  y,  t,  p,  9) 

with  the  condition  that  p'  dx'  -}-  7'  dp'  —  da:'  «  0  is  a  consequence  of 
pdx-\-qdy  —  dz’^Q.  In  geometrical  language  this  transformation 
carries  a  union  of  plane  elements  into  such  a  union,  a  plane  element 
being  defined  by  a  point  (x,  y,  z)  and  a  direction  p,  q,  —1.  Line  ele¬ 
ments  need  not  be  considered  because  there  are,  in  general,  no  contact 
transformations  which  carry  a  union  of  line  elements  into  such  a  union. 
This  last  statement  excepts,  of  course,  the  extended  point  transforma¬ 
tions  which  will  not  be  considered  in  this  investigation.  (In  other 
words  not  all  of  the  functions  Ap,  Aq,  Bp,  Bq,  Cp,  Cq  shall  vanish 
identically.) 

The  object  of  thi^  study  is  to  obtain  some  general  types  of  contact 
transformations  in  the  above  solved  form.  Although  this  subject  has 
an  extended  literature,*  it  seems  that  the  problem  has  not  been  attacked 

*  Purdue  Univeriity. 

*  The  subject  of  two  dimensional  contact  transformations  in  solved  form  has 
been  treated  by  the  author  in  a  paper  published  in  the  American  Mathematical 
Monthly,  Volume  XLIII,  May,  1936. 

*The  work  of  Sophus  Lie  and  his  pupils.  Also  the  original  work  of  Jacobi 
in  his  Vorlesungen  Uber  Dynamik  and  Articles  by  Liebmann  and  Prange  in 
Elncyklopadie  der  Mathematischen  Wisaenschaften. 
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systematically  from  the  view  point  of  explicit*  representation.  The 
results  obtained  are  set  forth  as  six  general  types  of  contact  trans¬ 
formations  in  each  of  which  the  functions  A,  B,  C,  P  and  Q  are  ex¬ 
plicitly  obtainable.  Only  reversible  transformations  are  considered, 
that  is  those  in  which  the  Jacobian  (J)  of  the  functions  involved  does 
not  vanish  identically. 

As  a  first  step  in  attacking  the  problem,  let  us  apply  explicitly  the 
condition  that  p'  dx'  +  q'  dy’  —  dz'  “  0  is  a  consequence  of 


pdx  A-  qdy  —  dz 


Then  we  have 


(PA.  -h  QB.  -  C.)  dx  4-  (PA.  +  QB,  -  Cy)  dy 

+  (PA.  +  QB,  -C,)dz  +  {PA,  +  QB,  -  C,)  dp 
+  {PA,  +  QB,  -  C,)  d?  -  0 
p  dx  A-  q  dy  —  dz  ^  0  . 

Eliminating  dz  and  remembering  that  x,  y,  p  and  q  are  independent 
there  results 

(1)  PA.  +  QB.  -C.A-  p{PA,  +  QB,  -  C.)  -  0 

(2)  PA,  4-  QB,  -  C,  -{=  9(PA. -I-  QB,  -  C.)  -  0 

(3)  PA.  +  QB,  -  C, 

(4)  PA,  -b  QB,  -  C,. 

Thus  the  problem  reduces  to  finding  sets  of  solutions  of  these  four 
partial  differential  equations.  In  each  of  the  following  paragraphs  the 
solutions  obtained  are  characterised  by  imposing  certain  further  re¬ 
strictions  on  the  functions  involved. 


$1.  Let  P  and  Q  be  each  functions  of  x,  y  and  z  only  so  that  the 
orientation  of  the  transformed  element  depends  solely  upon  the  posi¬ 
tion  of  the  given  element.  Then  equations  (3)  and  (4)  give  at  once. 

•  C  »  PA  +  QP  +  ir(x,  y,  z). 

Substituting  this  in  (1)  and  (2)  we  get 

*  A  certain  general  type  of  a  contact'transformation  in  explicit  form  was  given 
by  Lie  in  an  article  Zur  Analytiechen  Theorie  der  BerUhrungs  Traneformationen, 
Gesammelte  Abhandlungen,  Dritter  Band. 
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(P,  -h  pP,)i4  -f-  «?,  +  p<?f)P  “  -  (tc,  +  pVD,) 

(P,  -f  flP.)^  +  (Q»  +  qQ,)B  »  -(tr,  +  7ti7.)- 

Hence  we  have 
Type  1 

C  »  Pi4  -H  QP  -f  w{x,  y,  z) 

P  -  P(x,  y,  *) 

0  “  Q(x,  y,  z)  . 

A  and  B  are  determined  from  the  last  two  equationn  above.  (P,  Q 
and  w  are  arbitrary  functions  of  x,  y  and  z  except  that  they  are  to  be 
choeen  so  that  the  two  equations  are  solvable  in  the  usual  sense  for 
A  and  B.) 

As  an  example  choose  P  ^  x,  Q  ^  y,  w  ^  z.  Then  A  ^  —p, 
B  ^  —q  and  C  =  —px  —  qy  -{■  z.  Hence 

x'  “  —  p 
y'  »  -q 

z'  «=  -px  -  qy  +  z 

p'  »  X 

?'  “  y- 

To  obtain  a  geometrical  interpretation  eliminate  p  and  q  using  the 
first  three  equations.  The  result  is*  xx'  +  yy'  +  2  —  z'  **  0.  Denoting 
by  K  and  K’  corresponding  geometrical  configurations  in  x,  y,  z  and 
x',  y',  z'  space  respectively,  we  see  that  a  general  K  point  is  transformed 
into  a  plane  and  a  general  K'  point  into  a  plane. 

§2.  Let  P  and  Q  be  each  functions  of  p  and  q  so  that  the  orientation 
of  the  transformed  element  depends  entirely  on  the  orientation  of  the 
given  element.  Then,  in  solving  equations  (1)  and  (2),  p  and  q  may 
be  treated  as  constants.  lotting  u  »  PA  +  QB  —  C,  these  equations 
become  u,  +  p«»  ■=  0  and  u,  +  qu,  «  0.  The  commoq  solution  is, 

*  An  equation  F{x,  y,  t,  x',  y',  »')  —  0,  with  certain  general  restrictions  on  F, 
also  defines  a  point  to  surface  contact  transformation.  See  Whittaker’s  Ana¬ 
lytical  Dynamics  pa^e  294.  Likewise  two  equations  F(x,  y,  s,  x',  y',  s')  ■■  0, 
G(x,  y,  X,  z',  y',  s')  0  define  a  point  to  curve  contact  transformation.  This 

kind  as  well  as  the  point  to  point  transformation  are  not  dealt  with  in  this  paper. 
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evidently,  u  “  tp(px  +  gy  —  z,  p,  q)  ao  that  C  ■»  PA  +  QB  —  w. 
Substituting  this  in  equations  (3)  and  (4)  gives 

AP,  +  BQ,  «  Wp,  APp  +  BQp  «  tc,. 

Hence  we  have 
Type  2 


C  =  PA  +  PB  -  w(px  qy  —  z,  p,  q) 

P  -  Pip,  q) 

Q  -  Qip,  q)- 

A  and  B  are  determined  from  the  last  two  equations  above.  (P,  Q 
and  w  are  arbitrary  functions  of  their  respective  arguments  except 
that  they  are  to  be  chosen  so  that  the  two  equations  are  solvable  in 

the  usual  sense  for  A  and  B.)  _ 

If  we  choose  P  —  p,Q  q  and  w  =  px-\-qy  —  z±.a  Vl  +  P*  +  ^ 
we  get  the  familiar  dilation 


y' 


y  =t 


D 


z'  -  2  q:  ^  D  -  vTT7T7 

p'  ^  p 

q'  =  q 

Eliminating  p  and  q  gives  (x  —  x')*  +  (j/  —  y')*  +  (*  ~  z')*  *  o* 
so  that  a  general  K  point  is  transformed  into  a  sphere  and  vice  versa. 


§3.  To  attack  the  problem  in  a  more  general  way,  solve  (3)  and  (4) 
for  P  and  Q  and  substitute  in  (1)  and  (2).  We  have 


(5) 


MB,  C) 
MA,B) 


MA,  O 
”  MA,  B) 


C,  +  pC,  +  MCp  +  iVC,  -  0 


(6) 

(7). 
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(8)  C*  +  7^*  ■4"  HCp  ‘T*  KCp  *  0 

when* 

Ap,  Bp 
Aq,  Bf 

None  of  thene  determinanUi  are  to  vanish  identically,  a  restriction 
which  excludes  the  point  to  curve  and  the  point  to  point  transforma¬ 
tions.  M,  N,  H  and  K  are  de&ned  by  the  equations. 

(A.  +  pA,)B,  -  {B.  -I-  pB,)A,  MA{A,  B)  -  0 

-{A.  -I-  pA,)Bp  -f  (B.  -j-  pB,)Ap  +  NA(A,  B)  -  0 

{Ap  A-  qA,)Bp  -  (Bp  -|-  qBp)Ap  +  H£i{A,  B)  -  0 

—  {Ap  qAt)Bp  -b  (Bp  qB,)Ap  -f  KA(A,  B)  «  0. 

These  last  four  equations  may  be  written  as  follows 

A,  -f  pA,  -I-  MAp  -H  RAp  —  0,  B  being  defined  by 
Bp  -f-  pBp  -f-  MBp  RBp  “  0. 

A,  -I-  pA,  -1-  SAp  -b  NAp  —  0,  5  being  defined  by 

Bp  pBp  -f*  SBp  -f-  NBp  *“  0. 

Ap  qA,  -b  HAp  -|-  VAp  -  0,  V  being  defined  by 

Bp  *4-  qBp  -f-  HBp  -f-  VBp  ■■  0. 

Ap  +  qA,  +  WAp  -f-  KAp  ^  0,  W  ix'ing  defined  by 
Bp  '4=  qBp  -4"  WBp  -4-  KBp  *  0. 

t 

These  equations  are  all  of  the  same  form  as  equations  (7)  and  (8). 
Therefore,  if  solutions  are  obtained  for  C  from  (7)  and  (8),  the  above 
equations  will  yield  similar  results  for  A  and  B  provided  R,  S,  V  and  W 
are  taken  equal  to  N,  M,  K  and  H  resfjectively.  In  what  follows 
only  such  solutions  will  be  considered.  Hence  the  problem  is  reduced 
to  finding  solutions  common  to  (7)  and  (8).  It  should  be  noted  in 
passing  that  C  ««  a  function  of  A  and  B  is  a  solution  of  (7)  and  (8) ; 
but  this  is  ruled  out  because  it  would  make  J  vanish. 

If  X  and  y  are  interchanged  and  also  p  and  q,  the  system  of  equa¬ 
tions  (7)  and  (8)  remains  unchanged  in  form.  This  means  that  for 
every  solution  there  is  a  companion  solution  obtained  by  making  the 


A(B,0 


Bp,  Cp 
Bp,  Cp 


;  A(A,0 


Ap,  Cp 
Ap,  Cp 


;  A(A,B) 
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above  interchanges.  But  such  interchanges  constitute  merely  a  change 
in  notation.  Hence  a  solution  obtained  in  this  way  will  not  be  regarded 
as  a  separate  type  of  contact  transformation. 

The  related  systems  for  (7)  and  (8) 


(9) 

.  p  M 

(10) 

j  dt  dp 

will  be  used  frequently  in  what  follows. 


N 

dq 

K 


(4.  We  shall  now  consider  the  case  in  which  M  is  a  function  of  x  and  p 
only,  and  N  a  function  of  x  and  q  only.  We  shall  assume  further  that 

"  -  -  r-  -  r- 

B  being  a  function  of  x  and  p  only  and  0  a  function  of  x  and  q  only. 
Then  two  solutions  of  equation  (9)  are 

B{x,  p)  «  *,  ^(i,  q)  -  h, 

h  and  k  being  constants.  • 

To  obtain  a  third  solution  of  (9)  solve  ${x,  p)  ^  k  for  p  and  let  the 
result  be  p  «  w{x,  k).  Then  from  equation  (9)  we  have 

dz  —  w(x,  jfc)  dx  *=  0. 

The  solution  is  *  —  /w(x,  k)  »  constant,  the  integration  to  be  per¬ 
formed  and  k  replaced  by  8.  Let  the  result  be  denoted  by  n(x,  9). 
Later  it  will  be  more  convenient  to  start  with  n  and  then  determine  6. 
The  relation  Hsix,  0)  *  u»(x,  tf)  =»  p  (in  which  x  and  8  are  treated  as 
independent)  shows  that  this  can  be  done. 

We  now  have  C  *  F(0,  0,  —  z)  as  the  general  solution  of  (7)  and 

since  y  is  not  involved  in  this  equation,  we  can  say  that 

C  -  F(8,  <t>,  ti  -  z,y) 

is  also  a  solution. 

Next  we  proceed  to  determine  what  further  restrictions  must  be 
imposed  on  n  and  ^  so  that  the  above  solution  of  (7)  will  also  satisfy 
equation  (8).  Substituting  and  remembering  that  n,  ^  p  vre  have 
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(11)  F,  +  -  q)F,  +  He^,  +  -  0 

in  which  «  —  m  ~  ^wt  denote  partial  differentiation 

with  respect  to  the  arguments  as  they  explicitly  appear.  This  nota¬ 
tion  will  be  used  frequently  and  will  not  be  explained  again  unless 
ambiguity  arises. 

For  convenience  let 

Hm9p  —  9  *  p,  K6p  “  a,  H$p  “  r. 

At  this  point  the  problem  is  further  specialised  by  considering  only 
those  solutions  of  equation  (11)  which  can  be  obtained  by  pairing  the 
members  of  the  related  system 

^  ds  d6 

P  ff  T 

and  which  are  subject  to  the  condition  that  p,  a  and  r  are  each  func¬ 
tions  of  s,  y,  6  at  most.  To  determine  further  the  nature  of  p,  a  and  r 
we  proceed  as  follows. 

Eliminate  H  from  the  equations  given  above  and  get  —  p  =  q. 
Differentiate  this  partially  with  respect  to  y,  t,  x,  p  and  q  in  turn, 
getting 

—  p,  ■»  O' 

T,M#  —  p.  —  0 

(rpH  +  r,p]  -|-  Ttp$  —  p,p$  —  p#)d, 

+  (t^m#  —  P*)^.  +  r/i#,  -f  (t,m«  —  p.)m.  *  0 
{rpH  -h  t.mJ  -h  t#m#  —  p.pt  —  Pi)9p  —  0 

'  iupt  -  pp)4>p  -  1. 

Combining  the  last  four  of  these  equations  gives 

T  »  — 

^tP«« 

Now  suppose  that  p«,  »  0.  Then  p*  »  a  function  of  $  only.  Hence 
p  »  a  function  of  6  only  -|-  a  function  of  x  only  and  p,  a  function 
of  X  only.  But  p.  must  involve  0,  for  p,  »  p  when  0  is  replaced  by 
its  equivalent  in  terms  of  x  and  p.  Therefore  p«  must  involve  x  and 
hence  p«.  ^  0.  Moreover  the  above  relation  shows  that  r  involves 
neither  y  nor  «.  Hence  —  0  and  t,  »  0  and  from  the  first  two  of  the 
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above  five  equations  Pv  *  0  and  p.  »  0.  Thus  r  and  p  are  each  func¬ 
tions  of  0  and  9  at  most. 

The  relation  rm  —  p  »  q  shows  that  rp#  —  p  cannot  involve  p. 
Hence  it  cannot  involve  6,  for  9  must  involve  p;  and  therefore  it  must 
be  a  function  of  x  and  ^  at  most.  Further  it  must  involve  since  ^ 
is  the  only  one  of  the  three  arguments  s,  0  and  9  which  involves  q. 

Let  rpt  —  p  ^  fix,  ^).  In  determining  the  form  of  /,  we  may  regard 
rp«  —  p  as  a  function  of  x,  0  and  9  treated  as  independent  variables. 
Differentiating  partially  with  respect  to  x  gives  rp««  fx.  Integrating 
gives /  »  Tp#  -J-  6{4>).  Hence  p  *  —  6(4).  Then  rp#  «  /  —  j  «  nix,  4). 
Differentiate  this  partially  with  respect  to  4  and  replace  p«  by  its 

equivalent  Then  —  *  — .  But  this  says  that  a  function  of  9  and 

T  T  ri 

4  is  identically  equal  to  a  function  of  x  and  4.  Therefore  each  mem¬ 
ber  must  be  a  function  of  4  only;  that  is  —  »»  ♦(^).  Integrating 

T 

gives  log  T  =  /  4>  -|-  a  function  of  9  only. 

This  may  be  written  in  the  form  t  *■  where  the  prime  means 

differentiation.  In  similar  fashion  n  *  a(^)  rix).  Then  p»  *»  -  — 

T 

^'{9)  t(i)  and  p  *  0(9)  t{x)  4*  X(x).  Note  that  0  cannot  be  a  con¬ 
stant  because  p  actually  involves  9.  p,  *  0ir*  -b  X',  whence  p  =■ 

0v'  4-  X'  and  0  *  - — 7-^,  so  that  p  *  — — 4*  X.  The  equation 

r  » 

Tp0  —  p  »  q  now  becomes  0(4)  rix)  —  pi4)  *  9.  It  should  be  noted 
at  this  point  that  r  cannot  be  a  constant  because  p«  must  involve  x, 
and  that  a  and  p  must  not  both  be  constants  because  ar  —  p  must 
involve  4. 

To  recapitulate,  9,  p  and  4  are  now  defined  as  follows: 


(12) 


0(9) 


p  -  X'(x)  (p  -  X'(l))  ir(x)  , 

- - ’ 

ai4)  rix)  —  pi4)  «  q. 


Equation  (11)  now  takes  the  form 

(13)  F,  4-  pi9)  ^  -  0- 

The  further  treatment  of  this  equation  depends  on  whether  or  not  <r  =  0. 
First  consider  the  case  in  which  a  »  0.  Then  one  solution  of  the 
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above  equation  is  F  some  function  of  Further  solutions  may  be 
found  by  considering  the  related  system 


.  $'{e)d6 

^  pi4)  a(^) 

in  which  ^  may  be  treated  as  a  constant.  Solutions  are  »  ^  py  ^ 
constant,  sa  —  p0  constant  and  —  ay  constant. 

Thus  the  general  solution  of  equation  (13)  is  F  »  /(^,  u,  v)  where 
u  and  V  are  any  two  different  selections  of  the  functions  »  —  py,  sa  —  pP 
and  0  —  ay.  We  now  have 

Type  3.  A,  B  and  C  are  each  functions  of  u  and  v;  u  and  v  being 
chosen  from  the  functions 


.(» 7  +x(ri  - .  -  ,(♦)» 

r  {X) 


(p  -  X'(x))  p{4f) 


(p  -  X'(x))  t(x) 
=r'(x) 


a{4)y- 


and  ^  being  determined  from  the  relation  a(4)  ir(x)  —  p(^)  -■ 
P  and  Q  are  determined  from  equations  (5)  and  (6). 

As  an  example  choose 


T«x,  X*0,  a*0  and  p 


9- 


Then  ^  *  9,  and  we  may  choose  u  —  px  +  —  p.  Then 

C  >■  /(px  +  9y  ~  r,  p,  9).  A  and  B  are  each  functions  of  these  same 
arguments. 

This  transformation  is  of  particular  interest  because  the  pedal  trans¬ 
formation,  whose  equations  follow,  is  readily  seen  to  be  a  special  case. 


x' 


pu 


v' 


D 


z' 

P' 

9' 


u 

D 

—  xD  4-  2  pu 
(px  -H  qy)D  -h  (2  -  D)u 

_ —  yP  -f  2  yu 

(mt  4-  mi\Ti  4-  12  —  D\u 
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where  u  px  +  qy  —  t  and  D  p*  +  q'  +  1. 

Eliminating  p  and  q  uning  the  fin<t  three  equations  we  have 
x'*  +  y'*  -h  r'*  —  xx'  —  yy'  —  tz'  “  0.  A  general  K  point  is  trans¬ 
formed  into  a  sphere  and  a  general  K'  point  goes  into  a  plane. 

For  another  example  choose  a  »  p  ■»  0.  Then  ^  «  i  and  we 

IT 

may  choose  u  «  — - -f  X  —  w  »  ? — .  Then  A, 

T  TV 

B  and  C  are  functions  of  u  and  v.  Now  we  can  choose  A,  B  and  C 
so  that  we  have  the  particular  transformation 


T 


v' 


w 

T 


(p  —  XOt 


+  X  — 


z 


p'  .  ry 

9'  -  T 

To  obtain  a  geometrical  interpretation,  eliminate  p  and  q  using  the 
first  three  equations.  The  result  is  z'  —  rx'y  —  vy'  —  X  —  0. 
A  General  K  point  is  transformed  into  a  plane  and  a  general  K'  point 
is  transformed  into  a  surface  whose  precise  nature  depends  on  t  and  X. 

Returning  to  equation  (13),  let  us  suppose  that  v  ^  0.  Since  solu¬ 
tions  are  to  be  found  from  the  related  system  by  pairing,  o  must  be 
a  function  of  ^  only.  Three  solutions  are 


Let 


Then 


P  - 


£ 

m' 


Cd^ 

1  9 

>  m, 

f  ad^ 

9 

J  9 

1 

n' 

a  » 

m" 

“  "  — /I 

m 

ad^ 

a 


Thus  we  have 
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Type  4.  A,  B  and  C  are  each  funotionH  of  the  expresHionH 


+  xw  - .  -  /(♦) 

*■  W 
y  -  m(4>) 


-  X'(x) 
'(x) 


^  being  determined  from  the  relation  n'(0)  ir(x)  —  r(0)  « 

P  and  Q  are  determined  from  equations  (5)  and  (6). 

As  an  example  choose  Z  «  0,  m  ^  n  »  j  Then  ^  -  and 

r 


c 


ip  -  X'(x))  r(x) 
t'(x) 


+  X(x)  -  z, 


q  p  -  Wix) 
ir(x)'  x'(x) 


2{ 


-^'1 


with  similar  expressions  for  A  and  B.  As  a  special  case  we  have 

/  PJL  _ 7^ 

“  t''(x)  2Iir(x)l* 

v' 

z' 

P' 

7'  -  -  7- 

Eliminating  p  and  9  from  the  first  three  equations  gives 
2tx'  +  V(y  -  y')*  -  2(z  +  z')  +  2X  -  0. 


^  »(x) 


(p-V(x))  x(x)  .  j  _ 
ir'(x)  +  * 

t(x) 


Thus  a  general  K  point  goes  into  a  parabolic  cylinder  and  a  general  K' 
point  goes  into  a  surface  whose  precise  nature  depends  on  r  and  X. 

{5.  The  case  in  which  Af  and  N  in  equation  (7)  are  each  functions 
of  p  and  q  at  most  will  now  be  studied.  Let  M  ■=  a®,  and  N  =  —a0, 
where  a  and  6  are  each  functions  of  p  and  q  at  most  and  further  assume 
that  a  ^  0,  and  0,  ^  0. 

One  solution  of  equation  (13)  is  dip,  q)  =  k.  To  obtain  two  more 
.solutions  solve  this  result  for  q,  getting  q  =  wip,  k)  and  substitute 
in  (13).  Then  the  following  solutions  may  be  indicated 
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X  —  ^  »  ooriHtant,  ^  ~  j 

the  integration  to  be  performed  and  k  replaced  by  6.  Let  the  results  be 

pdp 


/ 


dp 


nip,  6)  and 


/ 


M{p,u>)  J  Mip,u>) 

Treating  p  and  6  aa  independent  variablea  we  may  write 


t>{p,  e). 


M' 


P_ 

M’ 


/ 


P  dp, 


the  laat  integration  partially  with  respect  to  p.  Since  i  ^  0  (for 

Af 

then  A(A,  B)  in  $3  would  vanish),  Hp  ^  0  and  v,  ^  0.  That  is  n  and  >> 
must  each  explicitly  involve  p. 

The  procedure  so  far  indicates  that  a  and  6  are  to  be  chosen  and 

then  n  determined.  However  the  relation  “  -4*  shows  that 

M  a9p 

fi  and  8  could  be  chosen  and  then  a  determined.  This  will  turn  out 
to  be  more  convenient. 

We  now  have  as  the  solution  of  equation  (7)  C  =  F(g,  t,  8)  where 
«  *  X  —  M  and  <  =  z  —  F.  Since  the  variable  y  does  not  appear  ex¬ 
plicitly  in  (7),  C  *  F(s,  t,  8,  y)  is  al.so  a  solution.  We  now  proceed  to 
determine  8  so  that  this  solution  of  (7)  will  satisfy  also  equation  (8). 
Substitution  gives 


Fp  -  [Hmp  +  iH8p  +  K8MF, 

-  [Hpp  +  (H8p  -I-  K8p)y,  -  q]Ft  +  {H8p  -|-  K8p)F»  -  0. 
The  related  system  may  be  written 

^  d«  dt  d8 

p  ff'  T 

where 

H8,  +  K8p  ^  T 

H  ^ 

^  +  tm.  -  -  p 
—  -I-  TK,  =  -  ff  -I-  C 
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rememberiiiK  that  ' 

1  ,  p 

M,  -  ^  and  r,  - 

Am  before,  solutionH  will  be  HOUKht  by  pairing  the  members  of  the 
above  related  Hystem,  Then  p,  a  and  r  muHt  each  be  functions  of 
y,  «,  t  and  ff  at  most.  Eliminating  H  betwe<‘n  the  last  three  equations 
gives 

(15)  (s*  —  pm#)t  ^  pp  —  a  +  q. 

Suppose  that  some  one  or  all  of  the  functions  p,  o  and  r  involves  «. 
Solving  equation  (15)  for  s  gives  s  equal  to  a  function  not  containing  x. 
This  is  contrary  to  the  hypothesis  on  «•  p,  o  and  r  cannot  involve  «. 
A  similar  argument  shows  that  they  cannot  involve  either  t  or  y. 
Hence  they  must  be  each  functions  of  6  only. 

Equation  (14)  may  now  be  written 

(16)  Fy  -f-  pFt  -f  -f-  tF#  =  0. 

The  further  treatment  of  this  equation  depends  on  whether  or 
not  T  »  0. 

First  assume  that  r  ^  0.  Then  three  solutions  of  the  related  sys¬ 
tem  are 

f  pde  f  de 

’-J-’  ’'-JT' 

Let 

/T-f  /^*■ 

Then 

a'  1^ 

^  ^  0'’  “  0'’ 

Equation  (15)  now  takes  the  form 

(17)  —  PM#  ■*  pa'  —  y'  +  q0'. 

Hence  we  can  write  down 

Type  6.  A,  B  and  C  are  each  functions  of  the  expressions 
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*  —  m(p.  9)  — 

V  -  m 

z  -  Ip  Up  dp  -  y(e). 

$  being  determined  from  the  relation  (17). 

P  and  Q  are  determined  from  equation  (5)  and  (6).  As  an  example  let 


^ap9 

vrT9  vrr^’ 


0,  0 


Tag 

VT+^’ 


0. 


Then 


/ 


^Qp*9dp 


^ad 


vi  +  p* Vi -f Vi  +  p* vr+fi 

and  0  is  determined  from  equation  (17)  as  follows 


\\/i  +  p*  Vi  +  p*/ 


vr+?/  (1  +  ^)‘'* 

±  vTT? 


(1  -I-  g*)* 
<1$ 


Thus 


^ap 


±a 


T^aq 


VI  +  P*  +  9* 


Vl  +  P*  +  9*’ 


VI  +  P*  +  9* 


Therefore  A,  B  and  C  are  each  functions  of  the  expressions 


X  ± 


D’ 


y± 


D' 


a 

D 


where 

D  -  Vl  +  P*  +  9*- 

Again  the  dilation  mentioned  in  §2  is  readily  seen  to  be  a  special 
case  of  this  transformation. 

Returning  to  equation  (16)  suppose  that  r  0.  One  solution  of 
this  equation  is  F  >■  some  function  of  9.  The  other  solutions  may  be 
obtained  from  the  related  system 


dy  - 


dz 

P 
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in  which  p  and  a  are  treated  as  constants.  Solutions  are  fry  —  »  ^ 
constant,  ay  —  t  ••  constant,  as  —  pt  ^  constant.  Equation  (15) 
now  has  the  form 

(18)  pp(«)  -  a{e)  +  g  -  0. 

Therefore  we  have 

Ttpe  6.  A,  B  and  C  are  each  functions  of  6,  u  and  v;  u  and  v  being 
chosen  from  the  expressions 

p{e)y  -  x  +  nip,  9), 

a{9)y  -  z  +  Ipp,  dp, 

ai9)(z  -  pip,  9))  -  pi9)iz  -  Jpppdp) 

and  9  being  determined  from  the  relation  (18). 

P  and  Q  are  found  from  equations  (5)  and  (6). 

As  an  example  let  p  «  0,  a  «  p  *  p  +  d.  Then  i*  —  hp't  9  Q- 
If  we  choose  u  x  —  p  —  q  and  v^z  —  \p'  —  qyyie  have 

C  ^  fix  -  p  -  q,  z  -  ^  p*  -  qy,  q), 

with  similar  expressions  for  A  and  B.  As  a  special  case  we  can  write 

x'  ^  X  —  p  —  q 

y'  •  q 

z'  -  z  -  \  p'  -  qy 
P'  •  P 

q'  ^  p  -  y. 

Eliminating  p  and  q  from  the  first  three  equations  gives 

2(s'  -  z)  +  (i  -  i'  -  y')'  +  2i/'y  -  0. 

A  general  K  point  is  transformed  into  a  certain  quadric  surface.  Like¬ 
wise  a  general  K*  point  goes  into  a  quadric  surface. 


ANALYTIC  AFFINE  TRANSFORMATIONS  IN  EUCLIDEAN 
SPACE  OF  2n  DIMENSIONS 

Bt  a.  E.  Staniland' 

In  a  previous  paper*  the  author  discussed  analytic  rotations  in  a  flat 
four  space,  representative  of  the  plane  of  two  complex  variables.  A 
generalization  of  the  results  of  that  paper  is  embodied  in  the  present  one. 

Consider  a  complex  linear  n-space,  that  is,  a  linear  manifold  of 
points  to  each  of  which  is  assigned  a  set  of  n  complex  coordinates, 
Zt  *  xi,_i  +  ix\r,  r  =*  1,  2  •  •  •  n.  We  take  the  x’s  as  real  rectangular 
coordinates  of  a  point  in  Euclidean  space  of  2n  dimensions,  S\n.  By 
an  analytic  function,  tc  «  F{zi,  •  •  •  z,)  of  an  arbitrary  number  of 
complex  arguments  we  shall  understand,  according  to  the  definition 
which  has  been  in  use  since  Cauchy,  a  function  which  is  analytic  in 
each  argument  separately.  An  important  consequence  of  this  is  that 
IT  is  a  continuous  function  of  its  arguments  taken  collectively.  The 
real  representation  in  Sin  of  the  complex  configuration  in  Z.  corre¬ 
sponding  to  a  set  of  k  <•  n  independent  analytic  functions,  the  total 
number  of  dependent  and  independent  variables  not  exceeding  n,  is  a 
continuous  analytic  surface,  usually  a  hypersurface.  Finally  an  ana¬ 
lytic  transformation  of  the  real  space  will  be  defined  as  one  that  carries 
an  analytic  surface  into  an  analytic  surface.  It  is  our  purpose  to  deter¬ 
mine  necessary  and  sufficient  conditions  that  an  aflKne  transformation 
of  Si,  shall  be  analytic. 

It  will  be  sufficient  to  consider  a  single  analytic  function, 

W  «  ifiiZx,  Zt,  •  •  •  Z,_i), 

of  the  maximum  number  of  independent  variables  possible  for  the 
space,  Z, .  We  may,  without  loss  of  generality,  take  tc  in  its  implicit 
form: 

(1)  F(zt,  *1  0, 

where  ir  *  z,  and  dF/dz,  ^  0  in  the  domain  of  definition  of  w.  Subject 
the  2n  real  x,  of  (1)  to  the  transformation 

‘  University  of  Pittsburxh. 

'  A  Note  on  Analytic  Rotations  in  Euclidean  Space  of  Four  Dimensions. 
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(2)  Zi  »  laaXi  +  6<,  an,  bt  real  and  |  a<|  |  0. 

It  is  clear  that  the  translation 

Xt  -  Xi  +  hi 

leaves  an  analytic  surface  analytic.  Hence  it  is  only  necessary  to  con¬ 
sider  the  transformation 

(3)  x<  »  |o4^|?^0. 

Under  (3),  tr  —  Fizi,  z*  •  •  •  z.)  »  0  becomes 

(4)  FiZaijx'i  -h  iZotiXi,  •  •  •  ,  +  t2at../x|)  =•  0. 

If  (4)  is  to  define  the  new  tp'  ■*  xi»-t  +  ixin  as  an  analytic  function  of 
new  zi  *»  xi_i  +  ixu,  it  is  necessary  that  the  generalized  Cauchy- 
Riemann  equations  continue  to  hold.  These  are 

/-X  dX|ii_i  dXtm  dxtn—i  9Xf^ 

{o)  —7  “  /  -  >  ■  “ 

dxtt—i  oXth  oxtk  oXtk—i 


(A  -  1,  2. 

...n-  1). 

For  convenience  set  an 

- 

We  have  then,  formally, 

dxi  ^ 

2X, {(2r 

-  1,  m)  +  »(2r,  m)} 

dxL 

2X,  {(2r 

-  1,  A)  +  t(2r,  A)j 

where  X, 

-  dF/dZr 

Taking,  in 

(6),  successively, 

A  -  2n  - 

-  1, 

m  *  2A  —  1  , 

A  —  2n , 

m  *■  2A , 

A  -  2n  - 

-  1, 

m  »  2fc , 

A  -  2n, 

m  “  2A  —  1  , 

and  forming  equations  (5)  we  get,  after  clearing  of  fractions,  a  set  of 
(n  —  1)  pairs  of  complex  homogeneous  quadratic  equations  in  the 
X,(X,  0).  The  coefficients  of  the  Xj  are  of  two  forms,  corresponding 

to  the  first  and  second  of  equations  (5),  namely 


/ 

0 


(7) 


AD  -  BC, 
BD  +  AC 
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where 


A  m  (2r  -  1,  2*  -  1)  +  i(2r,  2k  -  1) 

-  (2r  -  1,  2*)  +  t(2r,  2k) 

C  m  (2r  -  1,  2n  -  1)  +  t(2r,  2n  -  1) 

D  ■  (2r  —  1,  2n)  -f  t(2r,  2n) 

(r  =  1,  2  •  •  •  n;  fc  «  1,  2,  •  •  •  n  —  1). 

The  coefficients  of  X,X,  (r  ^  «)  have  the  forms 

Aiy  +  A'D  -  BC'  -  B'C 

(8) 

BD'  -h  B'D  +  AC  -I-  A'C 

where  A\  B',  C,  D'  are  the  same  functions  respectively  of  the  index  a 
as  A,  B,  C,  D  are  of  the  index  r.  The  X’s  are  arbitrary  since  w  was 
assumed  to  be  any  analytic  function  of  its  arguments.  Hence  the 
coefficients  (7)  and  (8)  vanish  and  we  obtain 

AD  -  BC 

BD  +  AC  •  0 

(9) 

AC  A-  A'D  -  BC  -  B'C 
BD'  +  B'D  4-  AC  -I-  A'C  -  0. 

In  (9),  let  .d I,  Bi,  Cl,  A,  be  values  of  A,  B,  C,  D  corn'sponding  to 
any  particular  value  ri  of  r  on  the  range  from  1  to  n.  Then  if 

i4i  +  B*  ^  0, 

we  have  Ci  *  Bi  =  0;  whence  also 

AiD'  -  BiC  -  0, 

BiD'  A-  A  iC  •  0, 

involving  C  D'  ^  0.  But  C\  ^  D\  C  »  D'  ^  Q  entails  the 
vanishing  of  the  last  two  columns  of  (ai,]  contrary  to  the  hypothesis, 
I  Oiy  I  5^  0.  Hence  i4j  +  B?  »  0.  Since  n  was  any  value  of  r  on 
the  range  from  1  to  n,  we  have 

(10)  A*  +  B*  =  0  (r=l,2...n). 

Similarly,  the  assumption  Cj  +  B?  ^  0  leads  to  yli  =  Bi  »  A'  «• 


286 


A.  E.  8TANILAND 


B'  >■  0  which  implies,  for  each  value  of  k,  the  vanishing  of  the  (2ik  —  l)th 
and  2J^th  columns  of  [  an  ].  Hence 

(11)  C*  +  D*-0  (r-1, 2  ...n). 

Equations  (10)  and  (11)  are  equivalent  to 

(2r,  2k)  -  ±(2r  -  1,  2Jfc  -  1) 

(2r,  2jfc  -  1)  -  =fc(2r  -  1,  2k)  . 

Equations  (9),  which  must  be  satisSed  identically,  may  be  used  to 
determine  the  correct  association  of  signs.  We  thus  obtain  the  two 
forms  of  necessary  and  sufficient  restrictions, 

(2r,  2*)  -  (2r  -  1,  2*  -  1) 

(2r,  2fc  -  1)  -  -(2r  -  1,  2jfc) 


(2r,  2ifc)  -  -(2r  -  1,  2k  -  1) 
(2r,  2Jfc  -  1)  -  (2r  -  1,  2ik) . 

In  Zm,  (1)  assumes,  under  I,  the  complex  affine  form 


(12) 


Zi  **  ZAiyZy  + 

Sy  Xiy_i  +  tXiy 

An  »  (2*  -  1,  2j  -  1)  -  ii2k  -  1,  2i) 


Bi  =  bti-i  +  ibii . 


Under  II  each  is  replaced  by 

Certain  specialisations  of  the  An  will  occur  to  the  reader.  In  the 
sequel,  however,  we  shall  be  concerned  only  with  the  unitary  trans* 
formations  of  types  I  and  II  which  are  respectively, 

U:  Zi  =  ’S.Anz]  and  C:  ii  ZAyys) 
for  both  of  which 


ZAyyi^ty  *  J  “  1  when  t  *■  kf 
tn  s  0  when  i  ^  k;\  Ayy  j  ■*  e**,  tp  real. 

Trantformation  U.  This  is  the  complex  form  of  a  rotation  of  St* 
about  the  origin.  It  depends  upon  2n*  —  n  —  2^2^  “  independent 
real  parameters.  These  parameters  may  be  separated  into  two  inde> 
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pendent  sets  of  n*  —  n  and  n  parameters,  with  distinct  geometric  inter¬ 
pretations. 

The  maximum  number  of  mutually  completely  perpendicular  ana¬ 
lytic  planes  through  the  origin  of  Stm  that  it  is  possible  for  one  to  con¬ 
sider  is  n.  Such  a  set  of  planes  will  be  called  briefly  a  set  of  rotation 
planes.  The  complex  equations  of  a  set  of  rotation  planes  are  the  n 
different  sets  of  n  —  1  equations  that  it  is  possible  to  select  from  the  n 
equations 

(13)  =»  0;  iMiiMkj  =  0  for  i  ^  k;  [Mi,]  of  rank  n. 


In  each  of  these  equations  there  are  n  —  1  ratios  of  the  M^.  The  equa¬ 
tions  contain,  therefore,  n(n  —  1)  complex  constants  restricted  by 


© 


complex  conditions.  Hence  a  set  of  rotation  planes  depends  upon 

2^n*  —  n  —  ^2^  =  n*  —  n  independent  real  parameters. 

Pij],  be  a  transformation  of  type  U  carrying  z*  =  0 
Hence  P*,  =  PkMui,  each  pt  a  complex  constant. 


Let  T,  of  matrix 
into  iMhjZ'  =  0. 


Now  zt  —  0  is  the  complex  form  of  the  unique  linear  (2n  —  2)-8paee 
in  Sin  which  is  completely  perpendicular  to  the  plane  of  Xj*-i  and  Xi*. 
Likewise  ZMkjZj  =  0  is  the  complex  form  of  the  unique  linear  (2n  —  2)- 
space  which  is  completely  perpendicular  to  the  plane,  t*,  into  which 
the  plane  of  Xi*_i  and  Xi*  is  carried  by  T.  Hence  T  carries  the  set  of 
coordinate  rotation  planes,  z*  =  0  (A  =  1,  2,  •  •  •  n),  the  equations  to 
be  taken  in  sets  of  n  —  1,  into  the  set  of  rotation  planes  {t*}  defined 
similarly  by  (13),  each  plane  t*  corresponding  to  the  plane  of  Xu-i 
and  Xu  in  the  transformation. 

A  rotation  in  complex  form  of  the  plane  of  xj*_i  and  xu  is 

Rk".  Zk  ^  e*'* Zk]  Zk  ^  Zk,  h  k. 


A  rotation  of  the  .set  of  coordinate  analytic  planes  upon  themselves  is 
expre.s.sed  by  the  product  Uo  =  HP*  in  which  the  Rk  are  mutually  com¬ 
mutative.  If,  now,  we  allow  the  to  a.ssume  all  values  consistent 
with  (13),  we  have  for  the  complex  form  of  the  general  analytic  rota¬ 
tion  of  type  I,  T~^  Uo  T.  For  the  matrix  of  7^*  we  have  o~*Ip,<], 
where  a  ■=  j  P<,  |  and  p<y  »  cofaetor  of  Pa  in  ]  P<,  \.  Now  p</  ■*  aPa, 
a  property  of  every  unitary  matrix.  Hence  the  matrix  of  T~'  assumes 
the  form  (PyJ.  Finally  for  T~^  Uq  T  we  obtain  the  matrix 

(14)  [Aii]  =  [ZpkPkMkiMksi:'^^] 

each  pk  satisfying  pkPki^MkiMki)  L 
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Thus  the  Anof  U  are  exhibited  explicitly  as  functions  of  the  mutually 
independent  sets  [Mu]  and  of  dimensionalities  n*  —  n  and  n 
respectively.  The  group  of  transformations.  U,  is  seen  to  consist  of 
00  simply  isomorphic  subgroups  of  oo  "  members  each,  the  ca¬ 
nonical  form  of  the  transformation  being 

(/•  -  HR,. 

The  determinant  of  the  right  member  of  (14)  is  e^,  6  >  Hence 

^  >  amplitude  |  The  matrix  of  the  real  transformation 

in  StH  corresponding  to  U»  consists  of  n  blocks  of  the  form 

cos  sin 

— sin  tpk  cos  ffik 


along  the  principal  diagonal.  The  matrix  of  the  general  rotation  of 
type  I  is  the  transform  of  this  by  the  real  matrix  which  corresponds 
to  T.  Hence,  with  restrictions  I, 

I  a,/ 1  »  n(cos*  <pk  +  sin*  ipk)  -  cos*  2V*  +  sin*  2V*  »  1. 


The  Transformation  C.  This  is  a  rotation  in  <S|«  of  type  I,  accom¬ 
panied  by  n  reflections,  one  in  each  of  the  rotation  planes.  Hence  C 
is  a  rotation  if  and  only  if  n  is  even.  When  n  is  odd,  |  a,-,  |  =  —  1. 
Transformations  of  type  0  do  not  form  a  group  since  the  product  of 
two  such  is  of  type  U. 

A  real  multiplicative  form  for  C,  in  which  the  multipliers  have  the 
values  ^1,  can  be  easily  obtained.  Consider  the  transformation,  in 
complex  form,  of  the  plane  in  <St« : 


Ri:  **-«•♦**:,  h^k. 

t  ^ 

Now  RH  leaves  absolutely  invariant  the  line  Lk’.  xu  ^  —tan  ^  •  lu-i- 

The  only  other  invariant  line  in  r*  (not  point  for  point)  ia  Zki  xu  ^ 

cot  ^  •  Xu-i ,  which  is  {lerpendicular  to  L* .  Hence  Lk  and  Lk  may 

be  taken  for  new  xu-i  and  xu  axes.  A  rotation  of  type  U$  carrying 
the  old  xu-i  and  xu  axes  into  Lk  and  respectively  is 


Tki 


hf^k. 


Then  we  have 
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TT'/Zin  -  F*:  h~Zk,  h^k. 

The  desired  multiplication  in  complex  form  is 

r;  -  nV*  (Jb  -  1,2,  ...  n), 

whence,  for  the  real  coordinates,  we  obtain 

> 

Xu-i  “  Xu-t 

(15)  Xu  —Xu 


(*  -  1,2,...  n). 

Corresponding  to  various  combinations  of  the  axes,  pair-wise,  to 
determine  sets  of  n  mutually  completely  perpendicular  planes,  we  may 
form  from  (15)  equation  pairs  of  the  types 


/ 

X*|-1  *  Xji-1 

t 

t 

Ztl  —  — Xtl 
/ 

Xtp  “  ~Xtp 


I  7^  tn 

l^P 


each  of  determinant  +1.'  Such  pairs  will  completely  exhaust  the  equa¬ 
tions  (15)  when  n  is  even.  When  n  is  odd  there  will  be  an  additional 
pair  of  the  type 

/ 

Xtr-l  "  Xtr-l 

Xu  -  -xi. 


of  determinant  —1. 

There  is  thus  no  distinction  of  t3rpe,  in  a  strictly  geometric  sense, 
between  (7  (n  even)  and  (7,  or  between  l7  (n  odd)  and  the  indirect 
orthogonal  transformations  of  the  classical  theory. 


Summary  of  tiiis  paper.  We  have  employed  a  flat  space  of  2n  dimen¬ 
sions,  iSiii,  as  a  real  representation  of  a  complex  linear  n-space,  2«, 
by  establishing  a  correspondence  between  the  complex  codrdinates  of 
the  latter  space  and  ordered  pairs  of  real  codrdinates  of  the  former. 
Sets  of  analytic  functions  defined  in  Z.  are  represented  by  continuous 
surfaces,  called  analytic,  in  An  analytic  transformation  of  the 
real  space  is  one  that  leaves  invariant  the  aggregate  of  its  analytic 
surfaces.  By  insisting  that  the  extended  Cauchy-Riemann  equations 
continue  to  hold  for  all  functions  initially  analytic  but  otherwise  op- 
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tional  we  have  obtained  necessary  and  sufficient  conditions  that  an 
affine  transformation  of  Stn  be  analytic.  The  analytic  affine  trans* 
formations  of  <S|.  correspond  exactly  to  two  types  of  affine  transforma¬ 
tion  of  2m  : 

A:  tk  **  ^Akftj  A-  Bk‘,  A:  ik  ^  "ZAkfit  "t*  1  I  ^  0* 

Included  in  A  and  A  are  the  unitary  t3rpes  U  and  0  which  are  reducible, 
by  a  change  of  coordinate  planes,  to  the  multiplicative  forms 


Zk  and  Vt :  ** 


The  transformations  U  and  C  leave  invariant  a  set  of  n  mutually 
completely  perpendicular  planes  {irt}  in  Stn.  Under  U  each  plane  r* 
is  turned  through  the  angle  ^k under  0  each  plane  rotation  through 
^k  is  accompanied  by  a  single  reflection.  In  each  case  the  amplitude 
of  I  Aki  I  «  A  still  simpler  form  for  C  is 

Vk'.  Ik  ^  Zk  (fc  =  1,  2,  .  •  •  n), 

obtained  by  referring  the  transformation  to  new  axes  consisting  of  n 
invariant  pairs  of  perpendicular  lines,  one  pair  in  each  of  the  invariant 


! 
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